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PREFACE 


This book is intended primarily for the use of students reading 
for an honours degree in mathematics, and our aim in writing it 
has been to give a rigorous and systematic account of projective 
geometry, which will enable the reader without undue difficulty 
to grasp the fundamental ideas of the subject and to learn to 
apply them with facility. 

Projective geometry is a subject that lends itself naturally to 
algebraic treatment, and we have had no hesitation in developing 
it in this way—both because to do so affords a simple means of 
giving mathematical precision to intuitive geometrical concepts 
and arguments, and also because the extent to which algebra is 
now used in almost all branches of mathematics makes it reason¬ 
able to assume that the reader already possesses a working know¬ 
ledge of its methods. We have accordingly taken for granted 
acquaintance with the elements of linear algebra and the calculus 
of matrices, and, except in one instance, we have not gone into 
the proofs of purely algebraic theorems. The exception is a theorem 
which is fundamental in our system but is possibly not met with 
in quite the same form outside geometry, and this theorem we 
have proved in the Appendix. 

In spite, however, of treating geometry algebraically, we have 
tried never to lose sight of the synthetic approach perfected by 
such geometers as von Staudt, Steiner, and Reye. If one considera¬ 
tion has been more prominent in our minds than any other it is 
that of giving precedence to the geometrical content of the system 
and the geometrical way of thinking about it. Nothing, in our 
opinion, could be more undesirable than that this traditionally 
elegant subject should be allowed to take on the appearance of 
being merely a dressing-room in which algebra is decked out in 
geometrical phraseology. We have, therefore, tried to show that 
although the basis of the formal structure is algebraic, the struc¬ 
ture itself is thoroughgoing geometry, inasmuch as its concepts, 
its methods, and its results are all essentially dependent on 
geometrical ideas. 

The book is divided into two parts. Part I consists of two 
chapters, of an historical and introductory character, which are 
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intended both to serve as a link with elementary coordinate 

geometry and to prepare the reader for looking at projective 

geometry from a more advanced point of view. Part II is devoted 

to the formal theory, which is developed afresh from a new 

beginning so as to be logically independent of previous geometrical 

knowledge. Projective spaces of one, two, and three dimensions 

are considered in succession, and in the final chapter a short 

introduction is given to the geometry of higher space. In addition 

to discussing the usual topics of homographies, conics, quadrics, 

twisted cubics, and line geometry, we have given considerable 

space to collineations and linear transformations generally, since 

the fundamental importance of these, and particularly of the 

geometrical approach to them, is now universally recognized. 

Throughout the book, moreover, we have laid considerable 

emphasis on euclidean and affine specializations of projective 

results. This hardly needs justification. It is the experience of 

both the authors, and of most of those whom they have taught, 

that the exhibition of concrete instances of the rather formal 

projective concepts and results always endows these with a new 

prestige and stimulates interest in them as nothing else could at 
this stage. 

Numerous exercises have been provided throughout the book, 
both interspersed in the text and collected at the ends of the 
chapters. Very many of the problems are taken from recent papers 
set in London University at the examination for B.A. Honours 
and B.Sc. Special Mathematics, and a few from the Cambridge 
Mathematical Tripos and the Mathematical Moderations at 
Trinity College, Dublin. The authors’ grateful acknowledgement 
is due for permission to draw upon these sources. 

Acknowledgement is also due to Mr. A. E. Ingleton for having 
read the manuscript and made many useful suggestions for its 
improvement, and to Miss A. S. Dennis for criticism of the early 
chapters. Finally, we would like to record our thanks to the 
officers of the Clarendon Press for their unfailing courtesy and 
helpfulness and for the excellence of the printing. 


April 1952 


J. G. S. 
G. T. K. 
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PART I 


THE ORIGINS AND DEVELOPMENT OF 
GEOMETRICAL KNOWLEDGE 


‘That all our knowledge begins with experience, there 
is indeed no doubt. . . but although all our knowledge 
originates with experience, it does not all arise out of 
experience.’ 

kant: Critique of Pure Reason 
CHAPTER I 

THE CONCEPT OF GEOMETRY 

Our main purpose in this book is to construct and develop a 
systematic theory of projective geometry, and in order to make the 
system both rigorous and easily comprehensible we have chosen 
to build it on a purely algebraic foundation. In adopting such a 
course, however, we may run the risk of appearing to reduce our 
subject to an ingenious manipulation of symbols in accordance 
with certain arbitrarily prescribed rules. Although the axiomatic 
form is the proper one in which to present a mathematical theory, 
we must not lose sight of the fact that an abstract system can only 
be fully appreciated when seen in relation to a more concrete back¬ 
ground; and this is the reason why we have prefaced the formal 
development of projective geometry with two introductory chap¬ 
ters of a more informal character. The present chapter is devoted 
to a rather general consideration of the nature of mathematics and, 
more specifically, of geometry, while Chapter II contains an outline 
of the intuitive treatment of projective geometry from which the 
axiomatic theory has gradually been disentangled by progressive 
abstraction. 

The growth of geometrical knowledge in the past has been 
marked by a gradual shifting away from empirical observation 
towards rational deduction; and we shall begin by looking for a 
moment at this process. 

Geometry is commonly regarded as having had its origins in 
ancient Egypt and Babylonia, where much empirical knowledge 
was acquired through the experience of surveyors, architects, and 
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builders; but it was in the Greek world that this knowledge took 
on the characteristic form with which we are now familiar. The 
Greek geometers were not only interested in the facts as such, but 
were intensely interested in exploring the logical connexions 
between them. In other words, they wished to raise the status 
of mathematics from that of a mere catalogue to that of a deductive 
science—and the Elements of Euclid is an embodiment of this 
ideal. In the Elements we have the systematic derivation of a large 
body of geometrical theorems by strict deduction from a small 
number of axioms. The system, as is now known, is not altogether 
perfect, and modern mathematicians have shown how it needs to 
be amended; but the modifications required are comparatively 
slight, and there is perhaps no easier way for a student to learn to 
appreciate mature mathematical reasoning than by studying the 
first book of Euclid and observing the way in which it is constructed. 

Now for the Greeks, we must remember, geometry meant study 
of the space of ordinary experience, and the truth of the axioms of 
geometry was guaranteed by appeal to self-evidence. This view 
persisted for a very long time 
question at the end of the eighteenth century—when Kant, for 
example, made it an integral part of his philosophy. But about 
that time mathematicians were already beginning to see their 
subject in a new light, as a branch of study not directly dependent 
on experience, and this change of outlook was encouraged by the 
discovery, early in the nineteenth century, of the non-euclidean 
geometries, systems consistent within themselves but incompatible 
with Euclid’s system. Since then it has become a commonplace 
that the mathematician is free to study the consequences of any 
axioms that interest him, whether or not they have any applica¬ 
tion in experience, provided only that they are not mutually 
contradictory. 


, and was still accepted without 


We see, then, that in the period which elapsed between the first 
beginnings of mathematics and the conscious adoption of the 
modem axiomatic method, two major revolutions took place in 
mathematical thinking. First, the mere collecting of useful or 
interesting facts gave place to the rational deduction of theorems; 
and then, much later, mathematicians began to detach themselves 
from experience and to concentrate on the study of formal axio¬ 
matic systems. Neither of the revolutions came about suddenly, 
and the second is in a sense still in progress. 
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Mathematics, as conceived today, is fundamentally the study 
of structure. Thus, although arithmetic is ostensibly about num¬ 
bers and geometry about points and lines, the real objects of study 
in these branches of mathematics are the relations which exist be¬ 
tween numbers and between geometrical entities. As mathematics 
develops, so it becomes more abstract, until at last it is seen to be 
concerned with networks of formal relations only, and not w ith any 
particular sets of entities between which the relations hold. The 
process of abstraction whereby the formal structure is by degrees 
detached from the concrete systems in which it is exhibited is of 
so great importance to the understanding of the nature of mathe¬ 
matics as to justify closer examination of the manner in which it 

takes place. 

One of the simplest illustrations of the process is provided by 
the evolution of the concept of number. Our first rudimentary 
idea of number is arrived at by simple abstraction from the pro¬ 
cesses of counting and measuring ordinary objects, and this idea 
is adequate at the level of school arithmetic. At a more advanced 
stage, numbers are seen to require redefinition in purely logical 
terms, and several alternative definitions have, in fact, been given. 
In whatever way numbers are defined, however, they obey the 
same formal ‘laws of algebra’—the associative law of addition 
(a-f6)-fc = a-|-(&-j-c), the distributive law a(6-fc) = ab-\-ac, etc. 
—and many of the standard theorems of arithmetic and algebra 
can be deduced directly from these laws, without any need to 
specify further the nature of the numbers that are represented by 
the symbols a, 6, etc. But this is not all. When studying elementary 
algebra one soon becomes aware of the close analogy that exists 
between the algebra of polynomials and the arithmetic of whole 
numbers; and it is now easy to account for this analogy by pointing 
out that polynomials, as well as numbers, satisfy the ‘laws of 
algebra’. This is tantamount to saying that the system of numbers 
and the system of polynomials have a common structure ; and when 
once this fact is recognized it is a natural step to undertake the 
study of an abstract system whose nature is unspecified beyond 
the fact that it has this particular structure. Such a system is 
known in algebra as a ring. If, on the other hand, we apply a similar 
process of abstraction to the system of rational numbers or the 
system of rational functions, we arrive at the abstract system 
known as a field. 
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There is no need for recognition of structural similarity to come 
to an end, even at this stage. Thus we might observe, for instance, 
that addition of rational numbers and multiplication of non-zero 
rational numbers obey similar laws; and we could then verify that 
the additive structure of a field and its multiplicative structure 
(when the element zero is excluded) are formally alike. Carrying 
the process of abstraction one stage farther, we could now intro¬ 
duce the abstract system known as a group. 

Mathematics, then, is concerned with abstract systems of various 
kinds, each defined by a suitable set of axioms, which serves to 
characterize its structure. But although, from the point of view 
of pure mathematics, each structure is regarded as self-contained, 
the mathematical scheme usually has one or more concrete realiza¬ 
tions', that is to say, the structure is usually to be found (possibly 
only to a certain degree of approximation) in a more concrete 
system. Abstract euclidean geometry of three dimensions, for 
instance, has as one of its realizations the structure of ordinary 
space. Indeed this is what led to its discovery, as well as what 
makes it so much more interesting than other systems which are 
logically of equal status with it. We do not, of course, always have 
to go all the way back to everyday experience for a realization 
of a mathematical formalism, since one is usually provided, as in 
the arithmetical example already considered, by a more concrete 
part of mathematics itself. One of the most important instances 
is the widespread occurrence of the group structure, which is found 
not only in additive and multiplicative groups of numbers, but 
also in groups of transformations and groups of matrices. Since 
this type of structure pervades much of mathematics, we may say 
that it is especially significant. 

In this book we shall study the structure of projective geometry 

which, as is well known, is closely associated with certain simple 

algebraic structures, and with linear algebra particularly. Since 

the relevant algebra is part of every mathematician’s essential 

equipment, we shall take it for granted that the reader is already 
familiar with it. 

What we have said so far about the nature of mathematics holds 
quite generally, but when we limit the discussion to geometry we 
are able to be rather more specific. The structures studied in this 
branch of mathematics occur in experience as spatial structures, and 
from this alone we can infer something of their general character. 
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If, in fact, we turn back once again to Greek geometry, we may 
recall that the geometrical knowledge with which the Greeks began 
was derived ultimately from measurements made upon rigid bodies, 
and was therefore essentially a knowledge of shapes. Now the 
shape of a body can be conceived as determined by those relations 
between its parts which remain unaltered when the body is moved 
about in space. Whenever one body can be made in this way to 
take the place of another, the two bodies have the same shape; 
and they are then equivalent as regards their geometrical properties, 
or, in the language of elementary geometry, ‘equal in all respects’. 
It will be remembered that in order to prove that certain sets of 
conditions are sufficient to ensure the congruence of two triangles 
Euclid showed that, if the conditions are satisfied, one triangle may 
be placed so as to bring it into coincidence with the other. 

The idea of studying those properties of bodies which remain 
unaltered when the bodies are displaced in any way is most sug¬ 
gestive to a modern mathematician. In the language now in use, 
we would say that the geometrical (or, more accurately, the 
euclidean) properties of a body are invariant with respect to the 
operation of displacement in space; and invariance with respect to 
a certain kind of operation at once suggests the existence of an 
underlying group of operations. In the present instance the 
appropriate group is not far to seek. The totality of all displace¬ 
ments in space is a group of transformations; two bodies are 
congruent if and only if one can be made to take the place of the 
other by an operation of the group; and the shape of a body is 
determined by those of its spatial characteristics which are in- * 
variant with respect to the whole group. This, then, is the nature 
of euclidean geometry—it is the invariant-theory of the group of 
displacements. 

Euclidean geometry, however, is not the whole of geometry. 
Early in the nineteenth century it was realized that other syste¬ 
matic collections of geometrical properties are possible besides 
that of Euclid, and in 1822 Poncelet published his Traite des pro¬ 
priety projectives de3 figures , the first systematic treatise on 
projective geometry. In constructing this system Poncelet was 
fully conscious that his classification of geometrical theorems was 
based upon a new kind of fundamental operation, namely conical 
projection. A projective property of a figure is, in fact, simply a 
property that is invariant with respect to projection, and this 
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enables us easily to identify the associated group of transforma¬ 
tions. Confining ourselves, for simplicity, to two-dimensional 
• geometry, we may consider the totality of all those transformations 
of the plane into itself which can be resolved into finite chains of 
projections from one plane on to another; and it is clear that this 
totality of transformations is a group and that it has plane pro¬ 
jective geometry as its invariant-theory. Since the euclidean 
group, consisting of all displacements of the plane, may be shown 
to be a proper subgroup of the projective group, it follows at once 
that every projectively invariant property is also a euclidean in¬ 
variant, whereas not every euclidean property is projective. 

If we were now to take any arbitrarily chosen group of transforma¬ 
tions of the plane into itself (containing the group of displacements 
as a subgroup) we could use this group in order to define an associ¬ 
ated system of geometry; and all such systems are, mathematically 
speaking, of equal status. This was the general principle laid down 
by Klein in his famous Erlangen Programme of 1872 . f Some of the 
geometries that can be obtained in this way, such as euclidean 
geometry, affine geometry, and projective geometry, are very 
well known, others, such as inversive geometry (which arises from 
the group of all transformations that can be resolved into finite 
sequences of inversions with respect to circles) are known but not 

usually studied in much detail; and yet others are presumably 
ignored altogether. 

We shall confine our attention to the three geometries first 
mentioned—the geometries of the projective hierarchy —and since 
this restriction is somewhat arbitrary from a purely mathematical 
point of view, we should perhaps give some indication of why we 
choose to impose it. In the first place, euclidean geometry is of 
particular interest on account of its close connexion with the space 
of common experience, and this alone is sufficient to single it out 
for special attention. It so happens, however, that euclidean 
geometry is complicated; and we can appreciate it better when 
we relate it to projective geometry, where the structure is very 

_ _ _ _ i j j ^ i . , _ _ is more symmetrical than 

euclidean, by virtue both of the existence of a principle of duality 

and also of the fact that it may be handled by means of homo¬ 
geneous coordinates. When homogeneous coordinates are used 


t Klein: \ ergleichende Belrqchtungen uber 
(Erlangen, 1872). Reprinted in Mathimatische 


neuere geomctrische 
Annalen, 43 (1893). 


Forschungen 
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for this purpose, the algebra has the merit of being either already 
linear or else readily made so. Thus the system of projective 
geometry is easy to work out and equally easy to comprehend when, 
it has been worked out. Furthermore, projective transformations 
have the property of transforming conics into conics; and this 
means that the conic takes its place as naturally in projective 
geometry as does the circle in euclidean geometry. Finally, the 
essentials of euclidean geometry may be treated projectively by 
the simple artifice of introducing the line at infinity and the 
circular points. We thus have two geometries, projective geometry 
and euclidean geometry, which fit naturally together and which 
between them include most of the classical geometrical theorems. 
It is convenient to take in conjunction with them affine geometry, 
an intermediate geometry that is more general than euclidean but 
less so than projective; and the projective hierarchy is then 
complete. 

What has been said so far concerns the subject-matter of our 
book, and it still remains for us to say something of the kind of 
approach that we shall use. It is customary to distinguish between 
two modes of reasoning in geometry, commonly referred to as 
synthetic and analytical. In a synthetic treatment we argue directly 
about geometrical entities (points, lines, etc.) and geometrical 
relations between them, whereas in an analytical treatment we 
first represent the geometrical entities by coordinates or equations, 
in order to be able to use the technique of algebraic manipulation. 
Since the discussion of projective geometry which follows in Part II 
is to be analytical, we shall conclude this chapter by touching upon 
the use of coordinates; but it should be realized, nevertheless, that 
we are under no logical compulsion to introduce a coordinate 
system at all. In the Elements , as in all Greek treatises, euclidean 
geometry is treated synthetically, and synthetic treatments of 
projective geometry are to be found in a number of modern books 
on the subject.f 

Coordinates were first introduced into geometry by Descartes, 
in the seventeenth century, and the fruitfulness of the innovation 
soon became apparent. The older method of labelling figures was 
by letters of the alphabet, as in ‘the triangle ABC\ but such labels 

t The first work of this kind was von Staudt’s Geometrie der Lage (Nuremberg, 
1847). A standard text-book, written in a similar spirit, is Veblen and Young’s 
Projective Geometry (Boston, 1910). 
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were in fact no more than arbitrarily assigned names. Descartes’s 
new technique of coordinates, on the other hand, made use of a 
system of labels which itself possesses a mathematical structure 
capable of reflecting the structure of the system labelled. This 
method of labelling has since become indispensable in mathematics, 
and the domain in which it can be applied now extends far beyond 
that originally envisaged by Descartes. In geometry itself, not 
only points but also lines and other entities can be represented 
by sets of coordinates; and in dynamics—to take an instance of 
another kind—the configuration of a system is ordinarily specified 
by n coordinates q v q 2t ...,q n . 

We have now seen how mathematics may be looked upon as a 
study of formal structure, and how geometry may be fitted into 
the general scheme. What has been said so far has been of a rather 
general character, and we must now turn more specifically to the 
details of the geometries of the projective hierarchy. This will 
be the topic of the second chapter of Part I, in which our purpose 
will be to recall enough of the elementary treatment of projective 
geometry to enable the reader to appreciate the process of abstrac¬ 
tion which leads to the formal system of Part II. 


CHAPTER II 


THE ANALYTICAL TREATMENT OF GEOMETRY 

This chapter is devoted, for the most part, to a discussion of the 
basic ideas involved in projective geometry and the apparatus of 
coordinates which allows them to be handled algebraically, and 
the point of view adopted is essentially elementary. The whole 
account is to be regarded as introductory, and inPart II a completely 
fresh beginning will be made. The formal system to be presented 
there is wholly abstract and independent of all previous geometrical 
knowledge; but even so,-an elementary treatment such as that 
given in the present chapter is necessary as a psychological though 
not a logical presupposition of the more advanced theory. It alone 
can give body to the abstract formalism. 

This chapter is not meant to be more than a summary, and the 
reader who desires a fuller account of the subjects touched upon in 
it is referred to Graustein: Introduction to Higher Geometry (New 
York, 1930). 


§ 1. The Projective Hierarchy 

We have already referred in Chapter I to the three geometries 
of the projective hierarchy and the possibility of defining them in 
terms of certain groups of transformations. It will be convenient, 
before proceeding further, to make these ideas more precise by 
giving a few details of each of the geometries; and once again we 
shall confine ourselves to the geometry of the (real) plane. 

Euclidean geometry 

The underlying group (p. 5) is the group of all displacements 
in the plane. The simplest invariant of this group is length , or the 
distance between two points. Angle is another invariant, and it 
follows from a theorem on congruent triangles (Euclid, I. 4) that 
angles may be characterized by suitably chosen lengths. 

Among the figures appropriately studied in euclidean geometry 
is the circle , or locus of a variable point whose distance from a 
fixed point is constant. The theorems which properly belong to 
euclidean geometry include most of those in the Elements. 

Analytically, euclidean geometry is best handled by means of 
rectangular cartesian coordinates, since, by virtue of the theorem 



10 THE ANALYTICAL TREATMENT OF GEOMETRY II, § 1 

of Pythagoras, the expression for the distance between two points 
then has a particularly simple form. Euclidean geometry may also 
be handled by vectors, the length of a vector being expressed in 
terms of the scalar product. 

Projective geometry 

The underlying group consists of all finite chains of projections 
that begin and end on the given plane. Relations of incidence , 
collinearity , and tangency are all protectively invariant, and cross 
ratio (cf. p. 17) is an invariant quantity. 

A figure that is appropriately studied in projective geometry 
is the conic, since every conic is obtainable by projection from 
a circle. 

Analytically, projective geometry is best handled by means of 
projective coordinates, which will be defined in § 5. These coordi¬ 
nates are expressible in terms of cross ratios. Vectors, as ordinarily 
defined in elementary books, have no application in projective 
geometry proper. 

Affine geometry 

Affine geometry occupies an intermediate position between 
euclidean geometry and projective geometry. The underlying 
group is generated by all parallel projections in space. The simplest 
invariant quantity for this group is the position ratio AP/PB of 
a point P with respect to two points A, B with which it is collinear. 
All projective properties are a fortiori affine properties; and when 
we pass from the projective group to the more restricted affine 
group, parallelism is introduced as a new invariant property. 

Among the figures entering appropriately into affine geometry 

are the parallelogram and the separate kinds of conic, the ellipse, 

hyperbola, and parabola. The theorems which belong to affine 

geometry include the theorem on the concurrence of the medians 

of a triangle, Ceva s theorem, and the theorems on diameters of 
conics. 

The coordinates which are suitable for handling affine geometry 
are oblique cartesian coordinates (perpendicularity of the axes 
m this case producing no essential simplification) or areal co¬ 
ordinates (see p. 25 below). Vectors may also be used; and since 

the scalar product is not involved, only linear vector algebra is 
required. 



§2. The Modern Approach to Geometry 

Although it is over two thousand years since Euclid compiled 
his treatise, our conception of geometry still continues to be 
moulded by the tradition which goes back to the Greek geometers; 
and the geometry that is taught in schools is essentially that of the 
Elements , though modified to some extent for educational reasons. 
Nevertheless, in the interval that has elapsed since the system was 
constructed mathematical thought has had a long time to mature, 
and we now do many things as a matter of course that might have 
seemed startling or even incomprehensible to a Greek mathe¬ 
matician. These new habits of thought have had a profound effect 
upon our conception of geometry, and it is worth while to consider 
them briefly in the present context. 

For Euclid, a segment was simply a portion of a line intercepted 
between two of its points and, as such, it had no essential character¬ 
istic apart from its length. Nowadays we know the value of taking 
into account the sense of the segment as well as the length, i.e. 

we give the directed segment PQ precedence over the undirected 
segment PQ. The advantage of doing this is that we are enabled 
to formulate more comprehensive statements than would other¬ 
wise be possible. Thus, for instance, if P, Q, R are any three 
collinear points then 

PP = PQ+QR, 

irrespective of the order of the points in their line; whereas with 
undirected segments we should have t6 distinguish a number of 
different cases. 

Again in contrast to Euclid, we introduce coordinates whenever 
convenient. Having chosen a pair of perpendicular lines OX, OY 
as axes, we say that a point P has as its coordinates (X, Y) the 

projections of the vector OP along the positively-directed axes. 
It is partly because we cannot avoid taking sign into account when 
we use coordinates that we instinctively do the same even when 
coordinates are not introduced. 

In Euclid’s system we often find ourselves distinguishing differ¬ 
ent cases in what appears to be essentially the same configuration 
or the same theorem, and having to apply somewhat different 
arguments to each case. This is rather disturbing, and we often 
try to avoid it by means of some kind of unifying device like that 
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used above in connexion with the equation PR = PQ-\-QR. 
Sometimes, when we work in terms of coordinates, an appropriate 
artifice is suggested by the algebra. 

To take a simple example, a straight line may either cut a circle 
in two distinct points, or it may touch it, or it may lie wholly out¬ 
side it. Trying to find the coordinates of the points of intersection 
leads us to a quadratic equation, and in the three cases the roots 
are respectively real and distinct, real and coincident, and con¬ 
jugate complex. We are accordingly led to say that a secant cuts 
a circle in two distinct real points, a tangent cuts it in two coincident 
real points, and a line that lies entirely outside it cuts it in two 
conjugate complex points. There are two new notions involved 
here—coincident points and complex points—and both of them 
are of considerable service in making it possible to state theorems 
in a more comprehensive form. We can say quite simply, for 
instance, that every line cuts every circle in two points; and the 
distinction between the possible cases is converted into a more 
manageable distinction between different kinds of point-pair. 

In complex points we have our first example of ideal elements 
in geometry; for such points, having no ‘real’ existence, can only 
be thought of as artificial entities which we find convenient to 
adjoin to the actual plane. We are justified in treating them as if 
they were actual points by the fact that they can be represented 
by complex coordinates—and complex numbers behave algebraic¬ 
ally in the same way as real numbers. 

A rather different way in which we are led to introduce formal 
artifices unknown to the Greeks is by thinking of geometrical 
figures as capable of continuous variation. The most familiar 
examples of this are our ways of thinking of tangency and paral¬ 
lelism, which were two awkward concepts in Euclid’s system. 

A tangent to a curve may be regarded as a limiting position of a 
chord, in which one of the end-points tends towards coincidence 
with the other; and in the case of the circle this fits in with what we 
have just said about a tangent meeting the curve in two coincident 
points. The crucial importance of this new way of looking at 
tangency is that it enables us to find the equations of tangents by a 
simple application of the differential calculus. In a similar way, 
under suitable restrictions, we can define the circle of curvature of a 
curve at a point as the limiting position of the circle which passes 
through three points of the curve, two of which tend to coincidence 



II, §2 THE MODERN APPROACH TO GEOMETRY 13 

with the third; and the differential calculus may then be applied 
to this also. The way is thus made open for the development of 
another subject—differential geometry. This branch of geometry, 
however, important though it is, does not fall within the scope of 
our discussion. 

A second limiting process in geometry is connected with the 
relation of parallelism between straight lines. Euclid, as we know, 
distinguished between two different kinds of line-pair in the plane, 
namely intersecting lines and parallel lines. His distinction was 
absolute, but we can make it less sharp in the following way. 
Suppose that, being given two lines l and m which meet in P, we 
choose a point A oil and then rotate l about this point. As we do so, 
P moves farther and farther away along m until, when l is parallel 
to m, it disappears altogether. If we go on turning beyond this 
position, the point of intersection reappears and moves along m 
from the other end. Using a natural metaphor, therefore, we may 
say that the two lines have a point of intersection even when they 
are parallel, but that this point is then at infinity. Every line 
possesses a single point at infinity, which may be approached by 
travelling along the line in either direction, and all lines parallel 
to the given line meet it in this same point. 

So far this use of the term ‘point at infinity’ is an expressive 
metaphor but nothing more, and if it remained a metaphor we 
should only have obscured an important distinction by intro¬ 
ducing it; but fortunately we are able to give a precise mathe¬ 
matical meaning to the notion and so to make genuine use of it. 
One way of doing this is to identify ‘point at infinity ’ with unsensed 
or absolute direction. Consider the following three properties of 
straight lines: 

(i) there is a unique line which passes through two given 
points; 

(ii) there is a unique line which passes through one given point 
and has a given absolute direction; 

(iii) two lines, which do not coincide, either have a unique 
common point or have the same absolute direction. 

If we agree to replace the phrase ‘absolute direction’ by ‘point at 
infinity’, and if we class together all the points at infinity as a 
single line at infinity , the three properties can be replaced by one, 
namely: There is a unique line through any two distinct points , and 
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any two distinct lines have a unique point in common. In this way it is 
possible to construct a rigorous and serviceable theory of points at 
infinity. 

When we introduced complex points (on p. 12) we explained that 
they are to be regarded as ideal points adjoined to the euclidean 
plane; and the same is now true of points at infinity. These too are 
ideal points, but since they have not been introduced by way of the 
coordinate representation it is not immediately obvious how they 
can be handled algebraically. This can, in fact, be managed quite 
easily, as we shall now show, by making the coordinates homo¬ 
geneous. 

When a pair of axes has been chosen, all actual (i.e. non-ideal) 
points of the plane admit of unique and unexceptional representa¬ 
tion by pairs of real numbers (X, 7). Two lines, whose equations are 

aX+bY+c = 0 and a'X+b'Y+c' = 0, 

meet, if they are not parallel, in the actual point whose coordinates 
are given by 

X : Y : 1 = bc'—b'c : ca'—c'a : ab'—a'b. 

Now whether or not the lines are parallel, supposing only that they 
are distinct, the ratios 

bc'—b'c : ca'—c'a : ab'—a'b 

are always determinate, in the sense that at least one of the quan¬ 
tities concerned is different from zero. Our object, then, must be 
to represent points by such sets of ratios rather than by pairs of 
numbers which are liable to become infinite. 

Instead, therefore, of representing points by pairs of coordinates 
(X,T), we propose to represent them by triads of homogeneous 
coordinates (x,y,z), connected with the ordinary coordinates by 
the relations X = x/z, Y = yjz whenever the point concerned is 
actual. We agree, furthermore, that (i) proportional triads shall 
always represent the same point, and (ii) the special triad (0,0,0) 
shall be excluded. Plainly now, whenever z ^ 0 the triad (x,y,z) 
represents an actual point, while every triad for which z = 0 
represents unequivocally a definite point at infinity. 

A homogeneous linear equation ax-\-by-\-cz = 0 represents an 
actual line unless a = b = 0, namely the line aX+ 6T+c = 0; and 
the sole exceptional equation of this type, the equation z = 0, 
represents a unique ideal line—the line at infinity —which contains 
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every point at infinity. We have here a justification for our earlier 
convention of regarding the set of all points at infinity as a fine. 

Although it was the consideration of a limiting process that 
originally led us to the notion of points at infinity, we now see that 
such points can be treated purely algebraically. When once we 
have introduced the representation of the plane by homogeneous 
cartesian coordinates x , y, z, we can dispense with limits in this 
context, and parallelism is made to depend on a distinction between 
ordinary and ideal elements in our extended geometrical system. 

Besides affording a simple algebraic representation of points at 
infinity, homogeneous coordinates also have an incidental merit 
that is by no means negligible. In terms of such coordinates, the 
equation of every algebraic locus is homogeneous—e.g. for the 
straight line we have ax+by-\-cz = 0 in place of aX-\-bY-\-c = 0 
—and the greater symmetry of equations of this kind makes the 
algebra very much easier to work with. 

§ 3. Conical Projection and Projective Equivalence 

Adoption of the modern approach to mathematics instead of 
the classical Greek approach enables us, as we have just seen in 
§ 2 , to simplify euclidean geometry and to give it greater homo¬ 
geneity. But to transform the subject in this manner is to alter its 
character, and we may wonder whether we should not rather have 
reorganized geometry even more radically by constructing an 
entirely new system, more in accordance with our new way of 
thinking. Such a system is in fact possible—namely the projective 
geometry inaugurated by Poncelet—and it is to this that we shall 
now turn. 

The ideal points at infinity that were introduced on p. 13 fit into 
the projective scheme even more naturally than into the euclidean. 
Any two figures that can be transformed into each other by a series 
of projections are to be regarded as projectively equivalent, so that 
from the projective point of view they are two instances of the 
same figure (as congruent figures are ‘equal in all respects’ in 
Euclid). This means, in particular, that there is no projective 
distinction between a pair of intersecting fines and a pair of parallel 
fines, the actual point of intersection of the first and the ideal point 
of intersection of the second having exactly the same status. 
Indeed, when we project from a plane n on to another plane 7 r 
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that is not parallel to v r, the line at infinity in n may be said to pro¬ 
ject into an actual line of n . 

We shall now discuss various geometrical concepts in order to 
see which of them are projective. 

In the first place, straight lines project into straight lines, and 
this means that collinearity of points is a projective property. 
Similarly, concurrence of fines is also projective. 

The length of a segment is not invariant over projection; any 
finite segment can, in fact, be projected into a portion of a fine 
that extends to infinity (by projecting a point 1 of the segment into 
a point at infinity). 



Since any two (distinct) points can be transformed projectively 
into any other two (distinct) points, a point-pair can have no 
projective individuality. In the same way, a triad of distinct 
points has no invariant property beyond its collinearity or non- 
colfinearity. 

Exercise. Show that any three collinear points can be transformed into 
any other three collinear points by a chain of at most three projections, 
and any three non-collinear points can be transformed into any other three 
non-collinear points by a chain of at most four projections. 

When we come to a figure consisting of four collinear points we 
have for the first time a metrical characteristic—the cross ratio of 
the points—which is a projective invariant and which enables us 
to discriminate projectively between different collinear tetrads. 
This invariant plays as fundamental a part in projective geometry 
as does length in euclidean geometry. The precise definition of 
cross ratio is as follows. 
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definition: Let A, B, C, D be four collinear points. Then the 
cross ratio {A,B\ C,D} of the ordered pair ( C,D) with respect 

to the ordered pair (A , B) is . 


- CB/DB' 

Thus the cross ratio is the quotient of the position ratios of C 
and D with respect to A and B. All segments are, of course, to be 
treated vectorially in the expression given in the definition. 

Exercise. Prove that cross ratio is symmetrical in the two ordered pairs, 
i.e. {A,B\ C,D} = {C,D; A,B). 


The projective invariance of cross ratio is established in the 
following theorem. 

theorem 1. If four collinear points A , B , C, D are projected from 
a vertex V into four collinear points A', B' t C', D\ then 





Proof. Considering magnitudes only, 

AC _ (AC ICB\VA 

cb ~ \va! VB] VB 

_ /sin A VC /sin CVB\ VA 
~ [sin VC A/ sin VCB) VB 

VA sin AFC 
~VB sin CVB' 


Hence 


AC IAD _ sin AVC IsmAVD 
CB\DB sin CVB I sinDVB* 


and it follows that the two crpss ratios have the same expression 
in terms of the angles at V. Further, {A , B ; C, D} is positive or 
negative according as A and B are not separated or are separated 
by C and D ; and, since the relation of separation of pairs is evidently 

6304 „ 
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projectively invariant, the two cross ratios are equal in sign as 
well as in magnitude. 

corollary. Any ordered set of four concurrent lines is cut by a 
variable transversal in a set of points with a constant cross ratio. 

This corollary makes possible the definition of cross ratio of two 
ordered pairs of lines through a common point. If the lines VA , 
VB, VC, VD just considered are denoted by a, b, c , d, we define 
their cross ratio as 

V{A , B\ C,D } = {a,b\ c,d) = {A,B ; C,D). 

An important special case occurs when the value of the cross 
ratio {A, B\ C,D} is — 1. In this case C and D divide the segment 
A B internally and externally in the same ratio, and we have the 
special mode of division known as harmonic section. The two pairs 
of points (A, B) and ( C,D) are then said to be pairs of harmonic 
conjugates with respect to each other. If, in particular, C and D 
divide AB internally and externally in the ratio 1:1, one of them 
is the mid-point of the segment AB and the other is the point at 
infinity on the fine A B. Thus two points are always harmonic with 
respect to the mid-point of the segment which they determine 
and the point at infinity on their line. 

Up to the present we have considered only tetrads of collinear 
points, but four points of the plane which are such that no three 
of them are collinear also give rise to an interesting configuration, 
known as the complete quadrangle. 



rangle: (AB, CD), ( AC,BD ), ( AD,BC). Each pair of opposite 
sides has a point of intersection, and we thus have three new points 
Y , Z, the vertices of the diagonal triangle of the quadrangle. 
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There is also a corresponding figure, the complete quadrilateral , 
which is built up from lines and points as the quadrangle is built 
up from points and lines. The two figures possess important har¬ 
monic properties, as we shall now show. 

theorem 2. The two sides of the diagonal triangle of a quadrangle 
which meet in any diagonal point are harmonic with respect to the two 
sides of the quadrangle which meet in that point. 

The two vertices of the diagonal trilateral of a quadrilateral which 
lie on any diagonal line are hannonic with respect to the two vertices 
of the quadrilateral which lie on that line. 

Proof. To prove the first part we project the figure so that ZX 
becomes the line at infinity. Then A, B, C, D become the vertices 
of a parallelogram, and the points where CD is met by YC, YD , 
YZ,YX become respectively two vertices of the parallelogram, the 
mid-point of the side on which they lie, and the point at infinity 
on this side. But these points form a harmonic range, and hence the 
points of the original figure of which they are the projections also 
form a harmonic range. The lines YC , YD, YZ, YX, which join Y 
to the points, accordingly form a harmonic pencil; and this is 
sufficient to prove the first part of the theorem. The second part 
may be proved by a similar argument. 

We give this well-known proof here because it illustrates a power¬ 
ful method of argument which has many applications in mathe¬ 
matics. Suppose, in fact, that we have (i) a class of mathematical 
objects of some specified kind, (ii) a set of transformations such 
that any one of the given objects may be changed into any other 
by a suitable transformation of the set, and (iii) a property of 
objects which is left invariant by every transformation of the set. 
Then we are able to show that the property holds for all the objects 
simply by showing that it holds for a particular one—and for this 
one we may be able to take an especially simple object, as we did 
in choosing the parallelogram in the proof above. 

§4. Geometry of the Conic 

Since, as we have already remarked, projective geometry pro¬ 
vides the natural setting for the geometry of the conic, it is appro¬ 
priate at this juncture to say something about this special type of 
curve. The classical definition of a conic section or conic is as a 
plane section of a circular cone. In other words, every conic is a 
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projection of a circle and every projection of a circle is a conic. The 
whole theory of conics may be derived from this definition, and 
there are various standard treatments in which this is done.f 

The classical definition leads, in particular, to the focus-directrix 
property, and this in turn yields the standard equations 

*X 2 /a 2 ±Y 2 /b 2 = 1 and Y 2 = 4 aX. 

The theorems on conics that can be proved by elementary co¬ 
ordinate geometry are therefore all valid for the conic as defined 
above. 

Besides the properties that are peculiar to the different types of 
conic, there are many properties that are common to all conics— 
the polar properties, for example. These are, in fact, the projective 
properties, and they may be established by the general method 
referred to at the end of § 3; for since every conic is projectively 
equivalent to a circle, we have only to write down the projective 
properties of the circle and restate them in terms of the general 
conic. 

Some projective properties of the circle are readily deducible 
from the propositions in the third book of Euclid. An important 
example of this is provided by the theory of pole and polar, which 
can be treated by euclidean methods although it was not discussed 
by Euclid himself. The theory may be worked out by using the 
simple fact that the polar of a point P with respect to a circle 
whose centre is 0 is the line which passes through the inverse 
point P' and is perpendicular to OP '. Here we make use of a notion 
(that of inverse points) which does not occur in projective geometry 
proper; but we use this notion to prove theorems on the circle, in 
the formulation of which it does not appear, and then we generalize 
the theorems by the argument that they are projective and therefore 
valid equally for every conic. A key theorem that may be proved 
in this way is Chasles’s Theorem: 

theorem 3. If A y By Cy D are four fixed points of a conic s and 
P is a variable point of s, and if a, b, c, d, p are the tangent's at A, B, 
0, Dy P respectively , then (i) the cross ratio P{A y B; C, D} is constant; 
(ii) the cross ratio p{a } b\ c,d } is constant; and (ifi) the two constant 
values are the same. 

t For the classical presentation, see Apollonius of Perga, Treatise on Conic 
Sections (Cambridge, 1896). For a modern account, see Askwith, A Course of 
Pure Geometry (Cambridge, 1917). 
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The first part is an immediate consequence of Euclid’s theorem 
on the angle in a segment, and the remainder follows from the fact 
that the polars of four collinear points are four concurrent lines 
with the same cross ratio. 

§5. Duality and Projective Coordinates* 

In the development of projective geometry we need to make 
systematic use of points at infinity, and for this reason we naturally 
work with homogeneous cartesian coordinates ( x , y, z ) rather than 
with the non-homogeneous coordinates {X, Y) from which they 
are derived. In terms of the new coordinates, every locus is repre¬ 
sented, as we have seen, by a homogeneous equation/(a*, y,z) = 0; 
and more particularly, every fine has an equation of the form 
ux+vy+wz = 0. Thus the lines of the plane are represented 
algebraically in the simplest possible way, by homogeneous linear 
equations, and this makes it easy for us to bring out the duality 
between points and lines that is characteristic of plane projective 
geometry. 

We have already noticed various ways in which the projective 
properties of points appear to be duplicated in analogous properties 
of lines. Thus, for example: 

(i) when points at infinity are taken into account, two distinct 
points always determine a unique line and two distinct fines 
always determine a unique point; 

(ii) we can define cross ratio not only for collinear points but 
also for concurrent fines; 

(iii) the complete quadrangle and the complete quadrilateral 
have strictly analogous properties. 

The correspondence between properties of points and properties 
of fines that is exemplified here runs through the whole of plane 
projective geometry, and to every theorem involving points and 
fines there corresponds a dual theorem involving fines and points. 
This duality of the projective plane may be exhibited very clearly, 
as we shall now show, by means of homogeneous cartesian co¬ 
ordinates. 

Instead of treating the points of the plane as the primary geo¬ 
metrical entities, and the fines as loci or sets of points, we may fix 
our attention from the outset upon the fines, regarding these as 
simple entities. If we do this, we can define points in terms of fines, 
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charcacterizing a point by the complete set of lines which pass 
through it; and every point now appears as the envelope of a 
variable line. \\ hen we adopt this second point of view, we natur¬ 
ally wish to represent lines by suitable sets of coordinates, and a 
simple way of doing this readily suggests itself. Each line is 
represented, in the original coordinate system, by an equation of 
the form 

ux+vy+icz = 0, 

and this equation is uniquely determined by the ratios between its 
coefficients. We may therefore take the three numbers u , v, tv 
as homogeneous cartesian coordinates of the line; and a line is then 
determined by its coordinates (u, v, tv) just as a point is determined 
by its coordinates {x,y, z). If we wish for a geometrical interpreta¬ 
tion of the line-coordinates, which will enable us to plot a line when 
its coordinates are known, it is sufficient to note that the ratios 

ujw and vjtv are the negative reciprocals of the intercepts made by 
the line on the axes OX and OY. 

If u, v , tv are fixed, the equation 

ux-\-vy-\-tvz = 0 

means that the variable point ( x,y } z) lies on a fixed line, but if 

a*, y, z are fixed, the same equation means that the variable line 

(u, v, tv) passes through the fixed point {x,y, z). Thus when a point 

{x f y, z) is regarded as the common point of the system of all lines 

through it, the equation ux+vy+wz = 0, with u, v, tv variable, 

may be called its equation in line-coordinates or its line-equation. 

The coefficients in this equation are the homogeneous coordinates 

of the point—and there is thus complete duality between the 

representation of points and lines in terms of point-coordinates, 

on the one hand, and the representation of lines and points in terms 
of line-coordinates, on the other. 

But although homogeneous cartesian coordinates reflect the 
duality of projective geometry, and although we can often use them 
o good effect in proving projective theorems, they are still not 
the most appropriate coordinates to use. In every cartesian 
coordinate system the line at infinity has the same equation z = 0; 
anc since this line enjoys no special status in projective geometry, 
but can be transformed projectively into any other line, the 
restriction imposed in this way is quite arbitrary. We can remove 
it by defining a more general type of coordinate representation— 
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the projective coordinate system—which includes the cartesian 
representation as a particular case. 

Projective coordinates may be introduced in different ways: 
either directly, in terms of cross ratios of certain pencils of lines, 
or indirectly, as numbers arrived at by algebraic transformation 
of cartesian coordinates. We shall here discuss the algebraic 
method, which will be found in the end to lead to an interpretation 
of the new coordinates in terms of cross ratios. 

We begin by choosing once and for all a pair of rectangular 
axes OX y OY, and using these to define a system of homogeneous 
cartesian coordinates x y y y z. We write 

x' = a xl x+a 12 y+a lz z 9 

y' = a 21 x+a 22 y+a 2Z z, (A) 

z' = a zl x-\-a Z2 y-\-a zz z, 

where the expressions on the right are three fixed linearly indepen¬ 
dent linear forms in x y y y z, and the determinant |a rs | is accordingly 
different from zero. The equations (A) determine x',y f , z' uniquely 
when x , y y z are given, and vice versa; if x, y y z are not all zero, 
neither can x ', y\ z' all be zero; and if x y y, z are all multiplied by a 
factor A, then x ', y\ z' are multiplied by the same factor. It is 
reasonable, therefore, to regard x ', y' , z' as homogeneous coordi¬ 
nates in the plane; and we say that any transformation ( A ) of the 
above form defines a system of projective coordinates [x' y y' y z') for the 
points of the plane. 

Plainly every homogeneous rectangular cartesian coordinate 
system is projective, since it is related to the original system 
( x y y y z) by equations 

x' — x cos oL—y sin a -\-az y 

y' — ± (x sin a-fy cos a)-f£z, 

z' = z, 

which are of the form (A); and it can be shown that the oblique 
systems are also included. Since, further, the product of two 
transformations of type (A) is another such transformation, we 
deduce that (i) all projective coordinate systems can be derived 
as above from any one cartesian system, and (ii) the equations of 
transformation from one projective coordinate system to another 
are also of the form (A). 

The equation of any line in the new coordinate system is of the 
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form u'x'+v'y'-\-w'z' = 0; and (u\v\w') will be taken as the pro¬ 
jective coordinates of the line in this system. 

The transformation of coordinates is determined by the ratios 
of the nine coefficients a rs in equations (A) and has thus eight 
degrees of freedom. If the old and new coordinates of a point are 
given, this yields two homogeneous linear relations between the 
a rs ; and the transformation is therefore uniquely determined when 
the projective coordinates of four points are assigned (assuming 
that the eight conditions so imposed are compatible and indepen¬ 
dent). In particular, the new system may be fixedf by means 
of the four points whose projective coordinates are to be (1, 0, 0), 
(0> 1> 0), (0, 0,1), and (1,1,1). The first three points are called the 
vertices of the triangle of reference XYZ, and the fourth is called 
the unit point E. 


Now let P be a general point of the plane, with projective co¬ 
ordinates (x , y', z'). By transforming back to cartesian coordinates 
and evaluating the cross ratio directly from its definition, the reader 


may verify that 


X{E } P-Y, Z} = y'/z'. 



This means that the ratios between the coordinates of P may be 
identified with the cross ratios of certain pencils of lines determined 
by P and the four fundamental points X, Y, Z, E which character¬ 
ize the coordinate system. Projective coordinates are thus related 
in a projectively invariant manner to the frame of reference. 

By taking special tetrads of points as X , T, Z, E we are able to 

define ^ arious projective coordinate systems with special pro¬ 
perties: 

(i) If XY is the line at infinity and E lies on the bisector of the 
angle XZY, the coordinate system is a homogeneous 

t ° 1 mi J forn ;jJ detaUa ’ since the samo result appears in Part II as 
Theorem 1 of Chapter IV. 
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cartesian system (in general oblique) with Z as origin, 
ZX , ZY as axes, and a scale of measurement determined 
by the unit point E. 

(ii) If XYZ is an actual triangle and E is its centroid, the 
coordinates x', y', z' are areal coordinates. They are pro¬ 
portional to the areas of the triangles PYZ, PZX , PXY , 
with'suitable signs. 

(iii) If XYZ is an actual triangle and E is its incentre, x', y', z' 
are trilinear coordinates. They are proportional to the 
distances of P from YZ y ZX, XY, again with suitable signs. 

In projective geometry proper we do not distinguish these special 
systems. 

If two points Q v Q 2 of the plane have projective coordinates 
(x[ ,2/i,zi), {x 2 , 2 / 2 , z 2 ) respectively, the coordinates of a general 
point of the line Q 2 may be written as 

(^ r i~h/ xa: 2> 

and the ratio A: p is uniquely determined. This is an algebraic con¬ 
sequence of the fact that the line has a linear equation. We often 
write 6 = fi/X (allowing 0 to take the improper value 00 at Q 2 ) 
and we then call 0 & projective parameter for the line. The parameter 
is uniquely determined when the coordinates of Q x and Q 2 are speci¬ 
fied or, what comes to the same thing, when the points Q lf Q 2 
are fixed and a third point Q is also given, whose parameter is 1. 

The projective parameter is of fundamental importance in 
projective geometry, as the invariant {P V P 2 ; P 3 , P 4 } of four points 
of the line Q x Q 2 admits of a simple expression in terms of the 
parameters of the points. 


theorem 4. If P lt P 2 , P 3 , P 4 are four points of the line Q x Q 2 , with 
parameters 9 V 0 2 , 0 3 , 0 4 , then 


{Pi, P%\ — 


* 1-03 / 01-04 
0 2 -0 3 / 02-0/ 


Proof. Take a cartesian representation (X, Y) of the plane, with 
Q x as origin, Q x Q 2 as axis of X, and Q 2 as the point (1,0). Then, 
if P i is the point (X t -, 0) (i = 1, 2, 3,4), it follows immediately from 
the definition of cross ratio that 
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In terras of homogeneous cartesian coordinates, the points 
Q v Q 2 , P i may be represented respectively by the coordinates 
(0,0,1), (1,0,1), (X { , 0,1); and for the cartesian system—a special 
projective system—the projective parameter of P t with respect to 
Q v Q 2 is X { /(\—X { ). If we now pass, by a transformation of type 
(A) above, from the cartesian coordinates ( x,y,z ) to the projective 
coordinates the new coordinates of any point 

(^+^2, yt+Oy^ z!+0z 2 ) 

will be (zi+fa'a, 2/i+0y' 2 , z[+dz 2 ); and the value of the parameter 
6 will remain unaltered. In our particular case, therefore, we have 
0» — XJil—X { ) (i = 1, 2, 3,4), and a simple calculation shows that 

* 1 - 03 / 01-04 /X 1 ~X i 

02-03/ 02-04 X 2 -XjX 2 -X, 

This completes the proof of the theorem. 

It follows from Theorem 4 that the expression 


*i_^3 / *!—*4 

*2 * 3 / *2 — *4 

depends only on the points P lt P 2 , P 3 , P 4 , and is independent of the 

choice of parametric representation of the line (in particular, of the 

choice of Q x and Q 2 ). It is called the cross ratio of the four numbers 

6 it taken in the proper order, and is denoted by {9 V 0 2 ; 0 3 ,0 4 }. The 

properties of this rational function of four variables will be discussed 

in Chapter III. Using the new terminology, we may now restate 

Theorem 4 in the form: When the points of a line are represented 

by means of a projective parameter , the cross ratio of two given pairs 

of points is equal to the cross ratio of the corresponding pairs of para¬ 
meters. 


It may further be shown that if (u[ y v v w[) } (uzyV^w’z) are the 

projective coordinates of two lines then the coordinates of any 

hne through their point of intersection are expressible uniquely 
in the form . , , . , . 

(%+0^2 > Vi-f0i’ 2> 6 w 2 ). 


The parameter 9 is called a projective parameter for the pencil 
of Unes; and the cross ratio of two pairs of lines of the pencil is equal 
to the cross ratio of the corresponding pairs of parameters. The 
range of points and the pencil of lines are, in fact, completely dual 
to each other, and this duality is fully reflected in their algebraic 

representations. 
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II, §5 PROJECTIVE COORDINATES 

We have now at our disposal a coordinate system, valid for both 
points and lines, which makes possible an algebraic treatment of 
the whole of plane projective geometry. One of the most important 
applications of this formal apparatus is to the study of the general 
conic, which has a simple representation in terms of projective 
coordinates. The cartesian equation of any proper conic, referred 
to suitably chosen rectangular axes, may easily be shown to be 
quadratic and irreducible; and since the equations of transforma¬ 
tion (A) are linear, it follows that the equation of a conic in pro¬ 
jective coordinates is always an irreducible quadratic equation. 
It may also be shown that, conversely, any (real) curve represented 
by such an equation is a proper conic. This means that the pro¬ 
jective properties of the general conic may all be derived from 
algebraic properties of the general quadratic equation 

ax 2 +by 2 +cz 2 +2fyz+2gzx+2hxy = 0. 

Since an equivalent discussion will form part of the formal theory 
of Chapter V, we shall not pursue this subject further at the 

present stage. 

Besides, however, being algebraically deducible from the general 
quadratic equation, the projective properties of the conic can also 
be arrived at synthetically; and this alternative mode of derivation 

is often more suggestive and satisfying. 

A suitable starting-point for a synthetic treatment of the general 
conic is provided by Chasles’s Theorem, which was stated on 
p. 20. It follows from this theorem that if A and B are two fixed 
points of a proper conic s and P is a variable point of s, then the 
cross ratio of any four rays AP, taken in any order, is equal to the 
cross ratio of the four associated rays BP , taken in the correspond¬ 
ing order. Now this property has an important converse: 

THEOREM 5 ( Steiner's Theorem). If p and p ' describe pencils of 
lines , with vertices A and B respectively , and if the rays of the two 
pencils are associated in pairs in such a way that the cross ratio of any 
four rays p is equal to the cross ratio of the corresponding rays p\ then 
the locus of the point of intersection of corresponding rays is a conic 

through A and B. 

Taken together, the theorems of Chasles and Steiner permit us 
to identify conics with loci of the points of intersection of corre¬ 
sponding rays of two pencils which are associated in the manner 
described. Since all the concepts involved in the definition of such 
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a locus are projective, we have here a projective generation of the 
conic; and it is instructive to compare it with Euclid’s generation 
of the circle. The projective generation of the conic, as w*e shall 
see, opens the way to a synthetic treatment of the projective 
properties of this curve. 

§6. Homographic Correspondences 

The idea of a correspondence that preserves cross ratio, which we 
meet for the first time in connexion with the projective generation 
of the conic, is very fruitful in projective geometry, and such 
correspondences usually referred to as homographic correspon¬ 
dences or homographies —have been studied in considerable detail. 
The concept may be defined precisely as follows: 

A one-one correspondence between two ranges of points, two pencils 
of lines, or a range of points and a pencil of lines, is said to be homo¬ 
graphic when the cross ratio of any four elements of either system is 
equal to the cross ratio of the four corresponding elements, taken in the 
corresponding order, of the other system. 

Let us consider the case of a homographic correspondence 
between two ranges. If we take projective parameters 9, O' for the 
ranges, we can represent the homography algebraically by means 
of an equation connecting the parameters of corresponding points. 
To do this it is only necessary to take three fixed corresponding 
pairs (9 lt 9i), ( 0 2 » 02 )> ($ 3 , # 3 ), chosen once for all, and a variable 
corresponding pair (6, O'). Then we have, by Theorem 4 , 

{ 0 > 0 X \ 0 2 ,6 3 } = { 9 ', 0i; d' 2 , ^ 3 }; 

and this relation can be written in the form 

a00'+60+c0'+rf = 0. 

Now conversely, as may easily be verified directly, every equation 
o t is orm, Mith ad be ^4 0, defines a homographic correspon¬ 
dence (see Theorem 2 of Chapter III). We can say, therefore, 

a a one one correspondence between two ranges is homographic if 

an on y if it is associated with a bilinear relation between projective 
parameters. 

The representation of homographies by bilinear equations is the 

starting-point for the algebraic investigation of the properties of 

such correspondences; but this is another subject that we prefer 

to leave until we meet it again in the more formal setting of the 
next chapter. 
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§7. Projective Transformations 

Plane projective geometry has been interpreted so far as the 
invariant theory of the group of projective transformations—a 
projective transformation of a plane into itself being defined (as 
on p. 6 ) as a transformation which can be resolved into a finite 
sequence of projections from one plane to another, beginning and 
ending with the given plane. This definition is stated in purely 
geometrical language, and we need to translate it into the language 
of algebra. This is made possible by the following theorem. 

theorem 6. When the jplane is referred to a fixed system of pro¬ 
jective coordinates , every projective transformation is represented 
algebraically by a non-singular linear transformation; and conversely , 
every such transformation defines a projective transformation of the 
plane into itself. 

This means that every projective transformation of the plane 
into itself is equivalent to an algebraic transformation 

px ' = a n x+a 12 y+a 12 z, 

py = Q'<L\X-\-a 22 y-\-a 2 £Z i 

pz' = a 21 x+a 22 y-\-a 22 z, 

where |a rs | ^ 0 , and p is an arbitrary factor of proportionality 
which arises from the fact that the coordinates are homogeneous. 
In practice we usually omit the factor p, making the tacit reserva¬ 
tion that two transformations are to be regarded as identical if 
their coefficients are proportional. 

In order to prove the above fundamental theorem we* need a 
number of lemmas. 

lemma 1 . There exists a projective transformation which transforms 
four given points , no three of which are collinear , into four other given 
points , some or all of which may coincide with the first four , and no 
three of which are collinear. 

Proof. Let n l be the plane which contains the given tetrads of 
points. We begin by applying a preliminary transformation, 
projecting the second tetrad from an arbitrary vertex, not in 7 r lt 
on to a general plane tt 2 . We then have two tetrads, A lt B v C lt D x 
in 771 and A 2 , B 2 , C 2 , D 2 in 7 t 2 , and it is sufficient to show how to 
transform the second of these into the first by a chain of projections. 

Since n 2 has been chosen generally, A X A 2 does not lie in 7 r 2 ; 
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and we may choose a vertex of projection U on A 1 A 2 and then 
project 7 r 2 on to a plane n 3 , distinct from 7r lf which passes through 
A v Let the projections of A 2 , B 2 , C 2 , D 2 be A lt B 3 , C 3 , D 3 . 

If we call A l B 1 .C 1 D l the point E x and A 1 B 3 .C 3 D 3 the point E 3t 
the lines A X B X E X and A X B 3 E 3 are coplanar, and B l B 3 , E 1 E 3 
therefore intersect, in V say. We now take V as vertex of pro¬ 
jection and project v 3 on to a plane 7 r 4 , distinct from tt x , which passes 
through A x B v Let the projections of A v B 3 , C 3 , D 3 , E 3 be A x , B v 

^4* -^4> 

Since C 3 , D 3 , E 3 are collinear, so also are C 4 , D 4 , E x \ and the line 
C 4 D i E 1 is clearly coplanar with the line C X D X E X . It follows that 
C 4 C 4 and D X D 4 intersect, in W say. Taking W as vertex of pro¬ 
jection, we now project tt 4 on to n x , and A x , B x , C 4 , D. project into 

A v B lt C X9 D v 

A chain of projections has now been defined which transforms 
the second of the given tetrads of points into the first. If, in a 
particular case, some of the points of the second set coincide with 
points of the first, it may be possible to simplify the construction; 
but this is of no importance in the present context. 

lemma 2. In terms of a fixed projective coordinate system , there is a 
unique non-singular linear transformation of the plane into itself 
which transforms four given points , no three of which are collinear , 
into four other given points, no three of which are collinear. 

This is a purely algebraic result, and it follows at once from 
Theorem 1 of the Appendix. 

lemma 3. In terms of a fixed projective coordinate system , every 
projective transformation of the plane into itself is a non-singular 
linear transformation. 

Proof. Suppose the given transformation changes the points 
A, Y Z, E into points X', Y\ Z' , E’. Then no three of these 
transformed points are collinear, and they define a new system of 

. , , « ^ ^ ^ P' are any two corresponding 

points, and the coordinates of P in the original system are (x, y, z), 

while those of P' in the new system are {x',y’, z'), we have 

ylz = {E,P\Y,Z} and y'/z' = {E\ P' ; Y\ Z’}\ 

and consequently, by the projective invariance of cross ratio, 
y.z — y’lz By symmetry, therefore, x:y:z = x':y':z'. But any 
two projective coordinate systems are Connected, as we have seen, 
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by a non-singular linear transformation, and this means that the 
coordinates of P and P' in the original system are connected by 
an algebraic transformation of this kind. The lemma is therefore 
proved. 

Combining the results expressed in the above three lemmas, we 
now have Theorem 6, as enunciated on p. 29. 

The significance of the theorem is that it leads to an algebraic 
characterization of projective properties of figures. A property is 
projective if it is invariant for every projective transformation of 
the plane into itself, and this is now seen to mean that a property 
is projective if and only if its expression in terms of projective co¬ 
ordinates remains invariant when the coordinates are subjected to any 
non-singular linear transformation. 

We have now encountered two distinct geometrical interpreta¬ 
tions of the algebraic transformation 

x' = a xl x+a lz y+a lz z, 

y' = a zl xa 22 y+a zz z, 

z' = a zx x-\-a Z2 y -\-a zz z, 

where |a r3 | ^ 0: 

(i) as a change of coordinates from one projective system to 
another—( x,y,z ) and {x',y',z') being coordinates of the 
same point in the two systems; and 

(ii) as a projective transformation oipoints, referred to one and 
the same coordinate system—( x,y,z) and ( x',y',z ') being 
coordinates of the original point and the transformed point 
in this single system. 

Since the algebra is the same in both cases, it makes no difference 
whether we define a projective property, as we did at first, as one 
which is invariant over projective transformation, or, alternatively, 
as one whose algebraic expression in every projective coordinate 
system is the same. We shall in fact find it convenient now to 
shift our ground, and throughout the formal development of pro¬ 
jective geometry in Part II we shall adopt the second point of view. 

In the same way we can redefine the euclidean properties of the 
plane—originally defined as invariants with respect to displace¬ 
ment—as those properties whose expression is the same in all 
right-handed rectangular cartesian systems with the same unit of 
measurement; for the equations which represent a transformation 
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from one such coordinate system to another are of the same form 
as those which represent a displacement in terms of a fixed rect¬ 
angular system. 

More generally, we may define similarity euclidean geometry as 
consisting of those properties of configurations which are invariant, 
not only over displacement, but also over the operations of radial 
expansion about a point and reflection in a line, and this is equiva¬ 
lent to our defining it as consisting of those properties of con¬ 
figurations which are expressible in the same way in all rectangular 
cartesian coordinate systems, changes now being allowed both in 
the unit of measurement and in the senses of the axes. The equa¬ 
tions of the typical transformation—of the plane or of coordinates, 
as the case may be—are now 

x' = p(z cos a—y sin a)-faz, 

l/ = ±p(*sina-J-ycosa)-f6z, (B) 

z' = z, 

where p, a, a, b are arbitrary parameters, with p > 0, and the 
alternative sign is — or according as the transformation of the 
plane does or does not involve reflection. In terms of change of 
coordinates, the corresponding distinction is between the case in 
which one of the two sets of axes is right-handed and the other left- 
handed and the case in which they are both of the same kind. 

We now have before us two quite distinct systems of geometry, 
each defined in terms of a particular kind of algebraic transforma¬ 
tion. Our next task will be to show that there is a simple relation¬ 
ship between the two systems, and that the whole of similarity 
euclidean geometry can readily be derived from projective geometry 

by means of a convenient device, that of the so-called ‘circular 
points’. 


§8. The Circular Points at Infinity 

The circular points are two conjugate complex points, lying on 
the fine at infinity, which have many remarkable properties. One 
of these is that the coordinates of the points are the same in every 
rectangular coordinate system. 

Consider a general circle, whose equation in some fixed system 
of (homogeneous) rectangular cartesian coordinates is 

x2 -\-y 2 -\-%fyz-{-2gzx-\-cz 2 = 0. 
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II, §8 THE CIRCULAR POINTS AT INFINITY 

The circle is met by the line at infinity z — 0 in the two points whose 
coordinates are given by the equations 

x 2 -\-y 2 = 0 = z, 

i.e. the conjugate complex points (l,±i,0). These points are 
independent of the particular circle which served to define them— 
i.e. they are common to all circles of the plane—and they are 
known as the circular points I and J. 

It is easily verified that the coordinates of I and J are left 
invariant by every transformation of type (B) above. More 
precisely, if the alternative sign in the equations is , the triads 
of coordinates (I,i, 0) and (1,— i, 0) are individually invariant, 
while if the sign is — they are interchanged by the transformation. 
Thus the circular points, taken as a pair, have the same representa¬ 
tion in every rectangular coordinate system (as is also evident from 
the way in which they were defined). We can now establish the 
converse of this result, by showing that every projective coordinate 
system in which I and J have coordinates (1, ii, 0) is rectangular 
cartesian. In the first place, if I and J have these coordinates, 
the equation of the line at infinity IJ is z = 0, so that x/z = XX, 
y/z — pY, whereX, Y are cartesian coordinates and A, p are positive 
constants. If the axes of X and Y are inclined at angle <o, the 
equation X 2 + Y 2 -\-2X Y cosu) = 1 represents a circle; and hence, 
in the projective coordinates, the circular points are given by 

{xl\) 2 +{ylp) 2 +2(xl\){ylp)cosa> = 0 = z. 

Their coordinates are therefore (1,±*\ 0) only if cosw = 0 and 
A — p, i.e. only if the coordinates are rectangular cartesian. 

A non-singular linear transformation of coordinates, then, 
changes any given rectangular ■ system into another rectangular 
system if and only if it leaves the representation of the point-pair 
(I, J) invariant; and, in view of the twofold interpretation of the 
equations of transformation (B), we can infer from this that a 
projective transformation of the plane into itself preserves all 
similarity euclidean properties if and only if it leaves the point-pair 
{I, J) invariant. In other words, similarity euclidean geometry may 
be interpreted as projective geometry relative to the point-pair (I, J). 
The subclass of projective coordinate systems which characterize 
similarity euclidean geometry consists of those projective systems 
in which the point-pair (I, J) is represented by the equations 

x 2 -\-y 2 = 0 = z. 

D 
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From this new point of view, the properties of configurations that 
enter specifically into similarity euclidean geometry must be inter¬ 
preted as projective relations to the absolute point-pair (I, J). To 
mention only two examples: two lines AB, AC are perpendicular 
when they are separated harmonically by AI, AJ ; and a point F 
is a focus of a conic s when the lines FI , FJ are tangents to < 5 . We 
shall not go into further details here as the subject will be treated 
more fully in the formal theory of Part II (see the discussion in 
§ 8 of Chapter IV). 

Not only euclidean geometry but also affine geometry may be 
treated projectively in this manner. Affine geometry is concerned 
with those properties of figures which are invariant over affine 
transformation, and affine transformations are simply projective 
transformations which leave the line at infinity invariant. The 
affine properties of figures are accordingly those of which the 
expression is the same in every cartesian coordinate system, 
rectangular or oblique. 


§9. Geometry in Spaces of Other Dimensionality 

Throughout this chapter w r e have been thinking of geometry as 
primarily the study ol plane figures; that is to say, our geometry has 
been two-dimensional. This restriction, however, was imposed 
merely for the sake of convenience, and we could equally w r ell 
consider the geometry of configurations in spaces of other dimen¬ 
sionality. Before leaving this introductory survey, therefore, we 

shall refer briefly to spaces whose dimensionality is different from 
that of the plane. 

In the first place, little need be said of one-dimensional geometry. 
V hen we confine ourselves to the points of a single line, the resulting 
geometry is of necessity very simple; and one-dimensional projec¬ 
tive geometry reduces, in fact, to the theory of homographic 
correspondences on the line. This will be made clear in Chapter III. 
We might perhaps remark, in anticipation of later discussions, that 
in one dimension the analogue of the conic is the point-pair, given 
by a single quadratic equation ax 2 +2hxy+by 2 = 0. 

V hen once we are familiar with the geometry of the plane, the 
extension to three-dimensional space is not particularly trouble¬ 
some. The geometrical structure is of course more elaborate, and 
the fact that figures cannot be drawn so easily makes three- 
dimensional geometry rather harder to visualize; but there is no 
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difficulty of principle, and we shall accordingly pass over the details 
of the extension. A point that is perhaps worth mentioning, how¬ 
ever, is that a projective property can now no longer be defined in 
terms of invariance over projection; for ordinary space has only 
three dimensions, and we cannot speak, in this connexion, of 
projection from one space to another. But we can introduce the 
idea of a projective coordinate representation of space (obtained 
from a fixed homogeneous cartesian representation by applying 
an arbitrary non-singular linear transformation) and then define a 
projective transformation of space into itself as one that is repre¬ 
sented in any projective coordinate system by a non-singular set of 
linear equations. If we call a property projective when it is in¬ 
variant with respect to every such transformation, we obtain a 
three-dimensional projective geometry that is strictly analogous 
to the two-dimensional projective geometry discussed in the earlier 
sections of this chapter. As soon, in fact, as projective geometry 
has been translated into the language of algebra, we are able 
without difficulty to increase the number of dimensions of the space 
under consideration from two to three, and beyond. So we arrive at 
n-dimensional projective geometry, in which a point is defined by 
a set of n+1 homogeneous coordinates (aro,^,...,*,,), and a pro¬ 
jective property is one that is invariant for every non-singular 
linear transformation of the coordinates. When n is greater than 
three the system has no concrete realization as a space of geo¬ 
metrical intuition, but it is adequately defined algebraically as an 
object of abstract mathematical thought. 

§ 10. Conclusion 

We have now reached the end of the preliminary survey of geo¬ 
metry which forms the first part of this book. In the compass of 
two chapters we have attempted to trace the evolution of the 
geometrical ideas that will be treated more systematically in 
Part II, and the reader should by this time be in a position to 
appreciate the structure of the formal system. 

We have seen in the course of our discussion how axiomatic 
geometry had its origin in the work of Euclid and other Greek geo¬ 
meters, how the two subjects of geometry and algebra were fused 
together by the genius of Descartes, and how the modern approach 
to geometry ultimately found formal expression in Klein’s Erlangen 
Programme of 1872. We have also examined in some detail 
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Poncelet’s projective geometry, which we recognize to be one of the 
major creations of nineteenth-century mathematics. As the 
ancestral member of the projective hierarchy, projective geometry 
unifies and makes more intelligible a wide variety of classical 
geometrical theorems. 

Besides discussing the concepts on which projective geometry is 
based, we have also shown how the cartesian method comes fully 
into its own in this sphere. The representation of the plane or three- 
dimensional space by projective coordinates is devised in the first 
instance as a technique ancillary to geometry proper, but it soon 
shows itself capable of fulfilling a higher function. When projective 
geometry is expressed in algebraic language the application of 
Klein’s principles becomes remarkably simple and illuminating. 
We have seen, in fact, how projective geometry is rooted in the full 
linear group, i.e. the group of all non-singular linear transforma¬ 
tions; and this fundamental connexion provides us with an alter¬ 
native foundation for projective geometry, firmer and more fully 
under our control than geometrical intuition. We are thus enabled 
to take the final step in the process of successive abstraction out¬ 
lined in Chapter I by rebuilding our subject from the beginning as 
a purely abstract formalism. 

In § 7 we showed that a geometrical property is projective if 
and only if its expression in terms of projective coordinates remains 
invariant when the coordinates are subjected to any non-singular 
linear transformation. We now define the projective plane as a set 
of abstract entities which can be represented by homogeneous 
coordinates ( x,y,z) and projective geometry as the study of those 
properties of the ‘plane’ whose expression in terms of the coordi¬ 
nates is left invariant by every non-singular linear transformation. 
In this way we set up an abstract axiomatic projective geometry, 
based on an algebraic foundation, which has intuitive projective 
geometry as a concrete realization. 

EXERCISES ON CHAPTER II 

1. Being given a quadrilateral A BCD in a plane tt, show how to choose a 
vertex of projection A and a plane of projection ct so that A BCD projects 
into (i) a parallelogram, (ii) a rectangle, (iii) a rhombus, or (iv) a square. 

2. Two parallel planes tt, tt' being given, and also two points U, V not in 
either plane, a projective self-transformation of tt is defined by the con¬ 
dition that points P, P' of this plane correspond when UP and VP' meet 
on tt . If UV meets tt in O, prove that the correspondence between P and P' 
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is a radial expansion from O (i.e. that 0, P, P' are in line and the ratio 
OP'/OP is constant ) and find out under what conditions the correspondence 
reduces to reflection in the point 0. 

Show also that if U V is parallel to it the correspondence between P and 
P' is a translation. 

3. Three planes a, /?, y meet in 0, and a self-correspondence in a is set 
up by projecting a from a vertex L on to j8, then projecting fi from a vertex 
M on to y, and finally projecting y from a vertex N on to a. Show that 0 
is one self-corresponding point in a and that, in general, there are two 
others on the line of intersection of a with the plane LAIN . 

Discuss the special case in which L, Al, N are collinear. 

4. Prove that a transformation of the plane into itself which is com¬ 
pounded of a displacement and a radial expansion about a point, with or 
without reflection in a fixed line, has equations (referred to any given 
rectangular axes) of the form 

X' = p(Xcosa—ysina) + a> 

Y* = ±p(Xsinoc+Y cos<x) + b, 

the — or -f sign being taken according as a reflection has or has not been 
included. 

Show that the result of applying successively any number of transforma¬ 
tions of this general type is another transformation of the same type. 

5. Show that every transformation of the type considered in the pre¬ 
ceding exercise expands or contracts all distances in the same fixed ratio p : 1. 

6. Show that, in rectangular cartesian coordinates, the equations of any 
projective transformation of the plane into itself are of the form 

_ a x X4-6 x Y -j-c, y, _ a 2 X-f b 2 Y 4 -c 2 

a 3 X-\-b 3 Y+ c 3 * a 3 X + b 3 Y-\-c 3 

where the determinant (abc) l23 is not zero. 

Find the equations of the projective transformation which leaves the 
origin and the point (1,1) invariant and transforms the points (1,0) and 
(0,1) respectively into the points at infinity on the axes OX and OY. 

Find all the circles which are transformed into circles by this trans¬ 
formation. 

7. If X, Y are cartesian coordinates and x, y, z are the corresponding 
homogeneous coordinates, such that X = x/z, Y = yjz, prove that the 
point (x x +Ax 2 , y x + Xy 2 , z x +Az 2 ) divides the line joining (x l ,y l ,z l ) and 
(x 2 ,y 2 ,z 2 ) in the ratio A z 2 :z l . 

Show that this line is divided harmonically by the conic ax 2 + by 2 + cz 2 = 0 
if and only if ax x x 2 + by x y 2 + cz x z 2 = 0. 

8. A, B, C,D are the four points (1,1), ( — 1,1), ( — 1, — 1), (1, — 1) respec¬ 
tively. Find the locus of a variable point P such that the cross ratio 

P{A , C ; B,D) 

has a constant value k. 

9 . X ', Y', Z' t E' are the reference points and unit point of a system of 
projective coordinates x', y\ z\ and in a given system of homogeneous car¬ 
tesian coordinates x,y,z the coordinates of the four points are ( — 1, — 1,1), 
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0» 1)» (0,2,1), and (0,0,1) respectively. Obtain equations expressing 

the ratios of x', y', z' in terms of x, y , z. 

10. If u, v, w and u\ v', w' are homogeneous line-coordinates in the 
cartesian and projective systems of the preceding exercise, express u\ v\ w' 
in terms of w, v, iv, and vice versa. 

11. By plotting a sufficient number of lines, find out what envelopes are 

represented by the following equations in rectangular cartesian line- 
coordinates: 

(i) 3u 2 + 4v 2 -w 2 = 0; 

(ii) u 2 — 2v 2 + w 2 = 0; 

(iii) v 2 — wu = 0. 

Check your conclusions algebraically. 

12. If A BCD is a given quadrangle, show that a projective coordinate 

system can be defined in which the points A, B, C, D all have coordinates 
of the form (1, ± 1, ± 1). 

Find the coordinates of the sides, diagonal points, and sides of the diagonal 
triangle of the quadrangle; and hence give an algebraic proof of Theorem 2. 

13. Show that parallelism may be handled by means of ideal points at 

infinity in space as well as in the plane. Obtain an analytical representation 

of such points by introducing homogeneous cartesian coordinates x, y, z, t; 
and show that 

(i) the points at infinity are those points for which t = 0; 

(ii) the totality of points at infinity may be regarded as forming a plane 
at infinity t; 

(iii) two planes are parallel if and only if they meet t in the same line, and 
two lines are parallel if and only if they meet i in the same point; 

(iv ) the line at infinity in any given plane tt is the line in which -n is met by t; 
(v) all spheres meet i in the same (virtual) conic. 

14. If (X, Y) and (X*, Y*) are two conjugate complex points of the plane, 

prove that there is one and only one real line whose equation is satisfied by 

the coordinates (X, Y) and that the equation of this same line is also satisfied 
by the coordinates (X*, Y*). 

Show that the line is the radical axis of a system of real coaxal circles, 
with real limiting points and with the given complex points as common 
points, and find the equation of the line of centres of this coaxal system. 

15. Find the two points at infinity on the hyperbola whose equation in 
homogeneous cartesian coordinates is 

x 2 +5xy + 4y* + 6xz-2yz + 3z 2 = 0. 

Find the asymptotes of the hyperbola. 

16. A variable tangent to an ellipse k meets the tangents at the ends of 
the major axis in U , V and those at the ends of the minor axis in U' V ' 
Prove that the circles on UV and U'V' as diameters describe orthogonal 
coaxal systems, of which the first has the foci of A: as common points. Find 
the (conjugate complex) common points of the second coaxal system. 

17. OX and OY are respectively the transverse and conjugate axes of a 
central conic k, c is any circle touching k at its intersections with a line p 
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parallel to OY, and d is any circle touching k at its intersections with a line q 
parallel to OX. If P is any point of k, prove that 

PT 2 = e 2 PAT* and PT' 2 = e' 2 PA T *, 

where PT, PT ' are tangents from P to c, d , PAf, PAT are perpendiculars 
from P to p, q, e is the eccentricity of k, and e' is a number which satisfies 
the equation l/e 3 -j-l/e' 2 = 1. 

Show that when p is a directrix of k (meeting k in a pair of conjugate 
complex points) the circle c reduces to a point-circle at the corresponding 
focus. 

18. A conic k is the section of a right circular cone k by a plane tt. Show 
that the foci of k are the points at which tt is touched by two spheres inscribed 
in k, the corresponding directrices being the lines in which tt is met by the 
planes of contact of k with the spheres (Dandelin’s Theorem). 

19. If two curves touch at a point P, prove that the ratio of their curva¬ 
tures at P is a projective invariant. [Hint. Use Newton’s expression for 
curvature.] 

20. If P and P' are inverse points for the circle c, whose equation is 
X 2 -f Y 2 = k-, show that their coordinates are connected by the equations 

WX y, *gl 

~x 2 +y 2 * “x a +y a * 

Establish the following properties of the self-transformation of the plane in 
which every point P goes over into its inverse point P' (i.e. inversion with 
respect to c): 

(i) a circle w’hich does not pass through the centre O of c transforms 
into a circle; 

(ii) a circle through O transforms into a straight line parallel to the 
tangent to the original circle at 0; 

(iii) inversion preserves tangency; 

(iv) inversion preserves the (unsensed) angle of intersection of two 
curves; 

(v) a circle k and a pair of points A, B, inverse for k, transform into a 
circle k' and a pair of points A'sB', inverse for k'. 

21. Prove that the transformations of inversion defined by two circles 
c 2 and c 2 are commutative with each other if and only if c i and c 2 cut ortho¬ 
gonally. 

22. Prove that inversion with respect to a circle c transforms a general 
conic into a bicircular quartic, i.e. a curve of the fourth order which passes 
twice through each of the circular points. 

Investigate the effect of inversion in a circle whose centre is at the origin 
on the lemniscate whose polar equation is r 2 cos 20 = a 2 . 
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ABSTRACT PROJECTIVE GEOMETRY 

CHAPTER III 

PROJECTIVE GEOMETRY OF ONE DIMENSION 

§ 1. Introduction. Formal Definition of 
Projective Geometry in General 

The somewhat informal discussion of projective geometry in Part I 
was intended to introduce the reader to the intuitive geometrical 
notions which it is our present purpose to formalize and to treat 
by rigorous mathematical argument. We shall now begin afresh 
and work out the details of a system of abstract projective geometry 
based on a foundation of pure algebra. The algebra that will be 
presupposed is essentially elementary, consisting mainly of linear 
algebra and the simplest portions of the theory of groups. Two key 
theorems, which will be applied again and again in the course of 
the development, are given in the appendix at the end of the book. 

Although the formal system of projective geometry is logically 

self-contained and independent of geometrical intuition, the full 

significance of the formal steps is only to be grasped by bearing in 

mind all the time the concrete realization of the abstract model 

that has already been sketched in Part I. In order to help the reader 

to do this we shall occasionally insert remarks that form no part of 
the formal system. 

The n- dimensional projective domain 

Our plan is to discuss projective spaces of one, two, and three 
dimensions, in this order, and the present chapter will be devoted 
to one-dimensional projective geometry. Before we begin this 
systematic treatment, however, it is desirable to give once for all 
a general definition of projective space of n dimensions, which 
covers all the particular cases at the same time. In order to do this 
we first make precise the notion of a coordinate representation. 

Let C be a given class of entities (whose nature may remain 
unspecified). We say that C admits of an 7i-dimensional representa¬ 
tion by homogeneous coordinates belonging to a given field K if a 
correspondence can be set up .between the elements of C and the 
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ordered (n-{- l)-tuples (a* 0 , x v ... t x n ) of elements of K —i.e. the vectors 
x in the vector space T^ +1 (A r )—in such a way that (i) to every 
vector x, other than the null vector 0, corresponds a unique element 
of C, and (ii) two vectors x, y are associated with the same element 
of C if and only if y = Ax, where A is a non-zero element of K. 

The field K from which the coordinates x { are drawn is usually 
referred to as the ground field, The choice of ground field is quite 
arbitrary as far as the abstract concept of a coordinate representa¬ 
tion is concerned, but when once a particular field has been selected 
the choice must be adhered to. 

A coordinate representation of C of the kind just defined gives 
rise to a derived representation, by non-homogeneous coordinates, 
of all those elements of C for which x 0 ^ 0. If, in fact, we put 
X { = xjx 0 (i = 1,2,...,n), each element of C for which z 0 ^ 0 is 
represented uniquely by the n non-homogeneous coordinates 
(X v X 2 ,...,X n ). Conversely, if we begin with a non-homogeneous 
representation of a class C' y we can derive an associated homo¬ 
geneous representation if we adjoin to C new elements which 
correspond to coordinate vectors with x 0 = 0 just as we have 
already adjoined points at infinity to the affine plane. 

definitions. An n-dimensional projective domain over the ground 
field K, or projective space S n {K), is a set of entities (usually called 
the points of the space) that admits of a certain class {&) of allow¬ 
able representations by homogeneous coordinates ( XQ y x ly ... y x n ) in 
K, this class being such that, if is any one allowable representa¬ 
tion, the whole class (^) consists of all those representations that 
can be obtained from non-singular linear transformation 

n 

x\ = 2 a ik x k (i = 0,1w). 

A = 0 

The projective properties of S n {K) are those properties of which 
the expression in every allowable coordinate system 3% is the same. 
The totality of all these properties is the projective geometry of 
S n {K), or n-dimensional projective geometry over K. 

It will be seen from the above definitions that the allowable 
representations @ of S n (K) are connected by a group of non- 
singular linear transformations. The group is called the projective 
group PGL{n\ K), and from the algebraic point of view n-dimen¬ 
sional projective geometry over K is simply the invariant theory 

of this group. 
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Many of the projective properties of S n (K ) are the same whatever 
field is taken as K, but others are dependent on the particular 
choice of ground field. When nothing is said to the contrary , we shall 
assume that K is the field of all complex numbers. This choice of 
ground field is particularly convenient in view of the fact that the 
complex field is algebraically closed, every equation with complex 
coefficients having just as many roots as its degree indicates. When 
we wish to confine our attention to real projective geometry we 
must take as ground field the field of all real numbers; and since 
the real field is a subfield of the complex field we can do this by pick¬ 
ing out the real points in complex space and considering them alone. 

W e can, if wo choose, take as ground field ono of the very special Galois 
fields, which have only a finite number of elements, and then we obtain a 
projective space with a finite number of points. For details of the finite 
geometries see, for example, \ cblen and Young, Projective Geometry, I, 201 
and the references there given. 


§ 2. Projective Geometry of One Dimension 

We now take up the systematic treatment of the simplest pro¬ 
jective space, namely the projective line SfK), which we get by 
taking n to be 1. Since we are now supposing that the ground field 
is the field of complex numbers, we may suppress explicit reference 
to K , and we shall accordingly denote the complex projective line 

by S x . 

In any allowable representation 2? of S lf each point is given by a 
pair of homogeneous coordinates (x^x x ) t and for every non-zero 
value of A the coordinates (Aa: 0 , Xx x ) represent the same point. 

theorem 1. If the coordinates of three points of the line are speci¬ 
fied, the representation 2% is uniquely determined; and the coordinates 
of the three points may be chosen arbitrarily , as long as no two pairs of 
coordinates are proportional. 


Proof. Take a fixed allowable representation 2# Q of S x ; and let 
A y By C be three (distinct) points of S v represented in 2? 0 by 
coordinate vectors a 0 , b 0 , c 0 . Then every two of these three vectors 
are linearly independent. If, now, a, b, c are three given coordinate 
vectors, no two of which differ only by a scalar factor, the vectors 
a, b, c are linearly independent in pairs, and it follows from 
Theorem 1 of the Appendix that there is a unique non-singular 
linear transformation which transforms a 0 , b 0 , c 0 into a, b, c. 
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This transformation then transforms 3? 0 into an allowable repre¬ 
sentation 3# in which A, B, C are represented respectively by the 
vectors a, b, c, and 3t is clearly the only representation with this 
property. 


Remarks 

(i) The points whose coordinates are (1,0) and (0,1) are called 
the reference points X 0 , X v and the point whose coordinates are 
(1,1) is called the unit point E for the representation 3#. It follows 
that 3# may be defined by specifying these three points. 


Exercise. Find the equations of transformation from a given coordinate 
represent at ion 39 Q to a new representation^ if the reference points and unit 
point of 3# are represented in 3# 0 by the coordinates (3,2), (2,1), (—1,3) 
respectively. 


(ii) By choosing the representation 3# suitably, we can arrange 
for any three distinct points to have any assigned linearly indepen¬ 
dent coordinates. This means that no triad of points of S l is 
protectively different from any other. 


§3. The Projective Parameter 

The algebra that is involved in one-dimensional projective geo¬ 
metry is so simple that the elaborate apparatus of suffix notation 
is frequently an encumbrance. It is useful to formulate general 
results in this language in order to exhibit their relation to the 
systems of projective geometry of higher dimensionality, but when 
we are handling specific problems we usually do better to work with 
a single non-homogeneous coordinate 9 = We call 9 the 

projective parameter associated with the coordinate representa¬ 
tion 3%. 

The point whose projective parameter is 9 is simply the point 
( 9 ,1), and by letting 9 run through all complex values we obtain 
all the points of S l with the single exception of the reference point 
X 0 , whose coordinates are (1,0). In order to include this point as 
well, we have to allow 9 to take the improper value oo, which is 
not a number of the complex field. Infinite values of the parameter 
can be avoided altogether by going back to the pair of homogeneous 
coordinates; but with a little experience one discovers how to 
perform equivalent formal manipulations with the symbol co 
itself, and this often simplifies the algebraic working. 
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The results that we have already obtained may now be restated 
in the language of projective parameters. 

(i) When the representation is changed from to the pro¬ 
jective parameter undergoes a transformation of the form 


6 ' = 


a9-\-b 


c6+d ’ 

where ad—be ^ 0; and conversely, every such transformation may 
be interpreted as the transformation from 2% to a second allowable 
representation. 

(ii) An allowable representation of the points of S 1 by a projective 
parameter is uniquely determined when the parameters oo, 0, 1 are 
assigned to three points. These points are the reference points 
and unit point of the representation. 

(iii) More generally, any three distinct values 6 V 0 2 , 0 3 may be 
assigned to three chosen points, and the representation is then fixed. 

Example. An ordinary euclidean line, completed by its point at infinity /, 
Provides a concrete realization of the projective space S x (R) t R being the 
field of real numbers. If we choose a point O of the line as origin and a seg¬ 
ment OE as unit segment, every point P has a uniquely defined cartesian 

coordinate X, given by OP = X.OE. X is, of course, a projective para¬ 
meter, I and O being the reference points and E the unit point. 

If - Y o. A"i arc any two finite points of the line we can easily define a pro¬ 
jective parameter for which -Y 0 and X x are reference points—namely the 

position ratio X x P/PX 0 . In this representation of the line, the unit point 
is the mid-point of the segment X x X 0 . 

If we wish to obtain the most general allowable representation of S x (R) 
we must find a way of choosing the unit point arbitrarily as well as the 
reference points, and this can be done by taking as parameter 6 a fixed mul¬ 
tiple of the position ratio: 

PX 0 

If a given point E is to be the unit point, then we must have 

1 = k Xl E 


The parameter 6 is therefore given by 


EX, 


_X x P X x E 


■ PXJ EX 0 
= {P,E;X x ,X 0 } 
= {E,P;X Q ,X x ) 
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Thus the most general projective parameter for the euclidean line is not 
position ratio but a cross ratio. 


§ 4. Cross Ratio 

The cardinal role already assumed by cross ratio in our informal 
treatment of projective geometry is an indication that this concept 
will also be important in the formal theory. Before proceeding 
farther, therefore, we shall define cross ratio algebraically and 
establish its fundamental properties. 

definition. If (ayar 2 ) and (ayx 4 ) are two ordered pairs of 
elements of a field K , the rational function 


*s /*i —* 4 


x«—xJ x»—x. 


is called the cross ratio of the second pair with respect to the first. 

Since the rational function is unaltered if the two ordered 
pairs are interchanged, it is also the cross ratio of the first pair with 
respect to the second, and we may refer to it simply as the cross 
ratio of the two ordered pairs. We shall denote it by {ay ay ay ay}. 

It may easily be verified that, although the value of the cross 
ratio depends upon the order of each pair, if the orders of both 
pairs are changed simultaneously the value of the cross ratio is 

unaltered, i.e. ^ x 2 ; ay x 4 } = {ay ay ay x 3 }. 

theorem 2. Cross ratio is invariant over non-singular bilinear 
transformation; i.e. if 

ax'i+b 


X i = 


(i= 1,2, 3,4), 


cx'i+d 

where ad—be ^ 0, then 

{ay ay ay ay} = {ay ay, x 3t x A }. 

Proof. By direct substitution, and cancellation of the non-zero 
factor ad—be. 

corollary. The unique bilinear transformation which is defined 
by the three corresponding pairs (x it x\) (i = 1,2,3) may be written 

{x, ay ay * 3 } = {*'>* 1 ; ay x 3 }. 

Exercise. Verify that this equation may be reduced to the form 

ax'+ 6 


x = 


cx' + d’ 


46 PROJECTIVE GEOMETRY OF ONE DIMENSION HI, § 4 

theorem 3. If P v P 2 , P 3 , P 4 are four given points of S v and 
0i> ^3» ^4 are ^ ie ^ r parameters in a representation 8%, the value of 

the cross ratio {0 X , 0 2 ; 0 3 , 0 4 } is independent of the particular choice of 8#. 

Proof . Since a change of the representation 8% is equivalent to a 
bilinear transformation of the parameter, this theorem is an im¬ 
mediate consequence of Theorem 2. 

Theorem 3 states, in effect, that (0j, 0 2 ; 0 3 , 0 4 } is a projective 
characteristic of the two ordered pairs of points (P lf P 2 ) and (P 3 , P 4 ), 
and this makes legitimate the following definition. 

definition. If {P ly P 2 ), (P 3 ,P 4 ) are two ordered pairs of points 
in S v their cross ratio is defined as 


{■^l> ^3> -^ 4 } — {$1> ^2» ^3> ^ 4 }» 


where 9 V 6 2 , 0 3 , 0 4 are the parameters of P lt P 2 , P 3 , P 4 in some allow¬ 
able representation 8%. 


theorem 4. The cross ratio {P x , P 2 ; P 3 ,P 4 } is equal to the ratio 
*o/*i, u '^ ere (^o.^i) are coordinates of P 2 in the representation 8% of 
S x for which P 3 , P 4 are the reference points and P x is the unit point. 

Proof. If, in some allowable representation, the coordinates of 
P* are ( a:< o > > x i ) ) ( l = 2, 3, 4), the value of the cross ratio is 


4 1 ’ 

4*’ 



* ( „ 2) 

x\?> 

X<?> 

*i*> 


gp 1) ^q 4) 

' 4 2 ^ , -^ ) 4 3 74 2) 4 4) -W ) ' 

x[ 2) ar ( , 4) 


Substituting the coordinates (1,1), ( x 0 , Xl ), (1,0), (0,1) we obtain 
the value 

1 . 0 - 1.1 

ar 0 .0—ar x .l/ x 0 . l—x 1 .0 t 

i.e. xjx x . 


Remark. We have given the calculation in full in order to show 
how difficulties with the improper number oo can be avoided by 
working with homogeneous coordinates. In practice we should 
compute the cross ratio less rigorously as follows: 


{P^P^P^PJ = {1,9;od,0} = 


l—oo /1 — 0 
0—oo/ 0—0 
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§5. The Six Cross Ratios of Four Points 


The cross ratio {P V P 2 \ P 3 ,P 4 } has been defined as a function of 
the two ordered pairs (P 1 ,P 2 ) and (P 3 , P 4 ). If, now, we take an 
unordered tetrad of points of S v we can arrange the points as two 
ordered pairs in various ways, and we then have a number of 
different cross ratios associated with the same tetrad. There are 
twenty-four possible arrangements of the four points P it and there¬ 
fore twenty-four possible cross ratios {P a , Pp\ P y , Pg}. But since the 
cross ratio is unaltered if the two pairs are interchanged or if 
the points of both pairs are transposed simultaneously, each of the 
cross ratios is equal to a cross ratio of the form {P a ,Pp\ Py.PJ, 
with P 4 in the last place. Thus we have at most six distinct cross 
ratios: {P l5 Po', P 3 , P 4 }, {Pi, P*; P 2 , PJ, {P 2 ) P\\ P 3 > P 4 }’ {P 2 > P 3 > Pi> P 4 }» 
{P 3 , P x \ P 2 , PJ, {P 3 , P 2 ; P v PJ. When the tetrad of points is general 
the six values are in fact distinct, for if the first is denoted by A 


the others are respectively 1 —A, 1 — - * : , -r -—t 

A A 1—A A—1 


The set of six rational functions of A that we have just written 
down is of considerable interest, as all six of the functions may be 
obtained from any one of them by carrying out alternately the 
two operations of subtracting from unity and forming the recip¬ 
rocal. It follows from this fact that any symmetric function of 
the six cross ratios is a projective invariant of the unordered tetrad 
of points {P 1 ,P 2 ,P 3 ,P 4 ). Many such symmetric functions are 
constants—for example, the product of the six cross ratios—but 
there are non-trivial ones. The sum of the squares of the six cross 
ratios is such a function. (Cf. p. 69, Ex. 18.) 


The six expressions A, 1 — A 



1 


1 1 
A’ 1—A 


, and 


A 

A—1 


are distinct 


functions of A, but when a numerical value is given to A the values 
of the functions need not all be different. This means that if the 
four points P lt P 2 , P 3 , P 4 happen to be related in a suitable way 
some of the six cross ratios formed from them may be equal. A 
complete catalogue of the special cases may easily be drawn up by 
equating A successively to the various expressions given above, 
solving the equations, and interpreting the results geometrically. 
It is found that there are three and only* three such special cases. 

(i) The six values, in some order, are 1, 1, 0, 0, 00 , 00 . This case 
arises when two of the four points coincide. 
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(ii) The six values are —I, —1, £, |, 2, 2. This is the important 
case of harmonic separation, to be discussed in detail immediately 
below. 

(iii) The six values are —to, — to, —to, —to 2 , —to 2 , —to 2 , where 
co = e 2nl73 . In this case the four points, which cannot all have 
real parameters, are said to form an equi(inharmonic tetrad. 

It will be noticed that in every case all the values of the cross 
ratio occur the same number of times in the full set of twenty- 
four—four times in the general case, eight in the first two special 
cases, and twelve in the last case. 

§6. The Harmonic Relation 

We say that the pairs of points (P lf P 2 ) and (P 3 , P 4 ) are harmonic 
if {P A , P 2 ; P 3 , P^ = — 1. This means that there exists a representa¬ 
tion 3% in which the four points have parameters 0, oo, 1, —1 
respectively. 

If {Pi,P 2 ; P 3 ,P 4 } = — 1, then 

{P v P 2 ; P 4 , P 3 } = {P 2 , P i; P 3 , P 4 } = {P 3 , p 4 ; Plt P 2 } = -1. 

Thus if the pairs (P 1? P 2 ) and are harmonic, so also are the 

pairs (P lt P 2 ) and (P 4 ,P 3 ), (P 2 , PJ and (P 3 ,P 4 ), and (P 3 ,P 4 ) and 
(P l* ^ 2 )- other words, the harmonic relation is independent of the 
order of the points within each pair and of the order of the pairs. We 
may say that the unordered pairs (P x , P 2 ) and (Jg, P 4 ) separate each 
other harmonically; and this is a projective relation between them. 

Exercise. Interpret geometrically the harmonic relation between two 
pairs of points on the euclidean line, using the parameter defined on p. 44. 
Show that if two pairs are harmonic then they separate each other in the 
ordinary sense. 

The harmonic relation is a fundamental relation in projective 
geometry, and in view of its importance we shall now give three 
different formulations of the criterion for two pairs to be harmonic. 

Condition 1. The pairs {P X ,P 2 ) and (i^, P 4 ) are harmonic if and 
only if {P y P 2 \ P 3 ,P 4 } = {P 1 ,P 2 ; P 4 ,P 3 }. 

Condition 2. If, in some representation the parameters of 

Pi, P 2 , P3, P 4 are 0i» ^ 2 > ^3» ^ 4 » tb e pairs (ij.ig) an( ^ (P,, i^) are har¬ 
monic if and only if 

(0i+W 3 +04) = 

Condition 3. If the parameters of (P 4 , P 2 ) and (P 3 , P 4 ) are given 
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respectively by the quadratic equations a0 2 -\-2h9-\-b = 0 and 
a'6 2 -\-2h'd-\-b' = 0, then the pairs are harmonic if and only if 

2hh'-ab'-a'b = 0. 

(This condition is the polarized form of the condition for the first 
quadratic equation to have equal roots, namely h 2 —ab = 0.) 

The reader should verify that, when the four points P v P 2 , P 3 , P 4 
are distinct, the above three conditions are equivalent to each 
other and to the original definition of the harmonic relation. 

When coincidences occur among the points, we encounter 
difficulties in trying to use the original definition, for the cross 
ratio may then become an indeterminate expression. If we use a 
continuity argument we can show that if P 3 coincides with P 2 the 
harmonic relation holds if and only if P 4 or P 1 also coincides with 
P 2 and P 3 , which means that two pairs can only be harmonic if 
either the four points are distinct or at least three of them coincide. 
Since, however, we are basing our system of projective geometry 
on an algebraic foundation, the appeal to continuity is not legiti¬ 
mate, and we must try to dispense with it. We can do so by turning 
to Condition 2 or Condition 3. Both these conditions are satisfied 
in the two cases just mentioned, and in these cases only. If, there¬ 
fore, we take either of these criteria as our definition of the harmonic 
relation, the new definition is equivalent to the old one taken in 
conjunction with the argument in terms of continuity. We shall 
accordingly regard the harmonic relation from now on as defined by 
the equation (0 1+ 0 2 )(0 3 +0 4 ) = 2(0 1 0,+Mi)- 

The above reference to continuity is of some interest. We can eliminate 
analytical ideas from projective geometry and make the subject purely 
algebraic if we take care to avoid quotients and rational functions and to 
deal always with polynomials. We have already seen in Chapter I how points 
at infinity can be introduced either analytically, by means of a limiting 
process, or algebraically, by making the coordinates homogeneous. If we 
are to carry our programme through consistently, we must dispense with 
cross ratio, which is a rational function, in order to be able to deal with 
coincident points; and this is the reason why we have had to modify the 
definition of the harmonic relation. 

Exercise. If {9 lt 6 2 ; 0 3 ,0 4 } = — 1, show that 

(а) if 0 4 = 0, then 

(б) if 0 4 = oo, then 9 l + d 2 = 2 0 3 . 

Interpret these results geometrically when 6 is an ordinary cartesian co¬ 


ordinate on a euclidean line. 
6304 


E 
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§7. Homographies 

The only projective property of S ± that we have met so far is 
the fact that any two ordered pairs of points have a cross ratio— 
so that, in particular, the harmonic relation may possibly hold 
between them. In order to develop further the geometry of S 1 
we need to introduce an altogether new idea, namely that of 
homographic transformation or correspondence. 

definition. A non-singular linear transformation of the line 
into itself is called a homographic transformation or homography. 

Let tu be a given homographic transformation. If a representa¬ 
tion 3% is chosen, the coordinates of any two corresponding points 
will be connected by fixed equations 

px 0 = floo*^o - b a oi a 'i 
px\ = a 10 x 0 -\-a 11 x 1 

or, as we usually write, 

i 

p'A = 2 «<*** (»= o, i), 

Ac = 0 

where |a rg | ^ 0 and p is an arbitrary factor of proportionality. 
Since the coordinates are homogeneous, we still have the same 
transformation of points when the factor p is suppressed, and we 
shall always suppose this done. The transformation nr may thus 
be written algebraically as 

i 

Xi=ya ik x k (i = 0 , 1 ) 

A :«=0 

or, in matrix notation, 



x' = Ax (|A| ^ 0), * 

where the coordinate vector x is the 2x1 matrix 

If, on the other hand, we choose to work with the projective 
parameter 6 = xjx 1 we can write the same transformation in the 
equivalent form 


= (K.I ¥= 0). 


<*10 0 “b<* 


li 


It is usually more convenient to drop the suffixes, writing simply 


a/ _ <*$+/? 

- yd+8 


(ccS-fiy ^ 0 ). 
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The equation may be solved for 9 in terms of 6', and we have 

—yfl'-j-a 

This is again a non-singular transformation, the inverse transforma¬ 
tion -nr” 1 . 

The two transformations w and m _1 together give a (1,1) corre¬ 
spondence of the line with itself. The equation of this correspon¬ 
dence may be written in the symmetrical form 

yOV—aB+W—p = 0 

or a99’-\-b9-\-c9'-{-d = 0 (ad—be =£ 0). 


In terms of the coordinates x 0 , x x this becomes 

ax 0 x , 0 -\-bx 0 x 1 -\-cx 0 x 1 -\-dx 1 x 1 = 0. 

If the condition aS—py ^ 0 is not satisfied, the equation 

yOO'-etO+W-P = 0 

may be written as 

pydd'-ocpe+phd'-p 2 = o, 

i.e. ocm-ocpd+pw-p 2 = 0, 

i.e. (a0+P)(hd'-P) = 0. 

When this is the case, every value of 9 gives rise to the same value 
P/8 of 0', and the transformation is degenerate. 

There are thus several different ways of writing the equation of 
a homography, all of which are useful on different occasions. We 
still have to show, however, that the definition of homography is 
itself legitimate, i.e. that homography is a projective concept. 
This is the content of the next theorem. 


theorem 5. If two allowable representations @ are connected 
by the equation x = p* (| P| ^ 0 ), 

and if a transformation m is represented in @ by an equation of the 

f0rm x'j=Ax (|A|*0), 

then vr is represented in by an equation of the same farm 

x' = Xx (|X| ^ 0). 

Proof. 

If x' = Ax, 

then Px' = APx, 
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and hence 



III, § 7 


Then 


= Ax, say. 

|X| = I P-1 API 
= |P —1 1 -1A |. | P | 
= IPI —1 . |A|. |P| 
= IA | 

^ 0 . 


Since a homographic transformation m, referred to some fixed 
representation is of the same algebraic form as the transforma¬ 
tion from one allowable representation to another, our earlier 
theorems on choice of the representation can be reformulated as 
theorems on homographies. In view of the fundamental impor¬ 
tance of these simple properties of homographies we shall state the 
results explicitly. 


theorem 6. Every homographic transformation leaves cross ratio 
invariant. 


theorem 7. There exists a unique homography ur which carries . 
over three given distinct points P i into three given distinct points P\, 
some or all of which may coincide with the P { . 

corollary 1. The homography determined by the three pairs 
(0»> & i ) ( l ’ = 1, 2, 3) has the equation 

{0',o'i,o'2,e' 3 } = {d,d 1 ; e 2 f e 3 }. 

corollary 2. Four given pairs of points (P„ P 7 *) (i == 1, 2, 3,4) 
correspond in some homography if and only if 

{P'1, ^ ^3, P'a} = {Pi, P 2 ; P 3 , PJ. 

corollary 3. If a { 1,1) transformation of the line into itself leaves 
cross ratio invariant , then it is a homography. 

theorem 8. The set of all homographic transformations of the line 
into itself is a group. 

Proof. Let ur i (i = 1,2) be a homography given by 

w^x) = A t .x (|A,.| ^ 0). 

'nri{m 2 (x)} = 'C7 1 (A 2 X) 

= Aj. A 2 x 

= A 1 A 2 .x (|AjA 2 | ^ 0). 


Then 



HOMOGRAPHIES 


63 


m,§7 


Thus when vr 2 and m 1 are applied in succession, the product trans¬ 
formation m 1 m 2 is itself a homography with matrix A! A 2 . 

Corresponding to the unit matrix I = (8 rs ) = j j we ^ ave 

a homography e; and this clearly satisfies the equation 


€vj = me = m 

for every m. 

Finally, every homography m has an inverse to- 1 , already defined 
above, such that _ * 

7 VT VT = VTVT — €. 

Thus the set of all homographies is a group in which e, the identical 
homography , is the identity element. 


Exercises 

(i) If vt has matrix A, show that vr~ l has matrix A -1 . 

(ii) Show, by means of an example, that the group of homographies is 
non*abelian, i.e. that there exist homographies vr v vr 2 such that ' 


VTi tZTj 


7^— VJ 2 


§8. Repetition of a Homographic Transformation 

Consider a fixed homography m , given, in terms of a chosen 
representation 0t, by 



y 0-|-8 


(och—Py ^ 0 ). 


The transformation may be represented diagrammatically as 
follows: 


p 



the line being drawn twice because it functions in two different 
capacities. 

Now suppose we choose a point P and transform it repeatedly 
by m. In this way we obtain a sequence of points: P, P' = mP, 
P" = vr 2 Py...) and there are two possible cases to be distinguished. 
The points may all be different, so that P gives rise to an infinite 
sequence of distinct points, or we may return to P after a finite 
number of steps. In the second case the sequence of points 

P P’ P” 
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consists of a finite set of points recurring cyclically; and since this 
situation is of considerable geometrical interest we shall examine 
in detail how it can arise. 

(i) Suppose P' = P. In this case P is said to be a self-correspond¬ 
ing or united point of nr. If nr = e, every point of the line is self- 
corresponding; but if nr € there are just two self-corresponding 

points, which may possibly coincide. Their parameters are the 
roots of the equation a , Q 

q = *0+p 

ie * y 9 z+(S- a )9-p = 0. 

If (8 — a) 2 +4/?y = 0, the two self-corresponding points coincide; 
and in this case nr is said to be an elation. 

If 0, there are two distinct self-corresponding 

points, which we usually denote by M and N. 

(ii) Suppose P' ^ P, P" = p. 



In this case 
and hence 

= nP.nrP = tzr 3 P = nr .nr 2 P = nrP = P'. 

$ 

Thus P and P' are united points of the homography m 2 . But -m has 

at least one united point M, necessarily distinct from P and P' 

and M is a united point of -nr 2 also. The homography OT 2 thus has’ 

three distinct pairs (P, P), (P', P'), ( M , M) in common with e, and 
hence, by Theorem 7, nr 2 = e . 

This reiation may also be written m = w 1 , and it means that 

nr is self-inverse or, as we usually say, involutory. We have therefore 
the result: 

THEOREM 9. If there exists one point P, not a united point of nr, 

such that nr P — P, then nr is involutory. The relation nr 2 P = P 
then holds for every position of P. 

Taking the transformations m and OT -i together as a single (1,1) 
correspondence, we may say that if a homographic correspondence 
has one symmetrical pair of distinct elements then all its pairs are 
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symmetrical. Such a symmetrical homographic correspondence is 
called an involution. 

theorem 10. A homographic correspondence (other than the 
identical correspondence) represented by 

a6d'+b9+cd'+d = 0 
is an involution if and only if b = c. 

Proof. If 6 = c, the equation is symmetric, and the corre¬ 
spondence defined by it is clearly involutory. 

If, conversely, the correspondence has an involutory pair (9,9') 
of distinct elements, then 

aO6'A-b0+cO'+d = 0 
and a99'-\-b9'-\-c9-{-d = 0. 

By subtraction, (6—c)(0— 9') = 0, 

and hence b—c = 0. 

(iii) We could now go on to consider the cases P' ^ P, P" ^ P, 
P" = P, and so on, but these are not of sufficient geometrical 
interest at this level to justify detailed study. The main results 
are given in Exercise 23 at the end of this chapter. 

Exercise. Show that, if a homography nr has a cyclic triad of distinct 
points P, P\ P'y such that ruP = P', vjP' = P", mP" = P, then m 3 = e, 
and every point of the line belongs to a unique cyclic triad. 


§9. Canonical Equations of Homographies 

In any allowable representation the equation of a given 
homography m is necessarily of the bilinear form 

a 99'+b9+c0'+d = 0. 

If, instead of an arbitrary frame of reference, we take one that 
is specially related to the correspondence, we can simplify the 
equation by making some of the coefficients take special values, 
and in this way we obtain various canonical forms of the equation 
of a homography. The most obvious way to simplify the equation 
is by relating the reference points X 0 , X x to the united points of m. 

Consider first the case in which the united points M, N are 
distinct, so that they may be taken as the points X 0 , X x with 
parameters oo, 0 respectively. If the equation of vr is 

a99'-\- b9+c9'+d = 0, 
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0, co are the roots of the quadratic equation 

ad 2 +(b+c)d+d = 0. 

Thus a = d = 0, and the equation of to- reduces to 

bd+cd' = 0, 

or 6 ' = kd. 

This is the canonical form of the equation of a homography with 
distinct united points. 

If {P, P') is a general corresponding pair, then 

{M,N; P, P'} = {oo, 0; 0, kO) = k. 

This gives us the important result: 


theorem 11. If Tv has distinct united points M , N, and if (P, P') 
is a variable corresponding pair of distinct points , the value of the 
cross ratio {M,N; P, P'} is constant. 


Remarks 

(i) The constant k is called the modulus of -nr. Whether the 

modulus is k or l/k depends upon the order that is assigned to the 
united points. 

(ii) If to- has united points M, N and modulus k, to- 1 has united 
points M, N and modulus l/k. 

(iii) to- is completely determined by the ordered pair of united 
points and the' modulus. 

(iv) TO- = £ if and only if k = 1, and to = to- 1 if and only if 

*=± 1 . 3 


(v) Since the modulus k is interpreted as a cross ratio of points, 
it is a projective characteristic of to, independent of the choice of St. 

Now consider the other possible case, in which the united points 
of to coincide, at M say. We may take this point as X 0 , with 8 = oo, 
and then the roots of the equation 


are both infinite, 
reduces to 


ad 2 +{b+c)0+d = 0 

Thus a = b-\-c = 0, and the equation of to• 
bd-bd'+d = 0, 


or 9' = 0+<x. 

This is the canonical form of the equation of a homography with 
coincident united points. 
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Remarks 

(i) Since this last equation is not homogeneous, the constant a, 
unlike the modulus k in the previous case, is not a projective 
invariant. For if we change the representation & by putting 

Xq = Ai 0 , Xj = Xj, 
so that 0 = \B, 


the equation of ur becomes 


\Q' = A$4-a, 


i.e. 


0 ' = 




(ii) A homography with coincident united points is uniquely 
determined by the united point M and one other pair of correspond¬ 
ing points. 

Exercise. Show that every non-singular bilinear equation 


may be written in the form 


or the form 


*B+P 

~ y0+8 


S'-Pi = j. S-P i 

B'—p 2 O-Pt 

1 1 


+ <*» 


O'—fi 0—/X 

according as the associated homography has distinct united points with 
parameters or coincident united points with parameter fj.. Reduce 

to one or other of these forms each of the equations 


0 ' = 


4-50 

20-7* 


0 ' = - 


110+12 
30+1 * 


We now have at our disposal all the equipment that is needed in 
order to establish a large number of properties of homographies, 
namely the following notations and properties: 

(i) the matrix representation x' = Ax; 

(ii) the canonical forms O' = kO , O' = 0+a; 

(iii) the fact that the set of all homographies constitutes a group; 

(iv) the further fact that a homography is uniquely determined 
by three corresponding pairs. 

The theorem which follows is a typical result in the theory of 
homographies. It concerns cyclic homographies, or homographies 
w such that vr m = e for some positive integer m. 
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THEOREM 12. Every cyclic homography has distinct united points. 
There exist cyclic homographies of every period, and the modulus of a 
cyclic homography of period m is a primitive mth root of unity. 

Proof. If zcr is given by the equation 


6' = 6-\-oc (a 0), 

then -nr r is given by 6’ = 0-j-r a , 

and therefore = eif and only if r = 0. Thus if has coincident 
united points it cannot be cyclic. 

If vj is given by O' = k9, 

then tb* is given by 0' = k r 9; 

and ^ = < if and only if k'= 1. I n this case there exists a smallest 

positive integer m for which k™ = 1, and k is then a primitive mth 

root of unity. Conversely, if k is a primitive mth. root of unity, the 
homography given by ^ 

is cyclic of period m. 


§ 10* Properties of Involutions 

The involution, or cyclic homography of period 2, has a par- 

lcularly important place in the general theory of homographies, 

and we shall accordingly discuss the special properties of involu- 
tions in greater detail. 

It follows from Theorem 12 that the united points of an involution 

are necessarily distinct, and that the equation of an involution can 
be put m the canonical form 

O' = -9. 

noints'thp 1U3 '° f t r h r,, inV ° 1U 1 ti0n is and ^ M, N are the united 
points the pairs of the involution are simply the pairs of harmonic 

conjugates with respect to M and N. There is now no need to 

distinguish between the pairs (P, P') and (P', P), and we often 

refer to a pair of corresponding points as a pair of mates in the 


THEOREM 13. An involution is uniquely determined by two corre- 
sponaing pairs. 

Proof. The equation 

a99’+b(9+9')+d = 0 
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involves two effective coefficients; and the involution determined 

by Wv #1) and (^ 2 > ^ 2 ) is gi yen b y 

66 ' 0 + 0 ' 1 = 0 . 

Wi ^ 1+^1 1 

dA 1 

theorem 14. Three given pairs (P { , PJ) {i = 1, 2, 3) with P x ^ Pi, 
correspond in a common involution if and only if 

{P v Pi; P 2 , P 3 } = {Pi, P x \ Pi, Pi}. 

Proo/. The three pairs determine a unique homography m. 

(i) Suppose w is an involution. Then, since wP 1 = Pi, it follows 
that mPi = P x ; and hence w carries over P x , F Xi P 2 , P 3 into Pi, P v 
P' 2 , -Pi respectively. Therefore 

{P v K\Pt.Pl = {K,PiiM}- 

(ii) Suppose the two cross ratios are equal. Then there is a 
homography which transforms P x , Pi, P 2 , P 3 respectively into 
Pi, P x , Pi, Pi, and this homography is the homography m defined 
by the three pairs ( P iy PJ). But then m has the involutory pair 
(P 1# Pi) and, by Theorem 9, it is an involution. This completes the 
proof of the theorem. 

Alternative forms of the equation of an involution 

We obtain a second canonical form for the equation of an involu¬ 
tion t by taking as reference points not the united points of r but 
an arbitrary pair of mates. Suppose this is done, and the equation 

of ris a69'+b(d+e')+d = 0, 

i.e. ax 0 x Q +b{x Q x x -\-x Q x x )-\-dx x x x = 0. 

Since the points (1,0) and (0, 1) are corresponding points, 6 = 0; 
and the equation of r accordingly reduces to 

aBB'+d = 0. 

The equation may be written as 

66’ = m, 

and this is the required second canonical form. 

Exercises 

(i) Show that the constant m is not a projective invariant. 

(ii) Why is there no second canonical form for the equation of a non- 
involutory homography ? 
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Besides the two canonical equations, we have yet another way of 
representing an involution algebraically, by using ideas of a rather 
different kind. An involution is a simply-infinite system of un¬ 
ordered pairs of points, and as such it is represented quite naturally 
by a symmetric bilinear equation 


<tiO'+b(e+ 0 ')+d = 0 . 

A single pair of points, with parameters 9 0 , 9' 0 , may, however, be 
represented by the quadratic equation 

a9 2 -\-2h9-\-b = 0 

whose roots are 6 0 and 9' 0 , and we may ask what is the form of the 
quadratic equation which represents a variable or generic pair of a 
given involution r. The answer is very simple, namely that the 
coefficients in the equation depend linearly on a parameter. 


theorem 15. In any fixed representation the pairs of a given 

involution t may be represented, for varying A, by a quadratic equation 
of the form „ 

S+XS' = 0, 

where 8 = a9 2 -\-2h9-\-b and S' = a'9 2 +2h’9-\-b’. Conversely, such a 
quadratic equation represents in general the pairs of an involution. 

Proof. Take two pairs of the given involution r, represented 
respectively by the quadratic equations 

S = a9 2 +2h9+b = 0 

and S' = a'9 2 +2h'd+b' = 0 , 

and let the pair of united points (M, N) of r be represented by the 
equation „ , 

a i9 2 -\-2h 1 9-\-b 1 = 0. 

Then, by the harmonic property of the involution, 

2hh 1 —ab 1 —a 1 b = D 

and 2h'h 1 — a'b, — a, b' = 0, 

and hence 


2{h-\-Xh , )h 1 (a-f-Aa / )6 1 —o 1 (6-|-A6 / ) = 0. 

Thus the pair of points represented by £-f \S' = 0 is a pair of r 
for every A. By choosing the value of A suitably we can make this 
pair contam any assigned point, and the set of point-pairs therefore 
makes up the whole involution r. 

Since both an involution and a system of point-pairs S-J-AjS" = 0 
are umquely determined by two given pairs of points, it follows 
that every general system S+\S' = 0 is an involution. 


PROPERTIES OF INVOLUTIONS 


61 


m,§io 


theorem 16. Two homographies have , in general , two pairs of 
corresponding points in common. If the homographies are involutions , 
these two common pairs coincide , i.e. two involutions have , in general , 
o unique pair of mates in common. 

Proof. Suppose wj, td- 2 are two given homographies, and (P, P') 
is a common corresponding pair. Then 

vr 1 P = tu 2 P 

and hence 1< nr 1 P — P. 

Thus P is a united point of the homography vx 2 l vx v and unless 
' Br a’ 1 ‘® , 1 = € there are two possible positions of P, distinct or 
coincident. Hence, if vr x # vr 2 , the homographies have exactly 
two common pairs, which may possibly coincide. 

If vr 1 and vx 2 are both involutions, and if (P, P') is a common 
pair, then (P', P) is also a common pair. The two common pairs 
are thus accounted for, and as order is immaterial we may say 
that two involutions have a unique pair of mates in common. 

theorem 17. If Tj, t 2 are involutions with (M,N) as a common 
pair of mates , then t 1 t 2 is a homography with M and N as united 
points. Conversely , any homography with distinct united points M 
and N can be expressed in infinitely many ways as a product of two 
involutions with {M, N) as a common pair of mates. 

Proof, (i) If Tj, r 2 are involutions, each with (M, N) as a pair of 
mates, then r x r 2 M = r x N = M and r x r 2 N = r x M = N. Thus 
the homography t x t 2 has M and N as united points. 

(ii) Let vt be a homography with united points M and N. If we 
choose an arbitrary involution r x with (Af,N) as a pair of mates, 
then t x mM = Tj M = N, and similarly t x vtN = M. Thus r x m is 
a homography with (M , N) as an involutory pair, i.e. an involution 
r 2 . Then w = rf 1 r 2 = t x t 2 , and r lt r 2 are involutions with (M, N) 
as a common pair of mates. 


Remark. The above resolution of vx into two involutions is easily 
arrived at algebraically. Let vx be represented by its canonical 
equation m(ff) = kB 


Then if r x is an involution with the reference points M, N as a 
pair of mates, the equation of t x assumes the canonical form 

0 Tl (9) = 771, 

and m can be assigned arbitrarily. 
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It now follows that 

r 1 m(d) = r x (k8) = 

so that t x vj is an involution r 2 . 

Exercise. \ erify that Theorem 17 holds also when 3/ and N coincide. 


§ 11. Per mutability of Homographies 

theorem 18. If mj, vj 2 are two homographies , both distinct from c, 
then tztj m 2 = 'nr 2 vr 1 if and only if either (a) za- 1 and w 2 have the same 
united points, distinct or coincident , or (b) td-j and nr 2 are involutions 
whose pairs of united points separate each other harmonically. 


Proof, (i) Suppose vr 2 = nr 2 xrr 1 , and let M be a united point 
of vTy Then ur 1 w 2 M — w 2 td- 1 M = -nr 2 M, and therefore vr 2 M is 
a united point of mj. Thus any united point of either homography 
is transformed by the other homography into a united point (the 
same or another) of the original homography. 

Now suppose the united points of m x coincide at M. Then 
necessarily vt 2 M = M> and M is therefore a united point of nr 2 
also. Suppose, if possible, that m 2 has a second united point IV, 
distinct from M. Then tu 1 N is a united point of -nr 2 , and therefore 
'm 1 N = M or nr 1 N = IV. 

If 'm 1 N = M, then N = m x x M = M. 

If m 1 N = N, N is a united point of ur lf and again N = M . 
Thus has no united point distinct from M, and in this case, 
therefore, nr 1 and m 2 have the same united points M, M. 

W e have now to consider the case in which one of the two homo¬ 
graphies, and therefore the other as well, has distinct united points. 
Suppose, then, that the united points of m 1 are M and N. By what 
was proved at the beginning, td- 2 M and N are united points of 

m i> and hence either (*) v 2 M = M, vx 2 N = IV, or (b) -m 2 M = N, 
to- 2 IV = M. In case (a) M and N are united points of m 2 , and the 
two homographies have the same united points. In case (6) td- 2 
has an involutory pair (M, N). It is therefore an involution with 
(3/, A ) as a pair of mates, and its united points are separated har¬ 
monically by M and N. In this case, by symmetry, tjt 1 is also an 
involution. This completes the proof of the necessity of the con¬ 
dition for ■ar 1 to commute with tzt 2 . We now consider its sufficiency. 
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(ii) Suppose id-! and m 2 have the same united points, distinct or 
coincident. Then their equations may be reduced simultaneously 
either to 


or to 


w^O) = k\9, 

(9) = 9+OC v 


vt 2 (9) = k 2 0 

nr 2 (9) = 0+a 2 ; 


and in either case VJ i TET o (0) — ^2 vt 1 (6). 

If, on the other hand, and ur 2 are involutions whose pairs of 
united points separate each other harmonically, the united points 
of vt 1 are mates in *nr 2 ; and if these points are taken as reference 
points the equations of vr 1 and vt 2 will be reduced simultaneously to 


771 

t&i( 9) = —9, vx 2 (9) = —. 

Once again, therefore, 

'TJT i W 2 (9) = W 2 W 1 (9). 

The theorem is now completely proved. 

corollary. If t x and r 2 are involutions , both distinct from e, 
then t 2 t x is an involution if and only if the pairs of united points of 
Tj and r a separate each other harmonically. If this condition is 
satisfied , then t x t 2 = t 2 t x = r 3 , say; and the product , in either order , 
of any two of the involutions r v r 2 , r 3 is the third. 

Proof. A necessary and sufficient condition for the homography 
t 2 t 1 to be an involution is 

T 2 T 1 = ( t 2 t i) _1 > 

i.e. r 2 Tj = Tf'rf 1 = TjTg. 

Since t 1 and r 2 cannot have the same united points unless they are 
the same involution, it follows from Theorem 18 that their pairs of 
united points must be harmonic. 

If the condition is satisfied, and r 2 = t 2 t x = r 3 , then 

^2 r 3 = r t T i = T i 
and r 3 r 2 = t| = r v 

and similarly r 3 Tj = tjt 3 = r 2 . 

This proves the second part of the corollary. 

Remark. If t v t 2 , t 3 are three involutions, related in the manner 
just described, the homographies c, t v t 2 , r 3 by themselves form a 
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multiplicative group of four elements. This group has the multipli¬ 
cation table 



It is isomorphic with the group formed by the four operations of 

permuting four given points in pairs (i.e. those permutations which 

leave the cross ratio invariant). Both these concrete groups are, 

in fact, realizations of the abstract group known as Klein’s four- 
group. 

theorem 19. If vx, w lt v t 2 are three homographies such that vx 
commutes with , vx x and vx 2 , then 

(i) tjt commutes with vx x vx 2 ; 

(ii) tjx commutes with xn-f" 1 . 

Proof, (i) Since vxvx x = vx x vr and vxv r 2 = vx 2 vx we have 

Vx(vX l VX 2 ) = (■UX'UX 1 )'VX 2 

= ( W 1 w)*W 2 

= vx x (vxvx 2 ) 


= vx x (vx 2 vx) 

— (vx x ux 2 )vx. 

(ii) Since vxvx x = -nx 1 vx , 

therefore xo-f 1 (vxvx 1 )vx^ 1 = mf 1 (xzr 1 vx)vx^ 1 , 

ie * (™i 1 ™){vx 1 vx^ 1 ) == {vx x 1 vx 1 )(vxvx x 1 ), 

1,e * 'nr£" 1 Tcr = -nTxrrf 1 . 

COROLLARY 1. If m commutes with vx t (i = 1,2,..., &) xzr 

commutes with vx 1 vx 2 ... vx k . 

corollary 2. If vx commutes with vx x , every positive or negative 
power of vx commutes with every positive or negative power of vx x . 


§ 12. Affine Geometry of One Dimension 

The affine line may be derived from the real projective line ^(B) 
as follows. We select a point I of S^E), to be called the point at 
infinity , and restrict the class of allowable representations to those 
representations of S^B) in which the point I has coordinates 
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(0,1). This point I is then regarded not as a point actually belong¬ 
ing to the affine line, but as an ‘ideal’ point adjoined to it. Other 
ideal points are also to be adjoined to the line, namely a set of com¬ 
plex points, one for each properly complex ratio x 0 : x 1 in any given 
representation 0t A . Since any two affine representations are 
connected by a real linear transformation, the distinction between 
real and complex points is invariant over change of representation. 

In this way we obtain a real line, whose points may be repre¬ 
sented without exception by a single real non-homogeneous co¬ 
ordinate X = xJx Q . Adjoined to the line is the ideal point I, with 
coordinate co in every allowable representation, and the system 
of ideal complex points, corresponding to complex values of X. 
Those properties of the affine line which have the same expression 
in every allowable representation 0t A are the affine properties of 
the line, and their totality constitutes one-dimensional affine 
geometry. 

The reader may compare this abstract treatment of affine geo¬ 
metry with what was said about the same subject in Chapter II. 

theorem 20. If is any one allowable representation of the affine 
line, then the whole class (& A ) of allowable representations consists 
of all those representations which can be derived from t% A by applying 
a transformation of the form 

X' = bX+ c, 

where b, c are arbitrary real numbers, with 6^0. 

Proof. Let ffl A be any allowable representation. Then, in terms 
of homogeneous coordinates, 

x i= 'l a ik x k (» = °> l )> 
k = 0 

where \a r8 \ ^ 0. 

Since ffl A is allowable, x 0 = 0 whenever x 0 = 0 and x x ^ 0. 
Thus a 0l = 0, and the equations of transformation reduce to 

Xq = a 00 x 0 , 

x i = a io x o“b a n ;r i> 
with a 00 ^ 0 and a n ^ 0. 

Dividing the second equation by the first, we have 


x = ^o + % X) 


a 


oo 


a 


oo 


and this is an equation of the required form 


6304 
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Since a 00 , a 10 , a n are subject only to the conditions a 00 ^ 0 and 
a n 0, 6 and c can take any real values provided that b ^ 0. 

Remark. The set of all transformations of the form 


X — bX-\-c (b ^ 0), 


is a group, the affine group in one dimension. 

If A and B are any two actual points of the affine line, the mid¬ 
point of the segment A B is the harmonic conjugate of I with respect 
to A and B. Clearly the coordinate X of this mid-point is the mean 
of the coordinates of A and B. 


If A, B, C are three points, with coordinates X lt X 2 , X 3 respec¬ 
tively, the ratio —-——I is an affine invariant. It is called the 
position ratio of B with respect to A and C. More generally, any 
ratio of differences of coordinates —-—j s an affine invariant. 

A 4 X 3 


§13. Euclidean Geometry of One Dimension 

If we restrict the class of allowable representation still further 

b^ selecting two actual points A , B of the affine line, and regarding 

as allowable only those representations in which the ‘length’ 

I "^2 *^il of the segment A B is unity, we obtain euclidean geometry 
of one dimension. 


theorem21. If @ E is any allowable representation of the euclidean 

me, then the whole class (& E ) of allowable representations consists of 
all those representations which can be derived from by applying 
a transformation of the form 

X' = cX-\-a, 

where a is an arbitrary real number and e — -f-1. 

Proof. Let be any allowable representation, and suppose 

X = bX-\-c (b 0). 

Then X' 2 —X' t = (6X,+c)-(6X 1 +c) = b(X 2 - X,), 

and hence 6 = -J- 1 . 

Remarks 

(i) The set of all transformations of the form 

X ' = eX-\-a 

is a group, the euclidean group in one dimension. 



m,§13 EUCLIDEAN GEOMETRY OF ONE DIMENSION 67 

(ii) A euclidean transformation leaves every ‘length’ invariant, 
not merely that of the chosen unit segment. 

(iii) If we require the quantity X 2 —X 1 to be equal to unity in 
sign as well as in magnitude, we obtain the oriented euclidean line. 
Any two allowable representations are now connected by a proper 
euclidean transformation 

X' = A+a. 

A concrete realization of the abstract scheme that has just been 
discussed is provided by the straight line of elementary geometry 
with an ordinary cartesian coordinate X. This coordinate gives an 
allowable representation the reference points being the origin 
and the point at infinity. 

Every homography on the line can be represented by an equation 

y, _ aX+b 

cA+d’ 

in which a , 6, c, d are real numbers such that ad—be ^ 0. The 
homography is said to be hyperbolic , elliptic , or parabolic according 
as its united points are real and distinct, conjugate complex (ideal), 
or coincident. This distinction only arises in the case of the real 
line. 

If the united points M, N are distinct, the homography has a 
real centre O, the mid-point of MN. If this centre is taken as origin, 
the equation of the homography reduces to 

AA'-f a(A-A') = k. 

In this equation k is positive or negative according as the homo¬ 
graphy is hyperbolic or elliptic. The homography is an involution 
if and only if a = 0. 

Exercise. If m is a homography with united points M and N , prove that: 

(i) if M is finite and N i9 at infinity, -nr is a dilatation about M, possibly 
combined with a reflection in M ; 

(ii) if N is at infinity and m is involutory, m is a reflection in M ; 

(iii) if M and N are both at infinity, m is a translation. 

EXERCISES ON CHAPTER III 

1. If four points A, B, C, D on a line have projective parameters 

0 O , 6 X , 0 2 , 0 3 , prove that A, C separate B, D harmonically if and only if 

0i—0o, 0 a — 0 O , 0 3 —0 O are in harmonic progression. 
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2. Three points A 0 , A x , B on a line being given, a sequence of points 

^4 0 » -^i* constructed by taking as A n , for each integer n greater than 1, 

the harmonic conjugate of A n _ 2 with respect to A n _ x and B. Show that a 
projective parameter 0 can be defined in such a way that the value of 0 at 

A t iai (i = 0,1,...). 

3. If A, B, P, Q, U, V are six points on a line, prove that 

(i) {A y B; P y Q}.{A,B; Q, U) = {AyB; P, U}; 

(ii) if {Ay B; P, Q) = {A y B; U, V } then {A, B; P, U) = {A, B; Q, V). 

4. If 9 is a given projective parameter on a line, find a new parameter 
<j> = (ad + b)/(c8 + d) which takes the values 0, 1, oo at the points for which 0 
has the values 1, 2, 3. Find the transformed equation, in terms of the new 
parameter, of the homography given by 

86'-8- 50'+ 9 = 0. 

5. Show that the equation 8' = (a0 + 6)/(c0+d) of any homography with 
distinct united points 9 = m and 9 = n can be written in the form 

0'—7n _ dm-fan 8—m 
d' — n dn-\-am 8 — n * 

with appropriate modifications if m or n is infinite, orm + n= 0. 

If the homography has coincident united points 9 = m, show that its 
equation may be written in the form 

1 = 1 2c 

O' — m Q — m a-fd* 

6. Reduce each of the following equations to one or other of the forms 
suggested in Exercise 5: 

(i) 300'-0 + 50'-7 = 0; 

(ii) 00 / _20-f4 = O; 

(iii) 400'+130-0'+ 9 = 0; 

(iv) 00' = k (k ^ 0). 

O' n are the hom °graphies whose equations are respectively 

0 = (40 + «)/(30 + 2 ) and 0 ' = (40 + 2)/(0 + 2 ), obtain the equations of the 
homographies -nr V and «r»; and find the common pairs of nr and < 7 . 

8 If the homography nr, given by 0' = (a0 + 6)/(c0 + rf), has distinct united 
points, show that the two alternative values k and 1 /k of its modulus are the 
roots of the following quadratic equation in x: 

(od-6c)(x+l)2-(a + d) 2 x = 0 . 

9; t ! iat the condifcion for the homography nr of Exercise 8 to be of 

period 3 is a +d 2 + ad + 6c = 0, and the condition for it to be of period 4 
(but not of period 2) is a 2 + d 2 + 26c = 0. 

10. A homographic transformation carries three points A t B, C of a line 
mto points A\ B', C of the same line. Prove that it transforms the united 
points of the homography which permutes A , B, C cyclically into the united 
points of the homography which permutes A\ B\ C' cyclically. 
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11. Discuss, for all real values of A, the character of the (real) homography 

00' + (3+A)0+A0'+A+8 = 0. 


12. Find all the homographies that commute with the involution 

00'+1 = 0 . 

[Answer. Those whose equations are of one or other of the forms 

00 / + 6(0 + 0')-l = 0, 00' + 6(0 —0') +1 = 0.] 

13. Find a transformation 0 = (a (f>+p)/{y(f> + S) of the projective para¬ 
meter 0 which reduces the two involutions 00'—2(0 + 0') +7 = 0 and 
00'+ 3(0 + 0')—3 = 0 simultaneously to the forms <fxf>' = m and <f><f>' = n. 

14. A variable homography -nr on a line has two assigned pairs of corre¬ 
sponding points. Show that, by choosing the projective parameter suitably, 
it is possible to reduce the equation of vj to the form 

00' + (A+a)0+ (A —a)0' + 1 — 2a = 0, 

where a is constant and A is variable. Discuss the character of m for all 
possible values of A. 

15. If and m 2 are two given homographic correspondences on a line, 
show that there exist involutions r, r lt r 2 , in general uniquely determined, 
such that m l = T t r and m 2 = tt 2 . 

16. If m is a homography on a line, with distinct united points M, N, 
prove that there are exactly two homographies a x and a 2 which satisfy the 
condition a 2 = m, and show that <j 2 op 1 is the involution whose united points 
are M and N. How is this result modified if m has coincident united points ? 
If nr is a real homography, find conditions for a x and o 2 to be real also. 

17. Two pairs of numbers are defined by the quadratic equations 

a.r 2 + 6x + c = 0 and a'x 2 + 6'x+c' = 0 

respectively. Show that the two possible values of the cross ratio of the 
numbers of the one pair with respect to those of the other pair are the roots 
of the quadratic A 2 — 2wA+ 1 = 0, where 

(66'— 2ac'— 2a'c) 2 + (6 2 - 4ac)(6' 2 — 4a , c') 
m ~ (66'-2ac , -2a , c) 2 -(6 2 -4ac)(6' 2 -4a'c')‘ 

18. If <r 2 is the sum of all the products, two at a time, of the six cross ratios 
of four general points, prove that 

* (A*—A+l) 3 

A 2 (A—l) 2 ’ 

where A denotes any one of the six cross ratios. 

Prove that two unordered sets of four distinct points can be related homo¬ 
graph ically, when they are paired suitably, if and only if the invariant a 2 
has the same value for each set. 

19. Any projective parameter 0 = X+iY for the complex line defines a 
one-one mapping of this line on the Argand plane, the complex point 0 of 
the line being represented by the real point (X t Y) of the plane; and the 
general homographic transformation 0' — (a0+6)/(c0 + rf) of the line into 
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itself then goes over into a corresponding self-transformation of the Argand 
plane. Show that this latter transformation has the following properties: 

(i) every member of the complete family of circles (which includes the 
straight lines of the plane) is transformed into a member of the same 
family ; 

(ii) the angle at which two curves intersect and the angle at which the 
transformed curves intersect are equal in magnitude and in sense; 

(iii) the point given by Z ~ X-\-iY = — d/c transforms into the unique 
point at infinity of the Argand plane, and all circles through the point 
— d/c are transformed into straight lines; 

(iv) the transformation has two united points (X 2 , Y 2 ), and, if 

they are distinct, the coaxal systems for which they are (a) the 
common points, and (6) the limiting points, have the property that 
e\ erj circle of either system is transformed into a circle of the same 
system. 

20. Prove that two pairs of complex numbers ( Z lt Z 2 ) and (Z 3 ,Z 4 ) are 
harmonic if and only if the points Z 3 and Z 4 in the Argand plane are tho 
intersections of a circle through Z x and Z 2 with a circle of the coaxal system 
for which the points Z x and Z 2 are limiting points. 

Deduce from this the geometrical properties, in the Argand plane, of the 
involution whose equation is 

ZZ'+p(Z + Z') + q = 0. 

21. A one-dimensional non-euclidean geometry on a real line l may be 
defined as follows. Two finite points A, Boil are selected, and only the points 
of the segment AB are regarded as existent, the interior points of the seg¬ 
ments being actual and the end-points A and B ideal. A non-euclidean 

distance PQ is now defined, for every ordered pair (P, Q) of existent points, 
by the formula , 

PQ = $log{A,B; P,Q). 

With this definition of distance, show that 

(0 A and B are both infinitely distant from every actual point P; 

(ii) if P, Q , P are any three actual points, then PQ+QP-f PP = 0; 

(in) the segment PQ determined by any two actual points has a unique 
mid-point, namely the unique existent united point of the involution 
on l determined by the two pairs (A, B) and (P, Q). 

22 . With the notation of Exercise 21, show that, if T is the involution 
° n ^ ose un *t € d points are A and P, there are two types of homography on 
l which commute with r, and these give rise respectively to the non-euclidean 
translations and non-euclidean reflections for the non-euclidean line AB. 

23. Work out the general theory referred to on p. 55 bv proving the 
following theorems on the repetition of a homographic transformation. 

(i) If m is a given homography and {m r ) denotes the sequence o*' homo- 
graphics {...m x ,nr°, ttr,...} then either (a) all the powers m r are distinct, or 
(b) the sequence {-nx r } is formed by cyclic repetition of a finite set 

(W°, TTT,..., TZT m_1 ) 

of distinct powers of m. In case (6) m r = m* if and only if r ^ s (mod m). 
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(ii) If m is a given homography and P 0 is a given point, and the sequence 
of points {...P_ 1 ,P 0 ,P 1 ,...} is defined by the relation P i = nr’P 0 , then either 
(a) all the points P, are distinct, or (6) the sequence {PJ is formed by cyclic 
repetition of a finite set (P 0 , P lt ..., P fc-1 ) of distinct points. In case (b) P { = P i 
if and only if i == j (mod k). 

(iii) If the homography m is cyclic of period m , then every point P 0 , 
other than a united point, generates a cyclic sequence (PJ of period m. 
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PROJECTIVE GEOMETRY OF TWO DIMENSIONS 


§ 1. Definitions 

A two-dimensional projective domain S 2 (K) is a class of entities that 
admits of certain allowable representations 8i by means of triads 
of homogeneous coordinates ( x Q , x lt x 2 ), drawn from a given ground 
field K. This means that in any representation 8?, the elements 
of S 2 (K) are represented by vectors x belonging to V z (K) t and that 
two vectors represent the same element of S 2 (K ) if and only if they 
differ at most by a scalar factor. 

The class (8?) of all allowable representations has to satisfy the 
following condition. If 8? is any one such representation, then 

(i) every other allowable representation 8$' is related to 8$ by 
a transformation of the form 


2 

X i = 2 a ik x k (» = 0,1,2) 
k = 0 

ie. x' = Ax, 

where \a ra \ = |A| ^ 0; 

(ii) every representation 8Z' which is related to ^ by a trans¬ 
formation of this form is allowable. 

The allowable representations 8% of S 2 (K) are thus connected by 
a group of non-singular linear transformations, the projective 
group PGL{ 2; K) in two dimensions, and the projective properties 
of S 2 (K) are invariant for all transformations of this group. 

\\ e shall continue to omit explicit reference to the ground field 
K whenever, as is usually the case, we wish to take the complex 
field as ground field. We shall also fix our attention from now on 
upon one particular S 2 > supposed fixed once and for all, which we 
call the projective plane\ and the elements of this system will be 
called the points of the plane. Our task is to study the projective 
properties of this projective plane S 2i and to introduce formal 
equivalents of the familiar notions that find a place in elementary 
projective geometry. Much of the theory can be derived from the 
single notion of linear dependence of points, which we now define. 
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§2. Linear Dependence of Points 

definition. A point P of S 2 is said to be linearly dependent on a 
set of points P v P 2 ,..., P m if a coordinate vector x which represents 
P in some allowable representation & is linearly dependent on 
coordinate vectors x (1) , x (2) ,..., x< m) , which represent P 1 ,P 2 ,...,P m in 

i.e., if there exist scalars A 1> A 2 ,...,A m such that 

x = A 1 x (1) +A 2 x (2) +...+A m x (m) . (1) 

We have to show that this definition is legitimate, that is to say 
that it does in fact define an intrinsic relation between points. 

It is clear, first of all, that if we take different vectors to repre¬ 
sent the points in the same representation 0t, so that P is now 
represented by y = ax and so on, then a corresponding relation of 
linear dependence necessarily holds between the new vectors. 
We have, therefore, only to show that if a relation (1) holds in one 
representation 01 then a similar relation holds in every representa¬ 
tion. Suppose, then, that a new representation ^ is introduced 
by means of the transformation x = Ax. Multiplying equation 
(1) by the matrix A, we have 

Ax = Aj Ax (1) -f-A 2 Ax (2) -}-...+A m Ax (m) , 
or x = X 1 x (1) -f A 2 x (2) 4-...-|-A m x (7n >, 

which is the result required. 

We can now say that a set of points in S 2 is a linearly independent 
set if none of the points is linearly dependent on the other m— 1. 
It follows from simple theorems in linear algebra that the maximum 
number of points in S 2 that can be linearly independent is three, 
and that three points represented by the coordinates (z ( 0 l) , x ( j\ x$) 
(i = 1,2,3) are linearly independent if and only if 


a#> a4» 4 1} 

U2) ~(2) ~(2) 

Xq Xj X 2 

4 3 > 4 S > 4 3 > 


^o. 


theorem 1. If X 0 , X v X 2 , E are four points of S 2 , every three of 
which are linearly independent , then there exists a unique allowable 
representation 01 in which the four points are represented respectively 
by the vectors (1,0,0), (0,1,0), (0,0,1), (1,1,1). 

Proof. This theorem, like Theorem 1 of Chapter III, follows 
immediately from Theorem 1 of the Appendix. 
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X 0 , X lf X 2 are called the reference points of and E the unit 
point. Specifying these four points is usually the most convenient 
way of characterizing a given representation 3%. 

Exercise. Determine the equations of transformation from 3ft. to 3ft' 
if the reference points and unit point of 3ft' are represented in 3% by the 
coordinate vectors (4, 5, 1), (3, - 1, \) t (6,16, 2), (5, 1,1) respectively. 


§ 3. Lines and Collinearity 

Suppose Q and R are fixed points, with coordinate vectors y 
and z in some representation 3ft. If the points are distinct they are 
clearly linearly independent, and their coordinates then satisfy one, 
and essentially only one, linear equation 

w 0 ^o-h^i^i+w 2 a: 2 = 0. 

The equation may, in fact, be written in determinantal form as 

x 0 x x x 2 = 0, 

Vo Vi y 2 

Z 0 Z 1 Z 2 

and it follows that a point P is linearly dependent on Q and R if 
and only if its coordinates {x 0 ,x x ,x 2 ) satisfy this equation. 

definition. The set of all points linearly dependent on two 
given (distinct) points Q , R is called the line determined by Q 
and R } or simply the line QR. 

Exercises 

(i) Show that a line is determined by any two of its points. 

(ii) Show that the set of all points whose coordinates satisfy a given 
(homogeneous) linear equation is a line in the sense of the above definition. 

The line QR admits of two kinds of algebraic representation. 
Since a general point of the line is linearly dependent on Q and R, 
it may be represented by a coordinate vector of the form 

x = Ay-fpz; 

and the ratio A :/x is uniquely determined. In this way we obtain a 
representation of the points of the line by the homogeneous pair of 
parameters (A, /x). Alternatively, we may use the non-homogeneous 
representation x = y+0z, if we allow 0 to take the value oo at R. 
The other mode of representation of the line is by its equation 

2 

2 x i — 0. If we take the coefficients w 0 , u x , u 2 in this equation as 
1 = 0 

components of a column-vector u, we may write the equation in 
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matrix form u T x = 0. The left-hand side is just the inner product 
(u, x) of the vectors u and x, and so the equation may also be 
written (u, x) = 0. 

Since the line is defined in terms of the projectively invariant 
notion of linear dependence of points it is a projective entity. 
This may also be seen directly as follows. Let the representation M 
be changed by the transformation x' = Ax. Then the equation 

u T x = 0 

gives u r A -1 x' = 0, 

i.e. (A _ir u) r x / = 0, 

or u' T x' = 0, 

where u' = A _ir u; and the equation u'^x' = 0 is of the same form 
as the original equation u r x = 0. 


theorem 2. The lines of the projective plane form a two-dimen¬ 
sional projective domain. 

Proof. Let us select, arbitrarily, an allowable representation 
of the plane. Then every line has a linear equation (u, x) = 0, 
and this equation may be specified by the vector u. Furthermore, 
two vectors u, v give rise to the same equation, and therefore the 
same line, if and only if they differ at most by a scalar factor. 
Thus the vector u furnishes a set of three homogeneous coordinates 
{u Q ,u v u 2 ) of the line. 

We now have a class (^?) of representations of the lines of the 
plane, one for each representation ^ of the points, and it only 
remains for us to show that (^) is a class of allowable representa¬ 
tions in the sense previously defined. Let denote the repre¬ 

sentations of lines arising from two given allowable representations 
0T of points. If & and are connected by the transformation 
x' = Ax, and are connected, as has already been shown, 
by the transformation u' = A _ir u. This is a non-singular linear 
transformation; and, by choosing A suitably, we can make it 
coincide with any assigned non-singular linear transformation. 
The representations @ of the lines of the plane therefore form a 
class of allowable representations, and this proves the theorem. 

Since the algebra of line-geometry now runs parallel to the 
algebra of point-geometry, the projective geometry of the plane 
may be said to exhibit a twofold character. This- is something to 
which we shall return below, on p. 78. For the present we merely 
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formulate the following theorem, which, in spite of its apparent 
triviality, is of some importance because it brings out the reciprocal 
dependence of points and lines on each other. 

theorem 3. Any two distinct points of the plane determine a 
unique line , which contains them both. Any two distinct lines of the 
plane determine a unique point , which they both contain. 

§4. Subordinate Projective Geometries 

The one-dimensional projective geometry discussed in Chapter 
III and the two-dimensional projective geometry that forms the 
subject of the present chapter are not merely two analogous but 
otherwise quite independent systems. There is a much closer con¬ 
nexion between them than mere analogy, and this is brought out 
in the next theorem. 

theorem 4. The two-dimensional geometry of the projective plane 
induces a subordinate one-dimensional projective geometry on every 
line of the plane. 

Proof. Let l be a given line in the plane, and let two points Q, R 
be taken on it. When a definite representation ^ of the plane is 
assigned, and definite vectors y, z are chosen to represent Q, R in 
this representation, every point P of l has a unique representation 
by a vector x of the form Ay-f pz; and we may take (A, p) as homo¬ 
geneous coordinates of P on l. If the underlying representation 
is changed, all coordinate vectors are subjected to the same linear 
transformation, and the values of the parameters A, p remain 

unchanged. We may accordingly confine ourselves to the one 
representation & of the plane. 

Now suppose a new parametric representation of l is defined by 
means of a fresh pair of points Q\ R'. If Q\ R ' have coordinate 
vectors y', z', we may write 

y = «y'+£z', 

z = yy'+8z', 

where, since y and z are linearly independent, aS-fiy =£ 0. Then 

x = \y+pz 

= M-fy/z)y'-f (0A+S/x)z' 

= A'y'-f/i'z', say. 

Thus when new coordinates A', p on l are introduced by means of a 
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fresh choice of the reference points Q and B on /, they are connected 
with A, p by the non-singular linear transformation 

A' = aA -fy/x, 

= £A+8/z. 

By taking into account all possible choices of Q and B, we obtain a 
class of allowable (one-dimensional) representations of /, and l 
therefore has the geometrical structure of an S 1 . 

corollary 1. All projective entities on any line in the plane — 
such as, for instance, cross ratio, the harmonic relation, and homo¬ 
graphic correspondences—are projective entities in the plane also. 

corollary 2. If four points P, of the line QB are represented by 
vectors x (i) == A, y-f /x, z (i — 1, 2, 3,4) then 

{Pl> P2> ^ 3 > -^4} = {^ 1 > ^ 3 ’ ^4}’ 

where 6 { = 

corollary 3. In particular, the harmonic conjugate with respect 
to Q and B of the point represented by y+az is represented by y—az. 

Let us now consider once again the reference points X 0 , X v X 2 
and the unit point E, which serve to determine a given representa¬ 
tion & of the plane. Any three of the four points X 0 , X lt X 2 , E are 
linearly independent, and therefore non-collinear. X 0 , X v X 2 are 
often called the vertices of the triangle of reference, and the lines 
X x X 2 , X 2 X 0 , X 0 X l are the 
opposite sides of this triangle. 

The equations of these sides 
are respectively x 0 = 0, x x = 0, 
x 2 = 0. X 0 E is the line 
x x —x 2 = 0, and it meets X x X 2 
in the point E 0 with coordinates 
(0,1,1). This point, and the 
similar points E lt E 2 on X 2 X 0 , 

X 0 X 1 respectively, are called the subordinate unit points on the 
sides of the triangle of reference. 

A generic point P of X x X 2 has coordinates of the form (0, A,/x); 
and if the coordinate vectors of X v X 2 , E 0 are taken as x (1) , x (2) , 
e (0) respectively, where x (1) = (0,1,0), x (2) = (0,0,1), e (0) = (0,1, l),f 
then e (0) = x (1, + x (2) and P has the coordinate vector Ax (1) -[-/xx (2) . 
Thus when the coordinates of P, regarded as a point of S 2 , are written 

t Strictly, of course, these are column-vectors. 
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as (0, A, fx), (A, y.) are coordinates of P in the one-dimensional geometry 
induced on X 1 X 2) the reference points and unit point being respec¬ 
tively X lt X 2 , and E 0 . 

Exercise. \V ith the notation used in the proof of Theorem 4, show that an 
allowable representation of l may be uniquely specified either (a) by giving 
the particular coordinate vectors y and z which are to represent Q and It, 
or (6) by giving the points Q and R and also the point which is to be the unit 
point of the representation. 

The results just obtained make it easy to establish the con¬ 
nexion between harmonic pole and polar with respect to a triangle. 

theorem 5. If D, E , F are the points of intersection of the sides 
BC, CA , AB of a triangle with the lines joining A, B, C to a point P 
which does not lie on any of the sides , and if D', E ', F ' are the har¬ 
monic conjugates of D , E y F with respect to the point-pairs (B, C), 
(C,A), ( A , B) respectively , then D ', E', F' are collinear. 


Proof. Take ABC as triangle of reference and P as unit point. 
Then B , C , D are respectively (0, 1,0), (0,0, 1), and (0, 1, 1), and 

hence D is (0, 1, —1). The coordinates of D' therefore satisfy the 
equation 

*o+*i+* 2 = 0; 


and since this equation is symmetric, D ', E', F ' all lie on the line 
p which it represents. 


Remarks 

(i) The point P and the line p are said to be harmonic pole and 
polar with respect to the triangle ABC. 

(ii) The harmonic polar with respect to the triangle of reference 
of the unit point is, as has just been shown, the unit line (1, 1, 1). 
It follows that the coordinate representation 3% is determined 
equally by the vertices of the triangle of reference and the unit 
point, and by the sides of the triangle of reference and the unit line. 
Exercises 

(i) Prove the converse of Theorem 5. 

(ii) Show that the harmonic polar of the point (a, 6, c ) with respect to the 
triangle of reference is the line (1/a, 1/6, 1/c). 

(iii) In ordinary euclidean geometry, what is the harmonic polar of the 
centroid of a triangle with respect to the triangle ? 


§5. The Principle of Duality 

We have already seen that the lines of the projective plane, as 
well as its points, are elements of a two-dimensional projective 
domain, so that there is a projective geometry of lines as well as 
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of points. It is now necessary to examine the relation between the 
two geometries in greater detail. 

A line can be represented either by a linear equation J u i x i = 0 
in point-coordinates or by a triad of line-coordinates; 

and similarly a point can be represented either by its point- 
coordinates (x 0 , x lt x 2 ) or by a linear equation in line-coordinates. 
The equation ^ u i x i — 0 expresses, in fact, the symmetrical 
relation of incidence between the point (x Qy x l ,x 2 ) and the line 
(u 0 ,u ly u 2 ). If u 0 , u v u 2 are thought of as constant, the equation 
means that the variable point (x 0 ,x ly x 2 ) describes the fixed fine 
(^o, u v u 2 ) as its locus; and if x Qy x v x 2 are thought of as constant, it 
means that the variable line ( u 0i u v u 2 ) describes the fixed point 
(x 0i x ly x 2 ) as its envelope. 

The class of all the points of the plane and the class of all the lines 
of the plane are symmetrically related to each other, and to every 
property of lines in the (original) geometry of points there corre¬ 
sponds a property of points in the geometry of lines. In view of this 
parallelism, we do not need to discuss both sets of properties in 
detail. Having once proved a theorem in the geometry of points, 
we can immediately write down the corresponding theorem about 
lines, simply by changing the wording suitably, and we do not need 
to repeat the details of the proof. This is the essence of the impor¬ 
tant Principle of Duality. 

If T is any theorem that is valid in the projective geometry of the 
plane, and T' is the theorem that is obtained from T by changing 
the word ‘ point ’ into the word ‘ line ’ and vice versa throughout the 
enunciation and making the appropriate linguistic adjustments , then 
T' is also valid in the same geometry. 

Remarks 

(i) Typical ‘linguistic adjustments’ are the replacement of ‘inter¬ 
section’ by ‘join’ and ‘collinear’ by ‘concurrent’. 

(ii) Two theorems T, T' that are related in the manner described 
are said to be dual to each other. 

Among the important theorems that can be obtained by dualizing 

results already established, the following is especially worthy of 
mention. 


THEOREM 6. If q, r are two distinct lines, represented by coordinate 
vectors v, w , a general line through their point of intersection is given 


by the vector 


u = Av-f/zw. 
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If four lines p i of the system are given by 

u<« = A,. V+//J w (i = 1, 2, S, 4), 

then the cross ratio {6 lf 6 2 \ # 3 , 0 4 }, where 0 t = depends only on 

the four lines , and not on their mode of representation. 

The cross ratio referred to in Theorem 6 is called the cross ratio 
of the ordered pairs (p lt p 2 ) and {p 3 ,p 4 ) of lines in the pencil deter¬ 
mined by q and r, and it is denoted by {Pi,p 2 \ Pz>Pii- 


§6. Fundamental Incidence Theorems 


Now that we have seen how' the points and lines of the projective 
plane may be represented by suitably chosen coordinates, we are 
in a position to prove a number of theorems of a more geometrical 
character. We shall consider first a group of theorems which 
embody the so-called incidence properties of the projective plane, 
theorems that are of fundamental importance in any development 
of plane projective geometry. 

theorem 7 ( Desargues's Theorem). If two triangles correspond to 
each other in such a way that the joins of their corresponding vertices 
are concurrent , then the intersections of their corresponding sides are 
collinear , and conversely. 


Proof. Let the-triangles be ABC y A'B'C', and let AA\ BB\ 
CC' be concurrent in P. Let the points BC.B’CCA.C'A\ 
AB.A'B' be respectively L y M, N. 

For simplicity we shall adopt the convention that, in some 
chosen representation each point is represented by a coordinate 
vector denoted by the corresponding letter, A being represented 
by a and so on. 

Then , 

a = p+Aa, 


b' = p+/xb, 

c' = p-f-vc, 

and therefore b'—c' = pb—vc. 


The vector b' —c' consequently represents a point lying on 
B'C and also on BC , i.e. the point L. We may accordingly put 
1 = b'— c', and similarly m = c'— a' and n = a'— b', so that we 


have 


1+m+n = 0. 
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Thus the points L , M, N are collinear, which proves the direct 
theorem. The converse follows at once by duality. 

Remark. Two triangles related as in Theorem 7 are said to be 
in perspective. P is called the vertex of perspective and the line 
LMN the axis of perspective. 

theorem 8 (Pappus's Theorem). If (A v A 2f A 3 ), (B lt B 2 ,B 3 ) 
are two triads of collinear points , not on the same line , then the three 
cross intersections A i B j .A j B i are collinear. 



Proof. Let the two given lines be XZ and YZ, and let 


A 2 B 3 .A 3 B 2 , A 3 B l .A 1 B 3t A 1 B 2 .A 2 B 
be denoted by L v L 2 , L 3 . We may write 

a t - = x+A*z (i = 1,2,3), 
and bj = y+/z, z (j = 1,2,3). 

Then L x can be represented both by a vector 

p(x+A 2 z)+ ? (y+/z 3 z) 


i 


and also by a vector 


and therefore 
Then 


p'(x+A 3 z)+g'(y+/x 2 z); 

V_ _ £ = 

V' <i V' A 3 +g>2 
pX 3 +qp 2 = p\ 2 +qp 3 , 


i.e. P(h 2 —h 3 ) = q(n 2 —to)> 

and we may accordingly write 

ll = (^2 — ^3)( X- l - ^2 Z ) - l“(^2~^3)(y+/ x 3 Z ) • 


— (^2 / a 3)^"1“(^2 A 3 )y+(A 2 /I 2 

with similar expressions for 1 2 and 1 3 . Then, by addition, 

I1+I2+I3 = 

and the points L v L 2 , L 3 are therefore collinear. 

6304 n 
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theorem 9 (The harmonic construction). Let A, B , C be three 
(i distinct) collinear points , and let three arbitrary lines AXO, BYO, 
CYX be draum , one through each of the points , to meet in pairs in 
Y, X, O. Then , if AY and BX meet in T , the line OT meets the line 
ABC in the harmonic conjugate D of C with respect to A and B. 



Proof. Take the representation 3# for which A, B> O are reference 
points and T is unit point. Then the coordinates of Y, X, D are 
respectively (0, 1, 1), (1,0, 1), and (1, 1,0). XY is therefore the line 
x 2 = anci C is the point (1,—1,0). Thus d = a-fb 
and c = a—b, and hence {C, D\ A,B } = —1. 

Remarks 

(i) Theorem 9 furnishes a construction, using only relations of 
incidence, for the harmonic conjugate of a given point with respect 
to two other given points collinear with it. In real projective 
geometry the construction can be carried out with the straight¬ 
edge alone. 

(ii) The construction may be thought of as based upon the har¬ 
monic property of the quadrangle A BYX (Chapter II, Theorem 2). 

Exercise. If XY meets OD in E, prove that E is the harmonic conjugate 
of C with respect to X and Y. 

§7. Homographic Ranges and Pencils 

In Chapter III we defined the notion of homographic correspon¬ 
dence between two variable points P and Q of S x . If, now, we select 
any line a in S 2i the points of a form a one-dimensional projective 
domain, and we may accordingly consider homographies on a. We 
are no longer confined, however, to a single line, but have the whole 
doubly infinite system of lines in S 2 at our disposal; and we can now 
introduce the idea of a homographic correspondence between a 
variable point P which moves on one fixed line a and another 
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variable point Q which moves on a second fixed fine b. Corre¬ 
spondences of this kind are especially interesting because, as we 
shall see, they are equivalent to certain simple incidence construc¬ 
tions in the plane, and this gives them a specifically geometrical 
significance. We shall now give a formal definition of homography 
in the new extended sense, and then go on to establish the main 
properties of such homographies. 

The set of all points of a fixed line a will be called a range of points, 
having a as its axis; and dually, the set of all lines through a 
fixed point A will be called a pencil of lines, having A as its vertex. 
Both these systems are one-dimensional projective domains, as 
we have already seen, and the equations 

x = y+Oz and u = v+0w 

give rise, in the two cases, to allowable representations by a para¬ 
meter 6. Whenever we refer to a parameter of a point of a range 
or of a line of a pencil we shall mean an allowable parameter defined 
in this way. 

definition. A (1,1) correspondence between (a) two variable 
points P, Q , lying on fixed lines a, b, or (b) two variable fines p, q, 
passing through fixed points A, B, or (c) a variable point P, lying 
on a fixed fine a, and a variable fine q, passing through a fixed 
point B, is said to be homographic if the parameters of corresponding 
elements of the ranges or pencils concerned, referred in each case 
to an arbitrary allowable representation, satisfy a fixed equation 
of the form Q , Q 

Since cross ratio is invariant over bilinear transformation, this 
definition is in harmony with the less formal definition of homo¬ 
graphy already given in Chapter II (p. 28). We need, however, to 
establish its legitimacy in the formal system, i.e. to show that 
the concept of homography is independent of the particular choice 
of representations. This may be shown by a mode of argument 
that is already familiar, and it will be sufficient here to indicate the 
result. In terms of homogeneous parameters (A, p) and (A', p), the 
equation of the homography may be written 

ra-e » 

X' = AX, say. 


or 
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If we change the representation of the two ranges or pencils accord¬ 


ing to the scheme 




we then have 



where A is the non-singular matrix QAP -1 . 

Since ranges and pencils enter into our system in exactly the same 
way, it is often convenient to have a neutral term meaning ‘range 
or pencil’, and the term usually adopted is one-dimensional form, 
or simply form if there is no risk of ambiguity. The above definition 
then allows us to speak of a homographic correspondence between 
any two forms. When such a correspondence is defined we say 
that the forms are homographic, projective, or related. 


If P and Q are variable corresponding points of two homographic 


ranges, we often write 




and a similar notation is used to indicate that any two one-dimen¬ 
sional forms are homographically related. 


theorem 10. A homographic con'espondence between two given 

one-dimensional forms is uniquely determined by three corresponding 
pairs. 


This theorem, which is an immediate consequence of Theorem 7, 
Chapter III, is of fundamental importance in projective geometry— 
like many other theorems which specify the number of degrees of 
freedom of a geometrical entity. It plays a central role in the non- 
algebraic axiomatic development of projective geometry, where it 
appears as the Projective Axiom or Correspondence Axiom. 

Homographies between ranges and pencils can all be defined, 
as we have already mentioned, by suitable incidence constructions. 
The reason for this is that the basic operations of projection and 
section, from which all incidence constructions are built up, trans¬ 
form ranges and pencils always into homographically related 
pencils and ranges. Thus every correspondence set up by means 
of an incidence construction is homographic; and we have only to 
show that the general incidence construction has the right amount 
of freedom in order to be able to infer, from Theorem 10, that every 
homographic correspondence is obtainable in this way. The reduc¬ 
tion of homographies to incidence constructions, then, depends 
ultimately on the basic connexion established by the following 
theorem. 
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theorem 11. If a is a fixed line and A is a fixed point that does not 
lie on a, then the correspondence between a variable point P of a and 
the line p which joins P to A is homographic: i.e. ( P) 7\{p). 



Proof. Take the triangle of reference as shown, and let P be 
the point (0,1,0). Then p is the line 0^— x 2 = 0, i.e. the line 
(0, 0 y — 1). Thus the parameters of P, referred to X v X 2 as reference 
points, and of p, referred to AX 2 , AX x as reference lines, are respec¬ 
tively 0 and —1/0; and these are connected by a non-singular 
bilinear equation. 

corollary. The rays of a pencil cut homographic ranges on any 
pair of transversals. 

Proof. If the variable ray p cuts the transversals a and b in 
points P and Q respectively, then 

(P) A(p) A(<?). 

Note. In this and similar arguments where we construct a chain of homo- 
graphics, we use the transitivity of the relation 7\; i.e. the fact that if 
(P) 7\ ( Q) and (^)TT(i?), then ( P)7\ (R). The relation is necessarily transitive 

because the set of all non-singular bilinear transformations 0' = is 

y0+d 

a group. 

Theorem 11 describes the simplest possible homographic corre¬ 
spondence between a range and a pencil. There also exist homo- 
graphic correspondences between two forms of the same kind 
which are almost as simple. 

theorem 12. If variable points P, Q, describing ranges with 
distinct axes o, b, correspond in such a way that the line PQ always 
passes through a fixed point V, not lying on a or b, then the correspon¬ 
dence is homographic. Dually , if variable lines p, q, describing pencils 
with distinct vertices A, B , correspond in such a way that the point pq 
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always lies on a fixed line v, not passing through A or B, then the 
correspondence is homographic. 

Proof . The first part of the theorem is equivalent to the corollary 
to Theorem 11, and the second part follows from the first by duality. 

definition. Two ranges related as in Theorem 12 are said to be 
in perspective from the vertex V; and two pencils related as in 
Theorem 12 are said to be in perspective from the axis v. 

A range and a pencil related as in Theorem 11 are also sometimes 
said to be in perspective. 

The correspondence between two forms in perspective is called a 
perspectivity . 

Now that we have discovered these very simple kinds of homo- 
graphy between two forms, the question naturally arises whether 
perspectivities are the only kinds of homography that exist, or 
whether there are other kinds. We shall see that there are more 

general homographies, but that they can all be expressed as pro¬ 
ducts of perspectivities. 

THEOREM 13. Two homographic ranges ( P ), ( Q ), with axes a, b 
respectively , are in perspective if and only if the point ab is self- 
corresponding. 

Proof. Let O be the point ab. If the ranges are in perspective, 
then O is clearly self-corresponding. 

Suppose, conversely, that (P) a (Q) and O is self-corresponding. 
Take two fixed corresponding pairs (/>, <?,), (P 2 , Q 2 ) and let P x Q lt 

P 2 Q 2 meet at V. Then the perspectivity with vertex V is a homo¬ 
graphy which has three pairs (O, 0) y (P ly Q x ), (i>, Q 2 ) in common 

with the given homography, and the given homography therefore 
coincides with this perspectivity. 

corollary 1. Dually , two homographic pencils (p), ( q ), with 
vertices A , B respectively , are in perspective if and only if the line 
AB is self-corresponding. 

corollary 2. If A, B, C, D are collinear and A y B' y C\ D' are 
col linear, and if {A, B, C, D} = {A, B'; C', D'}, then BB\ CC' y 

DD are concurrent. Dually , if a, b, c, d are concurrent and a, b ', c ', d’ 
are concurrent , and if {a, b; c,d} = { a,bc',d '}, then bb\ cc' y dd' are 
collinear. 

It follows from Theorem 13 that not every homographic corre¬ 
spondence between two ranges is a perspectivity. For suppose we 
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take two lines a, b, meeting in 0, and choose points P 2 , P 3 on a and 
Q v Q 2 , <? 3 on 6, all distinct from 0. Then there is a homography 
connecting the ranges on a and b for which (0, Q x ), (P >, <? 2 ), (^ 3 » Qz) 
are pairs, and this homography is certainly not a perspectivity 

since 0 is not self-corresponding. 

We shall now show that every homography between two distinct 
lines which is not already a perspectivity can be resolved into a 
product of two perspectivities. 

theorem 14. If -m is a homography, but not a perspectivity , 
between two ranges ( P), (Q) with distinct axes a, b, there exists a 
third related range (R), with a third line c as axis, such that, for any 
point P and the corresponding points Q and R, the line PR passes 
through a fixed point V and RQ through a fixed point W. 



Proof. Choose three pairs of -nr: (i\, Q x ), ( P 2 , 0 2 )> (^a» $ 3 )- 
line P 3 Q 3 take two points V, W, distinct from each other and from 
P 3 and Q 3 . Let VP 1 . WQ V VP 2 . WQ 2 be denoted by R v R 2 , and let 
the line R x R 2 be denoted by c. Then, clearly, c, V, and W satisfy 
the conditions of the theorem; for the product of the perspectivities 
defined by V, a, c and W, c, b is a homography which has three 
pairs ( P it Qi) (i = 1,2,3) in common with vr. 

corollary. Any homography that relates variable points P, Q 
of the same line can be resolved into a product of not more than three 
perspectivities. 
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Harmonic ranges and pencils 

By making use of Theorem 11 we can now give a simple alter¬ 
native proof of Theorem 9 on the harmonic construction; and we 
give this proof here because the method used is of wide applicability. 



By Theorem 11, 

(Ay By Cy D) A T(AyByCyD) 

A (YyXy CyE) 

A 0(Yy Xy C, E) 

A (ByAyCyD). 

Therefore {A,B\ C,D} = {B,A\ C,D}, and the pairs (A,B) and 
(CyD) are harmonic. 

Four collinear points A y B, C, D such that {Ay B; CyD} = -1 
are said to form a harmonic range; and dually, four concurrent lines 
a, by Cy d such that {a, 6; c,d} = -1 are said to form a harmonic 
pencil. By Theorem 11, any transversal cuts the rays of a har¬ 
monic pencil in the points of a harmonic range, and the rays 

joining the points of a harmonic range to a common vertex form a 
harmonic pencil. 

^ E J e ®_ cise - A fi & ure made up of points and lines is constructed as follows: 
A , B, Cy D are four points, no three of which are collinear, and they are 
joined m pairs by six lines; these lines meet in three further points X, Y, Z t 
which are also joined by lines. Show that the three pencils of four lines which 
occur in the figure are harmonic. 

The figure just described is called a complete quadrangle. A, B t 
Cy D are the vertices; (AB, CD) y (AC y BD ), ( AD , BC) are the pairs 
of opposite sides; and X, Y t Z are the diagonal points or vertices 
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of the diagonal t riangle. The dual figure is called a complete quadri¬ 
lateral (cf. p. 19). 

theorem 15 (The Cross Axis Theorem). If P , Q describe homo- 
graphic ranges on distinct lines a, b, then the point of intersection 
Pi Q 2 .P 2 Qi of the cross joins of any two corresponding pairs {P v QJ, 
(P 2 , Q 2 ) lies on a fixed line. 

Proof. Let a and b meet at 0, and let P 1 Q 2 . P 2 Q x be the point T. 
We have to show that the locus of T is a fixed line, and in order to 
do this we take separately the cases in which the correspondence 
between P and Q is and is not a perspectivity. 

(i) Suppose the ranges ( P),(Q ) are hi perspective from a vertex F. 



Since OVT is the diagonal triangle of the quadrangle P 1 P 2 QiQ 2 , 
the lines OT, OV are harmonic with respect to a, b. But OF, a, b 
are all fixed lines, and therefore OT is also a fixed line. Thus T 
always lies on a fixed line through 0. 

(ii) Suppose the ranges (P), ( Q) are not in perspective. Then if 
to 0 on a corresponds F on b, and to 0 on 6 corresponds U on a, 
U and F are both distinct from 0. 



Since ( U,0 ), (0, F), (P lt Q r ), (P 2 ,Q 2 ) are all pairs of the given 
homography, 


{U, 0; P V P 2 } = {0, F; Q v Q 2 ) = {F, 0; Q %t QJ, 
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and therefore (U, V), (0,0), (P X ,Q 2 ), (P 2 > 0i) are four pairs of a 
homography. This homography, by Theorem 13, is a perspectivity, 
and UV, P X Q 2 , P*Qi are therefore concurrent. Thus P X Q 2 and 
P 2 Q l meet on the fixed line UV. 

Remark. The line which contains all points of intersection of 
pairs of cross joins of a homographic correspondence between two 
ranges is called the cross axis of the correspondence. Jn the general 
case, when the homography is not a perspectivity, this line is the 
line joining the points of the two ranges which correspond, in each 
direction, to the common point of the axes of the ranges. 

The Cross Axis Theorem is a key theorem in plane projective 
geometry, for it enables us actually to construct, by means of the 
straight-edge, the homographic correspondence between two given 
lines that is determined by three assigned pairs. Suppose P x , P 2 , P 3 
are three given points of a line a and Q lt Q 2 , Q 3 are three given points 
of a second line b, and P is an arbitrary point of a. If we wish to 
determine the point Q of b that corresponds to P in the unique 
homography determined by the three pairs (P lt Q x ), ( P 2 ,Q 2 ), 
(P )> Q 3)* we the cross axis of the homography by constructing 

the points P l Q 2 .P 2 Q l and P 2 Q 3 .P 3 Q 2 . Then Q may be obtained 
by joining P x to the point where the cross axis is met by PQ X , and 
marking where this join meets 6. 



Exercises 

1. Show how to construct the homography on a single line a that is 
determined by three given pairs (P^Q^, (P 2 , <? 2 ), (P 3 , <? 3 ). [Hint. Project 

Q 2 * Qz on to another line 6.] 

2. Show how to construct the homography on a that is determined by 
(i) one of its united points, M, and two pairs (P„ Q x ), ( P 2 , Q 2 ), and (ii) its two 
united points M, N and one pair (P t , Q x ). 

3. Deduce Pappus’s Theorem (Theorem 8) from Theorem 15. 

4. State the dual of Theorem 15 (the Cross Vertex Theorem) and also the 
dual of Pappus’s Theorem. 
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§8. Specializations of Two-dimensional 

Projective Geometry 

We have already seen, in Chapter III, how the affine line and the 
euclidean line can be obtained from the projective line by suitable 
specialization, and we now wish to see how to carry out analogous 
specializations in two dimensions. Since additional complications 
arise in this more general case, we shall go into rather more detail 
here than in Chapter III. 

All points in the projective plane S 2 are indistinguishable within 
the system of projective geometry, and all lines are similarly 
indistinguishable. If, therefore, we now allow certain points or 
lines to have recognizable individuality, we shall obtain a geometri¬ 
cal system with a more elaborate structure. By singling out special 
points and lines suitably we can in fact construct abstract models 
of affine and euclidean geometry, and this is our present purpose. 
The idea may easily be translated into algebraic language. A point 
will possess recognizable individuality if its representation in every 
allowable coordinate system is the same; and we may therefore 
take special points into account by reducing the class {39) of 
allowable representations to a subclass of itself—this subclass 
being defined by the invariance of the representation of the points 
concerned. 

Affine geometry involves an invariant line (invariant as a whole, 
though not necessarily point by point), while euclidean geometry 
involves an invariant point-pair. This means that the affine 
specialization is linear, whereas the euclidean specialization is 
quadratic; and although we can consider affine geometry over a 
general field K , we encounter difficulties with euclidean geometry 
if the ground field is not the real field. We require the ‘distance ’ 
y,!{{X 1 -X 2 ) 2 -[-(Y 1 —Y 2 ) 2 } to be real, for example. This being so, 
we shall presuppose throughout this section that the ground field 
is the real field R. 

Affine geometry of two dimensions 

We begin, then, with the real projective plane S 2 {R), and its 
allowable representations 39, which are connected by the group 
POL{ 2; R). If we select one particular representation 39, which 
we agree to regard as fixed for the time being, we may embed the 
real plane in a complex plane by adjoining to it points which 
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correspond to sets of coordinates (x 0i x ll x 2 ) which are essentially 
complex—i.e. which cannot all be made real by multiplication 
by a common complex factor. If we now change the representation 
to by a real non-singular linear transformation, the coordinates 
of the points are in general changed; but, since the coefficients 
in the equations of transformation are real, the coordinates of the 
original points are still real and the coordinates of the adjoined 
points essentially complex. The distinction between the two 
kinds of points is thus invariant over the group PGL{2; R), and 
we may legitimately refer to the real projective plane with complex 
points adjoined to it. We shall call the original points real or 
actual and the adjoined points complex or ideal. The real pro¬ 
jective plane, extended in this way by ideal complex points, will 
be denoted by § 2 . 

Our next step is to pass from <§ 2 to the real affine plane; and to 

this end we single out a real line i of § 2 , to be called the line at 

infinity. This line is to be removed from the plane, in the sense that 

its points will be treated not as actual points of the plane but as 

ideal points. We now have two kinds of ideal points, namely complex 

points and points at infinity (both real and complex). In one sense 

they do not form part of the affine plane, for every figure that we 

consider as an actual figure in affine geometry consists wholly of 

actual points; but in another sense they do form part of the plane, 

and we often argue about actual and ideal points at the same time, 

using the properties of ideal points in order to deduce properties 

of actual points. The reader may recall the remarks about ideal 
points made in Part I. 

Having once introduced the line at infinity, we can easily define 
various affine concepts. Thus two lines of the affine plane are said 
to be parallel if and only if they meet in a point of i. Again, if A 
and B are two points which do not lie on i , and if A B meets i at N, 
then the harmonic conjugate of N with respect to A and B is called 
the mid-point of the segment AB. 

In order to handle affine geometry algebraically, we have to 
characterize the lin^ i by an invariant equation, and we shall 
suppose that this equation is a* 0 = 0. Since the points of i are now 
regarded as ideal points, no point with x 0 = 0 is actual, and this 
means that we can represent the actual points of the affine plane 
by pairs of non-homogeneous coordinates (X^XJ, where 

X 1 = xJxq, X 2 = x 2 /x Q . 
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The allowable representations of the affine plane are those 
representations @ of § 2 in which the line i has the equation x Q = 0; 
and this leads at once to the following theorem. 

theorem 16. If & A is any one allowable representation of the 
affine plane , then the whole class (3i A ) of allowable representations 
consists of all those representations which can be derived from 8$ A by 
applying a transformation of the form 





b 21 X x -\-b 22 X 2 -\-c 


2 > 


where the coefficients are arbitrary real numbers , subject to the con¬ 
dition |6 rs | ^ 0. 

Proof. As Theorem 20, Chapter III. 

Remark. The set of all transformations of the type specified in 
Theorem 16 is a group, the affine group for the plane. It is the sub¬ 
group of PGL( 2; R) which is picked out by the invariance of the 
equation x 0 = 0. 


Euclidean geometry of two dimensions 

The euclidean plane is obtained from the (real) affine plane by 
further specialization. Two conjugate complex points /, J on the 
line at infinity i are singled out as absolute points , and they are 
required to be recognizable (either individually or as a pair). Since 
these points are already ideal, the actual points of the euclidean 
plane are the same as the actual points of the affine plane, but we 
can now distinguish additional relations between them. 

The lines which join any point P to I and J are called the isotropic 
lines through P. If P is real they are, of course, conjugate complex 
lines. Two lines a and b are said to be perpendicular if they are 

harmonic with respect to the isotropic lines through their point 
of intersection. 

Let a, b be any two lines, both distinct from i, and let j, j' be the 
isotropic lines through the point ab. Putting 

m{a, b) =* {a, b 

we call m(a , 6) the angle modulus of the ordered pair of lines (a, b). 
It is, of course, presupposed that a definite order is assigned once 
for all to I and J ; otherwise the angle modulus can have either of 
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two reciprocal values. The angle modulus has the following 
properties: 

(i) m(a,b) .m(b,a) = 1; 

(ii) if a and b are perpendicular, m{a,b) = m{b,a) = — 1 , and 
conversely; 

(iii) if a, b, c are concurrent, m(a,b).m(b,c) = m(a,c); 

(iv) m(a,b ) = 1 if and only if a and b coincide. 

If a, 6 and c, d are two pairs of lines such that 

m{a,b) = m(c,d), 

we say that the angle between a and 6 (in that order) is equal to 

the angle between c and d , and we write ab = cd. It will be noted 
that we have defined equality of angle without first defining an 
angular measure. 

If, now, a and b are neither of them isotropic lines, and j,j' are 
the isotropic lines through ab, there is a unique pair of lines x , y , 
harmonic with respect to both the pairs a, b and^‘, j', namely the 
common pair of rays of the two involutions whose self-correspond¬ 
ing rays are respectively a, b and j,j'. Then, since 

{x,y\a, b} = {x,y,j,f} = —1, 

x and y are the self-corresponding rays of the involution determined 
by the two pairs (a, 6) and ( j,j '); and hence 

{a,x;j,j'} = {b,x;j',j} = {x,b;j,f}. 

Thus m{a,x) = m{x, 6), or ax = xb\ and similarly ay — yb. We 

may therefore call x and y the bisectors of the anerles between a 
and 6. 

By means of the angle modulus m(a,b) we can handle all the 
properties of angles that interest us in the present book. If, how¬ 
ever, we wish to have a formal counterpart of the familiar angular 
measure of euclidean geometry, this can easily be introduced by 
means of Laguerre s formula. Let us adopt for the moment the 
point of view of elementary coordinate geometry, working with a 
pair of rectangular axes Ox, Oy. If a and b are two lines through 
the origin we may write their equations as y = m x x and y = m 2 x, 
where m± and 77i 2 are the gradients of the lines. Since the coordi¬ 
nates of the circular points are (1, ±i, 0) (cf. p. 33) the equations 
of the isotropic lines j and j' through O are y = ix and y = — ix. 



IV, §8 TWO-DIMENSIONAL PROJECTIVE GEOMETRY 95 

We have, therefore, m(a t b) = {a,6; j,j'} = {m lt m 2 ; i, — i}; and 
since the angle a between a and 6 is given by 

tana = (m x — w 2 )/(l+w 1 r« 2 ) 

we can express a in terms of the angle modulus. In this way we 
obtain Laguerre’s formula 

“ = ^.log{a, 6 ; 

If, therefore, we wish to introduce angular measure into the 
formal system, we need only include the further definition 

1 

ab == — lo gm(a,b). 

In order to handle euclidean geometry algebraically, we must 
assign invariant coordinates to I and J. It does not matter what 
coordinates we choose, as long as we do not violate the condition 
x 0 = 0; but in order that our algebra may agree with that familiar 
from ordinary coordinate geometry we naturally choose the co¬ 
ordinates (0, 1 , 2 ) and (0,1, — i). This choice determines the class 
(& E ) °f allowable coordinate representations of the euclidean plane. 


theorem 17. If @ E is any one allowable representation of the 
euclidean plane , then the whole class (& E ) of allowable representations 
consists of all those representations which can be derived from 3# E by 
applying a transformation of the form 

X\ = c(X 1 cosa+X 2 sina)-f-a, 

X 2 = c(—X 1 sina-|-.X 2 cosa)-j-&, 

ivhere a, 6, c, a are arbitrary real numbers , with 0 < a < 2v and 
c > 0. 

Proof. Let (.X^Xg) and (XJ,X 2 ) be non-homogeneous coordi¬ 
nates in 3t E and a second allowable representation Then, 

by Theorem 16, Y , , v , v . 

X 1 = Oll-X.l + ^12^2 + C l. 

X 2 = b 2l X x -\-b 22 X 2 -\-c 2 > 

where b n b 22 —b 12 b 21 ^ 0. 


Since (0,1, i) and 
ordinates, 

X 

I 


(0,1, —i) are invariant homogeneous co- 

_ b 2 Y‘^~\~b 22 .i-\~c 2 .0 

b\\. l-f- 6 12 . 2 -f-c 1 .0 


_ \ _ b 2 \. l-4~6 22 . (— i)-{-c 2 .§ * 

1 ^ii• 1 ~\~b 12 . (—iJ-J-Cj.O 


and 
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i- e - ( 6 n b 22 )i— ( 612 +^ 21 ) = 0 , 

an d ( 6 X1 b 22 )i —(^ 12 +^ 21 ) = 

Therefore 6 U — b 22 = b 12 +b 21 = 0 , and the equations of trans¬ 
formation reduce to 


^1 — 

X 2 = b 12 X 1 -\-b ll X 2 -\-c 2 \ 

and these equations may be written in the form given in the 

enunciation of the theorem. The values of a, 6 , c, a may be assigned 

freely except that, if each transformation is to be obtained once 

only, a must be confined to an interval of length 2tt and c taken 
positively. 


Remarks 

(i) If we apply the transformation just obtained to the expression 

p 2 = 

we obtain the equation p' 2 = c 2 p 2 . 

The function |p| is called the distance between the points (X lt X 2 ) 
and (Tj, Y >). It is not a euclidean invariant, but any ratio of dis¬ 
tances is invariant. For this reason the euclidean plane, as we have 
defined it, is sometimes referred to as the similarity euclidean plane. 

(ii) If we require I and J to be recognizable only as a point- 
pair, and not individually, the class of allowable representations 
is correspondingly widened. We now have the improper euclidean 
transformations 

X’ x = c(X 1 cosa-j-X 2 sina)-f a, 

— C( X^ sin a-\-X 2 cos ac)-f- 6 , 

as well as the proper transformations with -f-c in the second 
equation. 

(iii) If we start with a system of rectangular coordinates (X x , X 2 ) 
in the plane, a transformation of the type given in the theorem 
represents a rotation through an angle a, a magnification in the 
ratio 1 : c, a reflection in the axis of X x (for the improper trans¬ 
formation only), and a change of origin to (—a, — 6 ). Distinguish¬ 
ing between / and J is thus equivalent to distinguishing right- 
handed from left-handed axes. (Compare the remarks made above 
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on the angle modulus.) The constant c corresponds to the arbitrari¬ 
ness of the unit of length—there is no ‘natural’ unit of length in 
euclidean geometry, although there is a natural unit of angle. 

(iv) If we go farther, and fix the length of a given segment as 
unit of length, the transformation from any allowable representa¬ 
tion to any other is an orthogonal transformation, with c = 1 
—or c = d= 1 if improper transformations are permitted. We shall 
not make any such restriction in our system. 

(v) The reader will now see that the distinction between affine 
and euclidean geometry does not fully reveal itself until we have 
two dimensions at our disposal. Thus in one dimension there is no 
distinction between the affine line and the similarity euclidean 
line; and in one dimension the distance between two points is a 
linear function of the coordinates, namely X—Y, whereas in two 
dimensions it is an irrational expression 

V^-y^+^-y^}. 

Non-euclidean geometry of two dimensions 

We mention non-euclidean geometry here for completeness 
although, as we have not yet introduced conics, it is logically 
out of place. We shall not take up the study of non-euclidean 
geometry systematically in this book, but it is interesting to see 
how it is related to projective geometry. 

The absolute point-pair (/, J) may be looked upon as a degener¬ 
ate conic envelope, and this leads us to ask what happens if we 
assign a similar role to a proper conic envelope. If we do this we 
obtain not euclidean geometry but non-euclidean geometry. 

Let a proper conic £2 in the real projective plane be singled out as 
the absolute conic. Two lines which meet in a point of £2 will then 
be said to be parallel, and two lines that are conjugate for II will 
be said to be perpendicular. If A, B are two points, not lying on £2, 
and if AB meets £2 in M , N, a distance modulus of A and B is 
defined as m{A , B) = {A, B; M,N}. Dually, if a, 6 are two lines, 
not touching £2, and if the tangents to £2 from ab are m, n y an angle 
modulus of a and b is defined as m(a,b) = {a, 6; m,n}. 

It will be seen from this that euclidean geometry may be looked 
upon as a degenerate case of non-euclidean geometry. The duality, 
for example, which is so prominent a feature of projective geometry 
may still be traced out in non-euclidean geometry, but in euclidean 
geometry it no longer exists. 

6304 


H 
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EXERCISES ON CHAPTER IV 

[In these exercises, and throughout the rest of the book, we shall adopt the 
convention that cyclic order is always to be assumed in the absence of any 
explicit statement to the contrary. Thus, for example, the statement that 
XYZ and X'Y'Z' are triangles in perspective implies that (X,X'), (Y,Y'), 
(Z, Z') are the pairs of vertices which correspond, and the statement that the 
triangle X’Y’Z' is inscribed in the triangle XYZ means that YZ , ZX, XY 
pass respectively through X', Y’, Z'.] 

1. The coordinates of a general point are (x,y,z) in a coordinate system 
for which A, B, C are the reference points and D is the unit point, and they 
are ( x', y' , z’) in the system for which D, B , C are the reference points and A 
is the unit point. Find equations which express the ratios of x’, y', z' in terms 
of x, y, z. 

Find also the equations of transformation from the first coordinate system 
to a system in which A, B, C, D have coordinates (—1,1,1), (1, —1,1), 
(1,1, — 1), (1, 1, 1) respectively. 

2. The equations of transformation from one allowable coordinate repre¬ 
sentation to another are 

x' : y' : z' = 8x + 3y + 2z : 3x + 4y : 2x-f 2z. 

Find the three points whose coordinates are the same in both representations. 

3. Show that the triangle X'Y'Z' whose vertices are (\,p,p'), {q\ 1,<?)» 

( r t r 't 1) i9 in perspective with the triangle of reference if and only if 

pqr = p'q'r'. 

If XYZ is in perspective with X'Y'Z' and with Y'Z'X', show that it is 
also in perspective with Z'X'Y'. 

4. Triangles X'Y'Z' and X”Y"Z" are respectively circumscribed to and 
inscribed in a given triangle AT Z. If each of them is also in perspective with 
XYZ, prove that they are in perspective with each other. 

5. Two triangles XYZ and X'Y'Z' are such that XX', YY', ZZ' meet 
YZ, ZX, XY in collinear points. Show that the three lines which join 

X , Y', Z’ to the intersections of pairs of corresponding sides of the triangles 
are concurrent. 

6. The line joining the points U, V, whose coordinates are (1,1, 1) and 
(a,6,c), meets the sides YZ, ZX, XY of the triangle of reference in L, M, N, 
and the harmonic conjugates of these points with respect to U, V are L', M', 
■N . Prove that XL', YM', ZN' are concurrent. 

7. W hat is the geometrical relationship between a point and its harmonic 
polar line with respect to the triangle formed by a pair of rectangular axes 
OX, OY and the line at infinity? 

8. The vertices of a triangle in the extended euclidean plane are an actual 
point 0 and the two absolute points I, J. Show that the harmonic polar line 
of any point A with respect to this triangle lies along the base of the equi¬ 
lateral triangle whose apex is A and whose centre is O. 

Deduce, or prove otherwise, that if XYZ is a given triangle in the pro¬ 
jective plane, any general point P is one vertex of a unique triangle PQR 
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of which each side is the harmonic polar of the opposite vertex with respect 

to XYZ. 

9. Four points A, B, C, D and four lines a, b, c, d in the plane are such that 
the points be, ca, ab, ad, bd lie respectively on the lines AD, BD, CD, BC, CA. 
Prove that cd lies on AB. 

10. If three triangles are in perspective, two by two, with a common vertex 
of perspective, prove that the three axes of perspective are concurrent. 

State the dual of this result, and interpret it in the case when the common 
axis of perspective is the line at infinity. 

11. If (P) and (P') are homographic ranges on two lines which meet in O, 
prove that the cross axis of the ranges passes through 0 if and only if the 
ranges are in perspective. 

12. A homographic correspondence between two ranges (P) and (P') on 
the same line l is determined by three pairs (U, U), (A, A'), (B, B'). Show 
that there exists, on any other line m through U, an intermediate range 
which is in perspective with (P) from a vertex X and with (P') from a 
vertex Y. 

Show that XY meets l in the second united point of the correspondence, 
and that the correspondence is an elation if XY passes through U . 

13. If l and V are two lines which meet in a point 0, and a range (P) on l 
is projected from two different vertices V v V 2 into ranges (P,), (P 2 ) on V, 
show that a necessary and sufficient condition for the correspondence 
between P x and P 2 to be an involution is that OV 1 and OV 2 should be harmoni¬ 
cally conjugate with respect to l and V. 

14. Desargues’s Theorem for two triangles in perspective fails when one 
of the triangles is replaced by a triad of concurrent lines. If A BC is a proper 
triangle and a, b, c are three lines which are concurrent in a point 0, prove 
that a, b, c meet BC, CA, AB in collinear points if and only if the pairs of 
rays ( a,OA ), (6, OB), (c, OC) are in involution. [Hint. Let a, b, c meet 
BC, CA, AB in L, M, N, and let AO meet BC in X. Then L, M, N are 
collinear if and only if 0(L,M,N,A) 7V A(L,M,N, 0); and the result 
follows at once when we observe that 

A(L, M,N,0)7\ (L,C,B,X)7\ 0(L, C,B,A) 7V 0(A, B, C, L).] 

15. If ABC is a proper triangle and A', B', C' are three points lying on a 
line l, prove that AA' f BB', CC' are concurrent if and only if l meets BC, 
CA, AB in points U, V, W, such that (A', U), ( B', V), (C\ W) are pairs of 
an involution. 

Deduce the theorem on the concurrence of the altitudes of a triangle. 

16. If a fixed lino l meets the sides of two triangles ABC and A'B'C ' 
in the triads of points L, M, N and L', AT, N', prove that the lines AL\ 
BM', CN' are concurrent if and only if the lines A'L, B'M, C'N are con¬ 
current. 

What does this theorem become when l is the line at infinity ? 

17. A fixed line l is met by the pairs of opposite sides of a quadrangle 

A BCD in the pairs of points (L, L'), (N,N'). Prove that the 

three pairs belong to an involution on l. 
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18. If XY Z and X'Y'Z' are two given triangles, prove that there exist in 
general two solutions to the problem of constructing a triangle PQR which 
is both inscribed in XYZ and circumscribed to X'Y'Z'. 

Show also that if X'Y'Z' is itself circumscribed to XYZ the problem has an 
infinity of solutions, each point of YZ being the vertex P of a triangle PQR 
which fulfils the required conditions. 

19. XYZ is the triangle of reference, and X'Y'Z' is another triangle whose 
vertices have coordinates (x it y it z t ) (i = 1,2,3). If there exists only one 
triangle which is inscribed in XYZ and circumscribed to X'Y'Z', prove that 

AX\ + y\Y\ + zlZ\-2y % Y 2 z 3 Z 3 -2z 3 Z 3 x x X x -2x x X x y 2 Y 2 + ±X x Y 2 Z 3 = 0, 

where 

■^i = Vz z 3~ Vz z i> Y 2 = z 3 x x — z x x 3 , Z 3 = x x y 2 —x 2 y x . 

20. A range ( P ) on a line l x is projected into a range ( Q ) on a line l 2 from 

a vertex V 12 , and (<?) is projected into a range (I?) on a line l 3 from a vertex 

V 23 . The lines joining P and R to two further points V Al and V 3i respectively 

meet in S. Show that the locus of S as P varies on l x is a line if and only if 

^41^31 meets l x and l 3 respectively in points whose joins to V l2 and V 23 meet 
on l 2 . 

If this condition is satisfied, and the locus of S is Z 4 , describe the relation 
of the quadrangle V 12 V 23 V 3i V iX to the quadrilateral l x l 2 l 3 l x . 

21. A BCD is a square of side a and A'B'C'D' is a similarly situated con¬ 
centric square of side b. If a = (1-+- V2)6, prove that any general point P 
oiAB is one vertex of a quadrangle PQRS such that P, Q, R, S lie respec¬ 
tively on A B, BC, CD, DA and PQ, QR, RS, SP pass respectively through 
B , C , D , A . 

22. If A denotes the expression 

*i Y x 1 

\ X 2 Y 2 1 , 

*3 Y, 1 

prove that A is a relative affine invariant, i.e. that any affine transformation 

of the coordinates X, Y multiplies it by a constant which depends only 
on the transformation. 

Show that the affine transformations of determinant -f 1 form a group, 
and that area, in the ordinary sense, is an absolute invariant for this group. 

23. In a given allowable (projective) coordinate system, the absolute 
points I, J have coordinates (0, 7, - 3) and (4, 5, - 5) respectively. Find the 
modulus of the angle between the lines y + 4z = 0 and 2x—3y = 0. 

Find also the equations of the bisectors of the angles between these lines, 
and the moduli of the angles which the bisectors make with the line 

j/ + 4z = 0. 

24. Show that the transformations of the form 

= c (-^i c osa-}--X 1 sina)-}-a, 

X 2 = ±c( — -X - ! sin a+ X, cos a) + 6, 
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are the only affine transformations which leave the distance function 
—I r i) 2 + (X a —y 2 ) a relatively invariant, i.e. which multiply it by the same 
constant factor for all pairs of points (X V X 2 ), (Y lt Y 2 ). 

25. A real line l lies in a real plane n, and m is a homographic correspond¬ 
ence between variable points P, P' of l. If m has conjugate complex united 
points, show that there are two possible choices for a point A of tt such that 
the pairs P , P' are cut on l by the arms of a variable angle, fixed in magni¬ 
tude and sense, whose vertex is A. 



CHAPTER V 


CONIC LOCI AND CONIC ENVELOPES 


§ 1. Algebraic Loci and Envelopes 

In this chapter we begin a systematic study of the conic locus and 
its dual figure the conic envelope. It is convenient to give, first of 
all, general definitions of the concepts of algebraic locus and 

algebraic envelope, of which conic locus and conic envelope are 
particular cases. 


definition. An algebraic curve or locus of order n in S 2 is the 

totality of points whose coordinates in some assigned allowable 

representation ^ satisfy a fixed homogeneous equation of the 7 ith 
degree: r . 

J (^ 0 > ^ 2 ) — 

Dually, an algebraic envelope of class n in S 2 is the totality of 
lines whose coordinates in some assigned allowable representation 
3? satisfy a fixed homogeneous equation of the ?ith degree: 

= 0 . 


Since the change from one allowable representation to another 
is equivalent to a non-singular homogeneous linear transformation 
of coordinates, the order of a locus and the class of an envelope 
are projective properties. 

We have already seen, in Chapter IV, that a locus of order 1 is a 
line and an envelope of class 1 is a point. 

theorem 1 . A locus of order n meets a general line of the 'plane in 
n points, distinct or coincident . An envelope of class n has exactly n 
lines, distinct or coincident, through a general point of the plane. 

Proof. Consider a locus of order n, whose equation is 

f( x o> x v 


A general point of the line joining the fixed points represented by 

y and z is given by yand this point belongs to the locus if 
and only if * 

/(y 0 +fe 0 » Sfi+fei, y 2 +fe 2 ) = 0. 


Since this is an equation of degree n in 6 there are exactly n points 
of intersection. The only possible exception is when the equation 
for 6 is an identity, and in this case the line forms part of the locus. 
The second part of the theorem follows by duality. 
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definition. The locus f(x 0 ,x v x 2 ) = 0 is said to be irreducible 
if the polynomial f(x 0 ,x 1 ,x 2 ) irreducible over the ground field K , 
i.e. if it has no non-trivial factor with coefficients in K. An irredu¬ 
cible envelope is defined dually. 

§2. Conic Loci and Conic Envelopes 

definition. An algebraic locus of the second order is called a 
conic locus', and it is said to be proper or degenerate according as it 
is or is not irreducible. Dually, an algebraic envelope of the second 
class is called a conic envelope ; and it is said to be proper or degener¬ 
ate according as it is or is not irreducible. 

There are three distinct kinds of conic locus: 

(i) the proper conic locus, given by an irreducible quadratic 
equation; 

(ii) the pair of distinct lines, given by a quadratic equation with 
distinct linear factors; 

(iii) the repeated line, given by a quadratic equation whose left- 
hand side is the square of a linear form. 

Dually, there are three distinct kinds of conic envelope: (i) the 
proper conic envelope; (ii) the pair of distinct points; (iii) the 
repeated point. 

A conic locus is represented, in terms of any chosen representa¬ 
tion ^ of S 2 , by an equation of the second degree in x 0 , x v x 2 , and for 
different purposes it is convenient to write the general equation 
in different forms. 

(i) Using suffix notation, we may write it as 

2 2 

& = 2 y a ik x i x k = 0. 

»-0 A:=>0 

It is no restriction to impose the symmetry condition a ki = a ik 
(h k = 0,1,2) and we shall always suppose this done; the coeffi¬ 
cients in the quadratic form on the left-hand side are then uniquely 
determined by the form itself. The quadratic form will always be 
denoted by S or, if we need to be more explicit, by S{x 0 ,x v x 2 ) or 

S(Xi). 

(ii) Using matrix notation, we may write the same equation as 

S(x) = x T Ax = 0. 
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In this equation, A is the symmetric 3x3 matrix (a r6 ) and x stands 
as usual for the column-vector with components (x 0 ,x ly x^). 

(iii) In solving specific problems it is often an advantage to 
revert to the more elementary usage, in which the coordinates are 
denoted by x , y , z. Then the equation of the conic may be written as 

S{x,y,z) = ax 2 +by 2 +cz 2 +2fyz+2gzx-\-2hxy = 0, 
or, in Cayley’s abridged notation, 


( a > b y c,f, g y h§x y y, z) 2 = 0. 

The general quadratic form in line-coordinates will regularly be 
denoted by 2, and we have the following ways of writing the 
equation of the general conic envelope: 

(>) £ (“i) =12 A ik u i u k = 0, 

1 = 0 k = 0 

with A k ^ = A ik (i,k = 0,1,2); 

(ii) £(u) = u r 2Iu = 0; 

(iii) £(u,v,w) = Au 2 + Bv 2 + Cw 2 + 2Fvw+2Gum+2Huv = 0, 

or (A, B, C, F, G, Hfyu,v,w) 2 = 0. 

The equation of a given conic locus, referred to any allowable 
representation whatever, is necessarily of the form 

2 2 a ik *k = 0, 
i k 

but if the representation is specially related to the conic the equa¬ 
tion may be correspondingly simplified. We have a number of 
standard equations in projective geometry, arising from special 
ways of choosing the triangle of reference, which may be compared 
with the standard cartesian equations used in the elementary 
coordinate geometry of conics. 



Suppose, for instance, three points of a 
given conic locus S are chosen as vertices 
of the triangle of reference. Then, since 
(1,0,0) is a point of S y we have a 00 = 0. 
Similarly a n = a 22 = 0, and the equation 
reduces to 


a i2 X 1 X 2~^~ a 20 X 2 ^o+^oi x o x i = 0. 

This is the general equation of a conic which circumscribes the 
triangle of reference. We shall come across other special forms of 
the equation of the conic later on (see Chapter VI, § 1). 
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§3. The Freedom of the Conic 

The general equation £ = 0 contains six coefficients. If we 
require a conic S to pass through a given point this imposes one 
linear condition upon the coefficients; and if five independent 
conditions of this kind are imposed, the ratios of the coefficients 
are uniquely determined. This suggests the following fundamental 
theorem: 

There is a unique conic locus that contains five general points; and 
dually , there is a unique conic envelope that contains five general lines. 

When, in enunciations such as this, we refer to a ‘general’ point 
or a ‘general’ figure, we mean one that is chosen so as to avoid any 
special configurations to which the theorem does not apply. In 
any particular case the reader can discover what the postulated 
generality amounts to by looking into the details of the algebra 
used to prove the theorem and seeing in what circumstances the 
argument breaks down. In the present instance it is sufficient to 
exclude cases in which two of the points coincide or four of them are 
collinear. There is an additional complication, however, in that 
the linear condition imposed upon the a ik by making the conic pass 
through a fixed point is not the most general linear condition on 
these six quantities, and it is not quite clear that even if the five 
points are ‘general’ the five linear conditions will be linearly inde¬ 
pendent. In view of the basic character of the theorem, therefore, 
we shall restate it more precisely and give a rigorous proof of it in 
the new form. 


theorem 2. There is a unique conic locus that contains five given 
distinct points , no four of which are collinear. Dually , there is a 
unique conic envelope that contains five given distinct lines , no four 
of which are concurrent. 

Proof. Since no four of the points are collinear, we may select 
three which are the vertices of a proper triangle, and take this 
triangle as triangle of reference. Then the equation of any conic 
through the three points is of the form 


®12 *^1 ® 20 *^2 *0 + a 01 *0 



and we have to show that requiring the conic to pass through two 
further points, which do not both lie on the same side of the triangle 



106 


CONIC LOCI AND CONIC ENVELOPES V, § 3 

of reference, determines the ratios tf 12 :u 20 :o 01 uniquely. Let the 
points be {y^y Xl y 2 ) and {z 0 ,z ly z 2 ). Then 


tf i22/i2/2+ a 2o2/22/o4-o 0 i 2 / 0^1 = 0 


and 


a i2 Z l Z 2 + a 20 Z 2 Z 0 + a Ol Z 0 Z i = 0. 


If the point y does not lie on a side of the triangle of reference, 
these conditions on a 12 , a 20 , a 01 are certainly independent. If, 
howe\er, y 0 = 0, then y 1 0 and y 2 ^ 0, and the first equation 
becomes a l2 y x y 2 = 0, which gives simply a 12 = 0. The second 
equation cannot also reduce to a 12 = 0, since z 0 ^ 0 by hypothesis. 

Thus the ratios a 12 :a 20 :o 0l are uniquely determined in every case, 
and this proves the theorem. 

The conclusion of Theorem 2 can be expressed in slightly differ¬ 
ent terms by saying that both the conic locus and the conic envelope 
are geometrical entities with five degrees of freedom. We also say 

sometimes that the plane contains co 5 conic loci and oo 5 conic 
envelopes. 


Since a conic locus is an entity with five degrees of freedom we 
can specify it, if we so choose, by means of a set of five non-homo- 
geneous coordinates or a set of six homogeneous coordinates. 
The simplest way of doing this is to take as coordinates of the 
come (as we have already taken as coordinates of a line) the 
coefficients in its equation. In terms of a fixed allowable representa¬ 
tion & of the plane, every conic locus is then represented by its six 
coordinates (« 00 , a u , a 22 , a 12 , a 20 , a 01 ). 

The number of degrees of freedom of a conic locus in S 2 is the 
same as the number of degrees of freedom of a point in S 5 , and we 
may therefore represent the system of all conics in S 2 by the system 
o all points in S s . If we choose arbitrary allowable representations 
of and $ 5 ,^he equations arj = * 00 , aq = « n , = a 22 , ^ = « 12 , 

x \ — fl 20 . - r 5 — o 0 i> define a one-one mapping of the conics in S 2 
on the points of S 5 . 


§4. General Properties of the Conic Locus 

W e come now to a number of fundamental properties of the conic 
locus which serve as a foundation for the whole theory of the conic. 

e shall at first consider only the ‘general’ case, which in fact 
means the case of a proper conic locus. It will become clear in due 
course in what way the assumption of generality comes in, and 
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which of the results remain valid, either as they stand or with 
suitable modification, when the conic breaks up. 

Consider a fixed conic locus S, whose equation in the chosen 
representation & is 


£( X ) = 11 <*ik*i*k = 0 ( fl M = a ik )• 
i k 

If Q y R are two points of the plane, represented by y, z respectively, 
a variable point of the line QR is given by y-f 6z, and this point lies 
on S if and only if 


iS(y-f 6z) = 0. 


( 1 ) 


This equation, which is known as the Joachimsthal equation for 
Q and R, is quadratic in 6; and its roots Q x and 6 2 are the parameters 
of the points and A 2 in which QR is met by the conic. 



Equation (1) may be written: 

< k 

1 • 

2 2 a a-y<yk+9 2 2 ^kiy^k+^Vk)^ 2 2 2 = °. 

i k i k i k 


i.e. 

= 0, 

where 

s ul/ = S( y), S :z = S( z), 

and 

= i(2 2 a ikVi z k+ 2 2 a ik Vk 
v i k i k 

= l(2 2 a ikViZk+ 2 2 a kiV(Z k 

X i k i k 


= 22 a ikViZk< 
i k 

since 

a ki ~ a ik • 


S uv and <SL are simply the quadratic form S, evaluated for the 
vectors y and z respectively, while S us is an intermediate expression. 
S uz is a symmetrical bilinear form in y and z w'hich reduces to S vv 
when z is put equal to y, and these characteristics define it uniquely. 
It is called the 'polarized form of the quadratic form S uy . We shall 
have much to do with polarized forms in this and subsequent 
chapters. 
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s v* has a neat expression in terms of partial derivatives, which 
may be obtained as follows: 



^ 2 a ik( x i :p +x k 8 ip ) 

= 2 a i P *i + 2 a P k* k 

1 k 


= 2 X a tp x i< 

and hence 


We have, therefore, 


= 2 2 2 

t k 

— 2 S UZ . 



DEFiNniON. Q and R are said to be conjugate points with respect 

o the conic locus S if they are harmonic with respect to the points 
■"1 and A z in which QR meets S. 

Since A , is represented by y+0 f z, A 1 and A 2 are harmonically 
separated by Q and R if and only if 0, + 0 2 = 0. But 6 , and 0 2 are 
the roots of the quadratic equation 


S m +26S UZ +0*S 2S = 0, 

and so we have as the condition for conjugacy 

s uz - 0. 

Since this equation is linear in z 0 , z„ z 2 , the locus of a variable 
point that is conjugate to a fixed point Q is a line. This line is called 
the polar line or polar of Q, and its equation may be written 
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The conic locus S thus defines a transformation of the points of 
the plane into the lines of the plane, which is given algebraically by 

2 &r ( ~ ? 

or, in matrix notation, 

x -> u' = Ax. 


u = — 

I 


k> 


This transformation is known as the polarity defined by S. If 
l a r 3 l ^ 0 (which means, as we shall show on p. 112, that S is a 
proper conic locus) each line is the polar of a unique point. 

theorem 3. If the polar of Q passes through R , then the polar of R 
parses through Q. 

Proof. The condition for conjugacy, S uz = 0, is symmetrical in 

y and z. 

Exercise. The derivation of the Joachimsthal equation (1) is only 
significant when Q and R are distinct points. What becomes of the con¬ 
dition for conjugacy when Q and R coincide? 

If Q x is a general point of the plane, all points conjugate to Q x 
with respect to S lie on the polar line q 1 of Q v If, now, Q 2 is any 
point of q lt the polar q 2 of Q 2 passes through Q x (Theorem 3). If q 2 
meets q 1 in Q z , then Q z is conjugate to both Q x and Q 2 , and the 
three points Q lt Q 2) Q 3 are such that the polar of each is the line 
joining the other two. Three such points are said to form a self- 
polar triangle for S. Since Q 1 has two degrees of freedom in the 
plane and Q 2 then has one degree of freedom on the line q lf the conic 
locus S has oo 3 self-polar triangles. 

theorem 4. If Ay B, C, D are four points of the conic locus S , 
the diagonal triangle of the quadrangle A BCD is self-polar for S. 



Proof. Let XYZ be the diagonal triangle, and let YZ meet AB, 
CD in L y M respectively. Then, by Theorem 9 of Chapter IV, 

Z{X f Y;A,B}=- 1, 
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and hence {X,L;A,B} = {. X,M;D,C } = -1. 

The pairs of points X, L and X, M are both conjugate for S, and 
the polar of X is therefore LM , i.e. YZ. The theorem now follows 
by symmetry. 

definition : A line t is said to be a tangent to the conic locus S 

at a point Q of S if the two points in which t meets S both coincide 
with Q. 

theorem 5. If Q is a point of the conic locus S , there is one and 
only one tangent to S at Q, namely the polar of Q. 

Proof. Let l be a line through Q, and let R be any point of l 
other than Q. The points in which l is met by S are then given by 
the Joachimsthal equation 

s uv +zds uz +e*s Z2 = 0 . 

But, since Q lies on S, S uv = 0, and one root of the equation is 

zero. The roots are therefore coincident if and only if the second 

root is also zero, i.e. if S yg = 0. Thus l is a tangent at Q if and only 

if the coordinates (z 0 , z x , z 2 ) of every point on it satisfy the equation 

^uz = 0; in other words, there is a unique tangent to S at Q, and its 
equation is S u = 0. 

When the points A lt A 2 in which QR meets S both coincide 
with Q, the parameters of the pairs (A lt A 2 ) and (<?, R) are (0, 0) 
and (0,co), and these satisfy the relation 

(*l+**)(03 + *4) = 2(M 2 + M 4 ). 

Thus the two pairs of points are harmonic, and R is conjugate to Q 
with respect to S. It follows from this that the tangent at Q is the 
polar of Q, which completes the proof of the theorem. 

theorem 6. Through any point Q of the plane there pass exactly 
two tangents (distinct or coincident) to a given conic locus S, and their 
points of contact are the points in which S is met by the polar of Q. 

Proof. The tangent to S at a point A is the polar of A , and it 
therefore passes through Q if and only if A is conjugate to Q , i.e. 
if A is one of the two points in which S is met by the polar of Q. 

theorem 7. The two tangents from Q to S coincide if and only if 
Q lies on S. 

Proof. The tangents coincide if and only if the polar of Q meets 
S in coincident points, at A say. But then the polar of Q is the 
tangent at A, i.e. the polar of A, and Q therefore coincides with A. 
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theorem 8. If Q has the coordinate vector y, the joint equation of 
the pair of tangents from Q to S is 

si-ss vu = 0 . 

Proof. Let R, with coordinate vector z, be any point on either 
of the tangents from Q. Then QR meets S in coincident points, 
and therefore 0200 a 

^yz ^yy^zz V* 

Replacing z by a variable vector x, we at once have the equation 
of the pair of tangents in the form required. 

The matrix and rank of a conic locus 
If a conic locus S is represented by the equation 

= 0 ( a ki = a ik)> 

the matrix A = (a rs ) is called the matrix of S. When once the 
coordinate representation & has been chosen, this matrix is deter¬ 
mined apart from an arbitrary scalar factor. If the representation 
is changed from @ to by the substitution x = Px', |P| ^ 0, 
the matrix of S is changed in a simple manner. For the equation 
of the conic may be written both as 

x r Ax = 0 

and as (Px') r A(Px') = 0, 

i.e. x /r P r APx' = 0, 

and the new matrix A' is therefore P r AP. 

This matrix is in general different from A, but A and A' have 
some essential features in common. Since |A'| = |P| 2 .|A|, |A| 
and |A'| are both zero or both non-zero. The determinant |A | is 
called the discriminant of S in the original representation. Its 
vanishing is a projective property of the conic locus, whose geo¬ 
metrical interpretation will be obtained shortly. 

Not only is the vanishing or non-vanishing of |A | an invariant 
property, but the rank p[A] of the matrix A is an invariant number. 
For, since A' = P r AP, every r-rowed minor of |A'| is a linear 
combination of r-rowed minors of |A|, and hence p[A'] < P[A]. 
But A = P“ 12 A/P -1 , and therefore by the same argument 

P[ A] ^ P [ A']. 

It follows that p[A'] = p[A]. The number p[A] is called the rank 
of the conic locus S. 
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theorem 9. If the rank of the conic locus S is greater than 1, then 
the totality of tangents of S is a conic envelope Z. If the equation of Sis 

U, a ik*iXk = 0 . 

t k 

then the equation o/Z, referred to the same representation is 

ZI A ik^i^k = o, 

i k 

where A ik is the cofactor of a ik in the determinant \a r8 \. 

Proof. Let the line u be a tangent to S> with point of contact y. 
Then, since the polar of y is u, 

I a ikVk = ku t (i = 0, 1,2) 

rC 

and further, since y lies on u, 

Z u kVk - 0. 

k 

Eliminating y 0 , y lf y 2t \ from these four linear equations, we have 

a oo a oi a 02 Uo = 

a i0 a \\ a \2 u \ 

°20 a 2 \ a 22 U 2 
U 0 u x u 2 0 

and this equation may be expressed in the required form 

y Z^ A ik u i^k = 0 . 

p[A] = L a h the A ik are zero, and there is no condition on u. 
If p[A] = 2 or 3, the coordinates u Q , u lt u 2 of every tangent to S 
satisfy the equation of a certain conifc envelope Z; and, by the 
reversibility of the algebra, every line of this envelope is a tangent 


theorem 10. A necessary and sufficient condition for the conic 
locus S to be degenerate is the vanishing of its discriminant \a r3 \. 

Proof, (i) Let S consist of two lines, distinct or coincident. 
Then there is at least one point y that is common to the two lines, 
and this point is conjugate to every point of the plane. Thus 

2 2 a ik*iVk = 0 

t k 

identically in x 0 , x lt x 2 , and therefore 

^a ik y k = 0 (i = 0,l,2). 
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Since y 0 , y v y 2 cannot all be zero, it follows that 


l«r.l = °- 

(ii) Now suppose, conversely, that \a rs \ = 0. Then there exists 
a point y such that 


1 dS. 


and hence 


— = y. a ik y k = 0 (i 

2 dy t T lkyk 

s - 1 V v = 

" ~ 2 2 Vi by. 


= 0,1,2) 


0. 


If, now, z is any point of S, we have 


and also 8 = 

V* 

Thus, for all values of 0, 




S(y+6z) = s yu + 2 es us +d*s Z3 = 0. 

This means that if z is any point of S every point of the line joining 
y to z belongs to S ; and S is accordingly degenerate. 

Exercise. Show that if 5 is a pair of distinct lines its rank is 2, and if it is 
a repeated line its rank is 1. 


§5. General Properties of the Conic Envelope 

The properties of the conic envelope follow at once by duality 
from the properties of the conic locus, and we shall merely sum¬ 
marize the main results. 

Let 2 be a fixed conic envelope, whose equation in a given co¬ 
ordinate representation & is 

£(tt) = 22 A ik u i u k = 0 Mjw = A ik ), 

i k 

and let q f r be two lines of the plane, represented by the coordinate 
vectors v, w. A variable line through the point qr is given by 
v-{-0w, and it belongs to the envelope 2 if and only if 

2(v+0w) = 0. 

This equation is called the Joachimsthal equation for q and r, 
and its roots 6 V 0 2 are the parameters of the lines a v a 2 through 
qr which belong to 2. It may be written 

2^,+201^-f 0 %^ = 0, 

where 2^ is the polarized form of the quadratic form 2 W . 

5304 I 
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The lines q and r are said to be conjugate lines with respect to £ 
if they are harmonically separated by the two lines of the envelope 
which pass through their point of intersection; and the algebraic 
condition for conjugacy is = 0. 

The envelope of a variable line which is conjugate to q is the 
point given by T 


This point is called the pole of q with respect to £. 

The conic envelope £ determines in this way a transformation 
ot lines into points, the associated polarity, with equations 


x i — 2 A ik u k- 

The polarity is non-singular if |^4 rs | 0, and when this is so it has 

a well-defined inverse. Every point is then the pole of a unique line 
of the plane. 

The dual of the tangent to a locus at one of its points is the point 
of contact of a line of an envelope. We accordingly say that a 
point T is a point of the conic envelope £ if the two lines of £ 
which pass through it are coincident. If the repeated line is q, we 
say that T is the point of contact of the line q with the envelope. 

theorem 11 . If q is a line of a conic envelope £, there is one and 
only one point of contact of q t namely the pole of q. 

theorem 12. On any line q of the plane there lie two points of a 
given conic envelope £, and they are the points of contact of the lines 
of £ which pass through the pole of q. 


theorem 13. The two points of £ which lie on q coincide if and 
only if q is a line of £. 

If the equation of a conic envelope £ in a given representation 

^ is v v . _ # . 

2 | A ik UiU k = 0 (A ki = A ik ), 

6 

the matrix 21 = ( A rs ) is called the matrix of £. The determinant 
\A rs \ is called the discriminant of £, and the rank p[2l] the rank 
of £. The rank of a conic envelope is a projective invariant, and 
its value determines the nature of the envelope. £ is a proper conic 
envelope, a pair of distinct points, or a repeated point according as 
the value of p[2J] is 3, 2, or 1. 
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theorem 14. If the rank of 2 is greater than 1, the totality of 
points of 2 is a conic locus S. If the equation of 2 is 

X £ A ,k»i ll k = o. 

then the equation of S, referred to the same representation 31, is 

X X a ik*i*k = 

i k 

where a ik is the cofactor of A ik in the determinant \A rs \. 

§6. The Conic as a Self-dual Figure 

We have seen above that with every conic locus of rank 2 or 3 
there is associated a conic envelope, namely the assemblage of its 
tangents, and with every conic envelope of rank 2 or 3 is associated 
a conic locus, namely the assemblage of its points. We can now go 
farther than this and show that a proper conic locus and its asso¬ 
ciated envelope are, in a natural sense, one and the same figure, 
so that a proper conic is a self-dual system of points and lines. 
In the case of degenerate conics, the self-duality is only partial. 
We now establish the fundamental connexion between the proper 
conic locus and its envelope. 

theorem 15. If S is a proper conic locus and 2, is the associated 
envelope , then 2 is a proper conic envelope. Furthermore, the conic 
locus associated with the envelope 2 is the original locus S. 

Proof. Let the equation of the proper conic locus S be 

s = X £<*<**<** = o. 

Then the associated envelope is represented by 

2 -=X^ A ik u i u k = 0 . 

where A ik is the cofactor of a ik in | a r8 \. But then 

MrJ = l a r S | 2 7* 0, 

and 2 is therefore proper. The locus associated with the conic 
envelope is now given by the equation 

where d ik is the cofactor of A ik in |i4 r ,|. But, by a known theorem 
on determinants, d ik = \a r8 \a ik , and therefore S = |a rs |S. Since 
\a rs \ ^ 0, the equations S = 0 and S = 0 represent the same 
locus; and this completes the proof of the theorem. 
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Theorem 15 establishes the fact that proper conic loci and proper 
conic envelopes go together in pairs, being reciprocally associated 
with each other. The next theorem will show that a proper conic 
locus S and its associated envelope £ determine the same (non¬ 
singular) polarity of the plane. 

theorem 16. If S is a proper conic locus and £ is the associated 
conic envelope , then a line p is the polar of a point P with respect to 
S if and only if P is the pole of p with respect to £. 

Proof. If the equation of S is 

x T Ax = 0 (|A| yt 0), 

the equation of £ may be written as 

u^'A-^u = 0. 

If, now, P and p have coordinate vectors x and u, the condition 
for p to be the polar of P for S is 

u = Ax, 

and the condition for P to be the pole o Ip for £ is 

x = A -1 u; 

and these are the same condition. 

From now on we shall regard a locus and an envelope such as S 
and £ above as forming a single figure, the proper conic s = ( S y £). 
This conic has both a point-equation 

S = 22 a ik x t x k = 0 

. x k 

and a line-equation 

“ = 11 A ikViU k - o, 

t k 

and each of these equations determines the other. The conic gives 
rise to a polarity of the plane, a (1,1) correspondence between 
points and lines given by 

u i = 2 a ikX k (* = 0 , 1 , 2 ), 

ft 

and a point and its polar line are incident if and only if the line is a 
tangent to s and the point is its point of contact. 

Alternatively, we may begin with a polarity—i.e. a non-singular 
point-line correspondence 

^ = 2 a ihX k (i = 0 , 1 , 2 ) 

k 

whose matrix ( a rs ) is symmetric—and use it to define a conic s. 
The points of s are the points which lie on their polar lines, and the 
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lines of s are the lines which pass through their poles. This approach 
to the projective geometry of the conic has been adopted in some 
standard treatments of the subject . We shall leave it to the reader 
to show in detail that such a definition of the proper conic is 
equivalent to our definition. 

§7. Degenerate Conics 

When we try to extend Theorems 15 and 16 to cover degenerate 
as well as proper conics we find that the situation becomes more 
complicated, and only partial generalizations are possible. 

theorem 17. If S is a pair of distinct lines , the associated envelope 
2 is the point of intersection of the lines, taken twice. If S is a repeated 
line, the associated envelope is indeterminate. 

Dually, ifZ is a pair of distinct points, the associated locus S is the 
line joining the points, taken twice. If £ is a repeated point, the 
associated locus is indeterminate. 

Proof. Choose the coordinate representation 3# so that the 
equation of S assumes the form x x x 2 = 0 or x\ — 0 , as the case 
may be. It is then found, on working out the cofactors, that in the 
first case the equation of £ is u\ = 0 and in the second case every 
coefficient in the equation of £ vanishes. 

corollary. A conic locus of rank 2 determines a conic envelope 
of rank 1, but a conic locus of rank 1 determines no conic envelope at all. 

We have now discovered two kinds of degenerate conic, which are 
dual to each other: 

(а) a locus consisting of a pair of distinct lines, with a repeated 
point as the associated envelope; 

(б) an envelope consisting of a pair of distinct points, with a 
repeated line as the associated locus. 



•“> <b) 


In the case of a degenerate conic of type (a) the point-rank 
(rank of S) is 2, while the line-rank is 1. The point-equation deter¬ 
mines the line-equation, but not vice versa. The conic gives rise 
to a linear transformation of points into lines 

u i = ^ a ik*k (t = 0,1,2), 
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but this transformation is singular (|o rs | = 0) and has no inverse. 
Thus the degenerate conic does not define a proper polarity 
of the plane. 

These results may be dualized for the degenerate conic of type (6). 
There is yet a third type (c) of degenerate conic—the repeated 
line and repeated point—which may be regarded as a specialization 
of both (a) and (b). 


(c) 

Both the point-rank and the line-rank of such a conic are 1, and 
neither of the two equations S = 0 and 2 = 0 determines the 
other. 

Exercises 

(i) If 8 is a degenerate conic of type (a), consisting of two distinct lines 
meeting in a point V, show that every point P of the plane, other than V, 
has a unique polar, namely the harmonic conjugate of VP with respect to 
the lines of a, and that the polar of V is indeterminate. Show further that 
every line of the plane which does not pass through V has V for its pole, 
and that the pole of a line through V can be taken to be any point of the 
harmonic conjugate of this line with respect to the lines of s. 

Dualize these results for a degenerate conic of typo (6), and examine also 
the third type (c) of degenerate conic from this point of view. 

(ii) If the equations 

^ — 2 2 A ik u i = 0 , 5 ' = a ik x i x k = 0 

* * ik 

represent respectively a conic envelope of rank not less than 2 and a pair of 

lines, show that a necessary and sufficient condition for the lines of S' to be 
conjugate for X is vv , 

0 = o. 

» k 

§8. Affine Geometry of the Conic 

When we turn to the study of the affine and euclidean properties 
of the conic in the real plane we need to limit the choice of coordinate 
representation to the ‘cartesian’ coordinate systems, in which the 
line at infinity has an invariable equation. For simplicity, we shall 
now denote the point-coordinates and line-coordinates in the 
chosen system by {x,y,z) and {u,v,w), and we shall suppose that 
the equation of the line at infinity i is z = 0. 
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Consider, first of all, a proper conic s, whose point-equation is 

S = (ciyb,c,f,g t hQx,y,z) 2 = 0, 

all the coefficients being real numbers. 

The curve cuts the line at infinity in two points H, K, its points 
at infinity, and their coordinates are given by 

ax 2 -\-2hxy-\-by 2 = 0 = z. 

H , K are real and distinct, coincident, or conjugate complex 
according as h 2 —ab is greater than, equal to, or less than zero; and 
in the three cases s is said to be a hyperbola , a parabola , or an ellipse 
respectively. 

The line at infinity has a pole C with respect to s, and this point 
is called the centre of s. C is conjugate to every point of i and hence, 
provided it is a finite point, it is the mid-point of every chord that 
passes through it. We may accordingly refer to it as a centre of 
symmetry of s. Since both the ellipse and the hyperbola have 
centres of symmetry, these conics are known as central conics. In 
the case of the parabola, for which H and K coincide, the line at 
infinity touches the curve, and its pole C is a point at infinity. 
The parabola therefore has no finite centre. 

The coordinates of the pole of the line (0,0,1) with respect to 
the general conic are ( G , F , C), and these are therefore the coordi¬ 
nates of the centre. If the conic is a parabola, C = ab—h 2 = 0, 
and the centre of the general parabola is the point at infinity 
(0,F, 0). 

The tangents to s at H and K are called the asymptotes of s, and 
they are the lines CH , CK. The hyperbola has real asymptotes, 
whereas the asymptotes of the ellipse are two conjugate complex 
lines. The asymptotes of the parabola both coincide with the line 
at infinity. 

Exercise. Show that the equation of the pair of asymptotes of a may 
be written in each of the following forms: 

(i) S(x,y,z)S{G,F,C)-{S(x,y t z; G,F,C )} 2 = 0, 
where S(x,y,z; G, F, C) is a polarized form; 

a (- Y -5) ! +“( x -5)( y -9 +6 ( r -^) , = 

(iii) *S-f-Az 2 = 0, where A is given a suitable value. 

Any line through the centre of s is called a diameter of s. The 
diameters form a pencil of lines; and since the polars of the points 
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(1,0, 0) and (0, 1,0) are both diameters, the equation of a general 
diameter may be written 



The diameters of a parabola are all parallel. 

If two diameters of s are conjugate lines with respect to s, they 
are called conjugate diameters. 


theorem 18 . Every diameter of a central conic s bisects all chords 
parallel to the conjugate diameter. 



Proof. Let CD, CD be a pair of conjugate diameters, meeting 
* in A D '> and let A B be a chord parallel to CD'. Then A B passes 
through D . Now D is conjugate to C, since it lies on the polar of C, 
and also conjugate to D, since 

{D,D';H,K} = C{D, D'\ H, K} = -1; 

and the polar of D' is therefore CD. If CD meets AB in E, E is 
conjugate to D\ and therefore {E, D'\ A, B] = — 1 . Thus E is 
the mid-point of AB. 

Exercise. Show that the mid-points of all chords of a parabola which are 
parallel to a fixed line lie on a diameter of the parabola. 

If CD, CD are conjugate diameters of a central conic s, and if we 
take C, D, D as vertices of the triangle of reference in an allowable 
representation (i.e. if we take CD, CD' as oblique cartesian 
axes) the equation of the conic may be written non-homogeneously 
in the form a X*+bY* = 1. 

For since the origin is a centre of symmetry the equation can con¬ 
tain no linear terms, and since each axis bisects all chords parallel 
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to the other axis there can be no term in XY. The signs of a and b 
are the same or different according as s is an ellipse or a hyperbola. 

Exercise. Show that if s is a parabola, and wo take as axes of reference 
a diameter and the tangent to s at the unique finite point where it is met 
by the diameter, the equation of s assumes the form Y 2 — 4aX. 

§9. Euclidean Geometry of the Conic 

We now restrict the class of allowable representations still 
farther, by admitting only those affine representations in which 
the absolute points 1 and J (which lie on the line i) have the 
coordinates (l,t,0) and (1,— i, 0) respectively. The allowable 
euclidean representations & E which are thus obtained may for 
convenience be called rectangular cartesian coordinate systems, 
and we may use the ordinary language of coordinate geometry in 
order to describe our present abstract system of euclidean geometry. 

It is often desirable to treat the absolute point-pair as a de¬ 
generate conic Q, for which the envelope is the pair of points and 
the locus is the line at infinity taken twice. The line-equation of 
the absolute conic is then 

H = u 2 -\-v 2 = 0. 

Since two lines are perpendicular if they are harmonic with respect 
to the isotropic lines through their point of intersection, perpen¬ 
dicular lines are simply lines that are conjugate with respect to Q. 

Let us now consider a central conic s. In general s has a unique 
pair of perpendicular conjugate diameters, namely the common 
pair of the involution of conjugate diameters (defined by its self- 
corresponding rays CH, CK) and the orthogonal involution at C 
(defined by its self-corresponding rays Cl, CJ). These special 
diameters are called the principal axes or simply the axes of s. 

The axes of s may be taken as axes of reference for a rectangular 
cartesian coordinate system, and s then has an equation of the form 

aX 2 +bY 2 = 1. (1) 

The axes are uniquely defined except in the one case in which 
the two involutions at C are identical. In this case any two con¬ 
jugate diameters of s are perpendicular, so that the axes of s are 
indeterminate, and we then say that 8 is a circle. Since the line- 
equation corresponding to the point-equation (1) is 

U 2 . V 2 , 
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the conic represented by (1) is a circle if and only if the conditions 

V 


i\3 i\v 2 

a ' b 



and £7i£/ 2 +IiF 2 = 0 

are equivalent; i.e. if a = b. Thus the equation of every circle, 
referred to two perpendicular diameters as axes, is of the form 

= k 2 . 

The right-hand side must be positive if the circle is to have real 
points. 

Exercise. Prove that (i) all the points of a circle are equidistant from the 

centre; (n) a central conic is a circle if and only if it passes through the 
absolute points. 

The conic 5 represented by the equation 

aX 2 -\-bY 2 = 1 

is a circle when the coefficients are equal. When these coefficients 
are equal but opposite in sign we get another special conic with 
interesting properties, the rectangular hyperbola. 

Exercise. Show that (i) a hyperbola is rectangular if and only if its 
asymptotes arc perpendicular; (ii) the general equation 

(<*>b,c,f t g t h\x,y t z)* = 0 , 

referred to an arbitrary rectangular cartesian frame of reference repre¬ 

sents a rectangular hyperbola if and only if a-f 6 = 0. 

theorem 19. The locus of a variable point from which two per¬ 
pendicular tangents may be drawn to a fixed central conic s is a circle 
concentric with s. 

Proof. The theorem may be derived from equation (1) above as 

in elementary coordinate geometry, but we prefer to give the 

following proof because it yields a useful form of the equation of 
the circle. 

Let the equation of s, in some representation &t Bt be 

S = (a,b,c,f,g,h§x,y,z) 2 = 0. 

The equation of the pair of tangents from (x' } y\z') is then 

S(x,y,z)S(x' > y\z , )-{S(x,y,z; x',y',z')} 2 = 0. 

The condition for the lines represented by this equation to be 
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perpendicular is that the sum of the coefficients of x 2 and y 2 is 
zero, and this gives 

(a+6)5(ar',y',z # ) — [ax' + hy' -\-gz')'— (hx +by’ +fz') 2 = 0. 
Introducing the cofactors A , B, C, F , G, H , we may write this equa- 
tion as C(x' 2 +y' 2 )-2Gz'x’-2Fy'z'+(A + B)z'* = 0, 

and the locus of the point (x\y\z') is therefore the circle whose 
non-homogeneous equation is 

C{X 2 +Y 2 )-2GX-2FY+A + B = 0. 

The circle just obtained is known as the director circle of s. 

definition. A point F. is called & focus of a conic s if the isotropic 
lines FI and FJ are tangents to s. The polar of a focus of s is 
called the directrix associated with that focus. 

theorem 20. A central conic has four foci , tu'o of which arc real 
and two conjugate complex. The real foci lie on one axis and the 
complex foci on the other. 



Proof. There are two tangents to s from I and two from J\ and, 
since /, J are conjugate complex points and s has a real equation, 
the first two lines are the complex conjugates of the second two. 
The two pairs of lines meet in four points other than I and J 
—two real points F, F’ and two conjugate complex points G, G\ 
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By the dual of Theorem 4, the diagonal trilateral of the quadri¬ 
lateral formed by the four tangents is self-polar for 5 . Thus, in the 
figure on p. 123, the triangle CXY is self-polar for s. It follows that 
C is the pole of IJ y i.e. the centre of s, and CX, CY are conjugate 
diameters. Further, by the harmonic properties of the quadrangle 
IJG G,{X,Y\ 1,J } = — 1, and CX, CY are therefore perpendicular. 
These two lines are consequently the axes of s ; and this completes 
the proof. 

I he properties of the parabola are unsymmetrical compared 
with those of the central conics, in consequence of the fact that the 
parabola touches the line at infinity. The relation between the 
parabola and the central conics is grasped most easily if we regard 
the parabola as a limiting case of a variable central conic, in which 
the p°i nts H and K coincide. In saying this, we are not introducing 
limiting processes into our formal system; for when once we have 
arrived at properties of the parabola by a continuity argument 
can interpret them as algebraic specializations of the more 
general properties of the central conics. In the limit, then, as H 
and K tend to coincidence: 

(i) C coincides with H and K\ 

(ii) one real focus F remains finite, the other real focus F' 
coincides with C , and the complex foci G , G' coincide re¬ 
spectively with 7, J\ 



(iii) the axis CX remains finite, but CY coincides with i. Thus 
the parabola has only one axis, and only one (real) focus F, 
which lies on this axis. The point at infinity on the axis is 
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the centre C, and the axis cuts the curve in one finite point 
V, which is called the vertex. 

Exercise. Prove that the axis of the parabola and the tangent at the 
vertex are perpendicular. 

If we take the axis and the tangent at the vertex as axes of 
reference, the equation of the parabola becomes 

Y 2 = 4 aX. 

From this equation we may deduce, by familiar reasoning, many 
standard properties of the parabola. Among these is the useful 
result that perpendicular tangents to the parabola always meet on 
the directrix. This is useful because it enables us easily to locate a 
parabola, in relation to the axes of reference, when its equation is 
given. If the equation is (a, 6 ,c,/,< 7 , h §x,y,z) 2 = 0, with C = 0, 
the equation of the directrix is, by Theorem 19, 

2GX+2FY-A-B = 0. 

The focus is then the pole of this line (2G,2F, — A — B ), and its 
coordinates may at once be found. 

EXERCISES ON CHAPTER V 

1. Express each of the following quadratic forms as x r Ax, where A is a 
symmetric matrix: 

S x = 2q+ x ?+ x 2— 2x l x t —2x 9 x 0 + 2x 0 z l ; 

S z = 4x2 + 6x?— 2xl—x l x t — 7x 2 x 0 + 14x 0 x l ; 

S 3 = a:2 + 3x? — 5x|— lx x x t — ISxjXo + SxoXj. 

0 

Show that the ranks of the three forms are 1, 2, 3 respectively. 

Exhibit the locus S x = 0 as a repeated line and the locus S 2 = 0 as a 
line-pair; and find a new allowable coordinate representation in which 
the conic S 3 = 0 has the equation 2/o+2/i + 2/a = 9. 

2. Find the equation of the conic locus determined by the five points 
(1,0,1), (2,0,1), (0,1,1), (0,2,1), (A,A, 1), and the equation of the conic 
envelope determined by the five lines with the same coordinates. Discuss 
the cases, arising for particular values of A, in which the locus is a line-pair 
or the envelope a point-pair. Draw rough sketches to illustrate your results. 

3. Find the combined equation of the pair of tangents from the point 
(1,1,1) to the conic x 2 + 2y 2 -f z 2 -f yz + 3 zx + xy = 0, and obtain the separate 
equations of the tangents and the coordinates of their points of contact. 
Give also the dual interpretation of the algebra in terms of line-coordinates. 

4. Show that, for all values of A, the conic whose line-equation is 

2Au 2 — (2A+A 2 )v*— w 2 -\- 2\wu = 0 

passes through the point (T, 1,1) and through three further fixed points. 
Find the coordinates of these points. 
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5. With the usual notation, prove that the coordinate vectors of (a) the 
polars of the vertices of the triangle of reference and (6) the poles of the 
sides of this triangle for the general conic are the rows of the matrices 

/o h g\ /A H G\ 

I h b f I and I H B F I 

\g f cl \G F C/ 

respectively. 

Show that the point-equation of the conic can be written as 

{A,B,C,F,G,H\x',y’,z')* = 0, 

where = ax + hy+gz, y' = hx + by+fz, z' = gx +fy + cz. 

6. Prove that the lines (u,v, w) and (u',v',w') intersect in a point of the 
conic (a, b, c,f, g,h\x,y,z ) 2 = 0 if and only if 

I a h a u u’ 1 = 0. 


a 

h 

g 

u 

u' 

h 

b 

f 

V 

v' 

g 

f 

c 

w 

w' 

u 

V 

w 

0 

0 

u' 

V' 

w' 

0 

0 


7. Given three linearly independent linear forms L { = UiX +v i y+w i z 
(i = 1,2,3), prove that any conic locus for which the lines L i = 0 form a 
self-polar triangle has an equation of the form L\+\ 2 L\+X z L\ = 0, 
and, conversely, that any equation of this form (in which none of the A, is 
zero) represents a proper conic for which the lines form a self-polar triangle. 

8. Find the equation of the conic envelope for which the points (1,0, 1), 

(0,1,1), (1,1,1) form a self-polar triangle and which touches the lines 
x = 2z and y = 2 z. 

9. If k is a proper conic and XYZ is a given triangle, show that there 
exist, in general, two triangles, inscribed in XYZ, which are self-polar for k. 

Find a condition that must be satisfied by the coefficients in the line- 
equation of k (with XYZ as triangle of reference) in order that there shall 
exist only one such triangle. 

10. The lines joining a point P to the vertices of a triangle XYZ meet 
YZ, ZX, XY in L, M, N ; and the harmonic conjugates of P with respect 
to the pairs of points (X, L), ( Y,M ), (Z,N) are U, V, W. Show that the 
triangle UVW is circumscribed to XYZ, and that there exists a conic 
which touches VW, WU, UV at X, Y, Z respectively. 

11. A conic touches the sides YZ, ZX, XY of a triangle XYZ at L, M, N. 
Show that the three points MN.YZ, NL.ZX, LM.XY lie on a line. If 
the lines joining X, Y, Z to any point of this line meet MN, NL, LM at 
L , M , A , prove that the triangle L'M'N' is self-polar for tho conic. 

12. The line joining the points Q and R, whose coordinate vectors are 
y and z, meets the conic S = 0 in A l and A t . If {A lf A t ; Q, R} = k, prove 

that = (l + t)»5„5„. 

If the point Q and the constant k are fixed, show that the locus of R is a conic 
which touches the given conic at the points of contact of the tangents from Q . 

Give a euclidean interpretation of this result when the points of contact 
are the absolute points /, J. 
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13. Obtain the projective generalization of the theorem that a circle is 
transformed by radial expansion about its centre into a concentric circle. 

14. If k is the conic envelope whose equation is 

(A, B,C, F,Q,H\u,v,w) 2 = 0, 
show that the equation 

Hz'+Cxy- Gyz-Fzx = 0 

represents the locus of a point whose joins to the reference points X and Y 
are conjugate lines for k. Under what conditions does this conic break up 
into a pair of lines ? 

Give a euclidean interpretation of your results in the case when X, Y 
are the absolute points I, J. 

15. Find the centre, asymptotes, and principal axes of the hyperbola 
whose equation in rectangular cartesian coordinates is 

2X 2 -13XF+15Y 2 + 5X-llY + 7 = 0. 

16. Find the coordinates of the centre of the conic whose rectangular 
cartesian equation is X 2 + 4AXY-f 4Y 2 — 2AX + 4F— 3 = 0, and find the 
equation of the locus of the centre as A varies. Discuss the nature of the 
conic for all values of A. 

17. If T = 0 is the equation of a line-pair, show that T can be written as a 
homogeneous quadratic expression in two of the linear forms cT/dx, dTjdy, 
e'Tjdz. 

If S = 0 is the equation of a conic in homogeneous cartesian coordinates, 
find a homogeneous quadratic equation in dS/dx and dS/dy which represents 
the asymptotes of the conic. 

18. Show that the chord of the conic aX 2 + bY z = 1 whose mid-point is 
(X 0 , Y 0 ) is given by the cartesian equation aXX 0 + bYY Q = aXjj + 6Y2- Obtain 
a similar result for the conic (a,b,c,f,g,h,\X, Y, l) 2 = 0. 

19. Show that the chords which join any point of a conic to the ends of 
a diameter are parallel to conjugate diameters of the conic. Give the modi¬ 
fied form of this theorem appropriate to the case when the conic is a parabola. 

20. If the coordinates are rectangular cartesian, show that the line- 
equation of any conic for which the origin O is one focus is of the form 

A(u 2 + v 2 ) + 2Fvw+ 2Gum + Cw 2 = 0; 

and find the equation of the directrix of this conic which corresponds to the 
focus O. 

Obtain also, for the same conic, the equation of the locus of the foot of 
the perpendicular from O on to a variable tangent (the auxiliary circle of 
the conic). Discuss the case when the conic is a parabola (C = 0) showing 
that the locus in question is then the tangent at the vertex. 

21. Obtain the equation of the line at infinity in trilinear coordinates 
and also in areal coordinates. 

If the lengths of the sides of the triangle of reference for trilinear co¬ 
ordinates are a, 6, c, and the angles of the triangle are A, B,C, show that the 
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equation of the circumcircle of the triangle is ayz + bzx + cxy = 0. Deduce 
that the equation of the point-pair ( I,J) in trilinear coordinates is 

Q == u 2 + v 2 + w 2 — 2vwcosA — 2umcosB— 2uvcosC = 0, 

and obtain the corresponding equation in areal coordinates. 

22. XYZ is the triangle of reference for a system of areal coordinates, and 
a conic k touches XY, XZ at Y, Z respectively. If the line ux+ vy + wz = 0 
is an asymptote of A - , prove that 2 vw = vm-\- uv; and show that the equation 
of the other asymptote is 2x/(v + w) + y/v + z/w = 0. Show that the asymp¬ 
totes of all conics such as k envelop a parabola which touches the sides of the 

triangle of reference, and that the point of contact of the parabola with YZ 
is the mid-point of YZ. 

23. If the absolute points /, J are given, in terms of a general system of 
projective coordinates, by the equations 

^ 2 + */ 2 + z 2 = 0 = px -f qy -j- rz, 

find the condition for the lines (u,v,w) and (u',v',w') to be perpendicular. 

If a rectangular hyperbola passes through the mid-points of the sides of a 
triangle ABC and meets the sides again in P, Q, B, prove that AP, BQ, CR 
are concurrent in a point of the circumcircle of the triangle. 
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FURTHER PROPERTIES OF CONICS 

In Chapter V we laid the foundations for a systematic treatment 
of the projective geometry of the conic, and showed also how the 
affine and euclidean properties of conics find a natural place in the 
scheme. In this chapter we shall develop the theory in greater 
detail, and it will be part of our purpose to prove a number of well- 
known geometrical properties of conics, such as, for example, 
Pascal’s Theorem. 

The reader should by this time be fully conversant with the 
relationship between the different geometries of the projective 
hierarchy, and he should be able from time to time to change his 
point of view without losing sight of the logical structure of the 
system as a whole. Our principal object of study, he will under¬ 
stand, is projective geometry over the complex field; but by con¬ 
sidering only real points as actual and properly complex points 
as ideal, and by suitably restricting the class of allowable coordi¬ 
nate representations, we can treat affine or euclidean space as a 
specialization of complex projective spacfe. Up to the present we 
have been careful to maintain a clear separation between the 
different kinds of space, but from now on we shall allow ourselves 
greater freedom, dealing for the most part with projective space, 
but permitting digressions into more special spaces whenever these 

seem appropriate or illuminating. 

Let us turn back again now to the complex plane, i.e. to a pro¬ 
jective space S 2 over the field K of complex numbers. 

§1. Special Forms of the Equation of a Conic 

We saw, on p. 104, how the equation of a conic may be put in a 
simple form by taking an inscribed triangle as triangle of reference. 
There are several standard ways in which the representation of the 
conic may be simplified by special choice of the frame of reference, 
and it will be convenient to collect these together at this point. 

Case 1: when the triangle of reference is an inscribed triangle. 

The point-equation of the conic, as we have seen, takes the form 

a u * 2 + a 20 *2 *o-h a oi *o x i = 0* 

K 


6304 
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The corresponding line-equation, found by evaluating the various 
cofactors, is 

G i 2 ^o+ G lo u \+ a l\ 2a 20 a 01 u x u 2 —2a 01 a 12 u 2 u 0 — 

2fl 12 ^20 U 0 W 1 = 0 . 

Case 2: when the triangle of reference is a circumscribed triangle. 

Case 2 is dual to Case 1, and the equations are therefore of the 
forms 

A\2Xq-\-A 20 x\-\-A1 1 x\—2A 20 A qi x 1 x 2 —2A 01 A 12 x 2 x Q — 

2A 12 A 20 x 0 x 1 = 0, 

and ^ 12 ^ 1^2 + ^ 20^0 + ^01 ^ 0^1 = 0 . 

Case 3: when the triangle of reference is self-polar. 

The point-equation is easily found to be 

G 00 X 0 + G 11 ^1 + G 22 x \ = 0 , 
and the corresponding line-equation is 

G 11 G 22 ' M 0 + Cf 22 G 00' M 1+ G 00 G 11 ^2 = 0 . 

If Q 0 o> °n> G 22 are non-zero, the latter equation may be written 


00 


a 


li 


22 



The familiar equation aX 2 -\-bY 2 = 1 is of this type, and we have 

already seen directly that the corresponding triangle of reference 
is self-polar. 

Case 4: when the triangle of re- 
■*° ference consists of two tangents and 

their chord of contact. 

The point-equation reduces to the 
form 

Xi = kx 2 x Q, 

and the corresponding line-equation is 

ku\ = 4u 2 u 0 . (Note the factor 4.) 

Special instances of this are the equation of the parabola in the 
form Y 4 aX and the equation XY = c 2 of the hyperbola re¬ 
ferred to its asymptotes as cartesian axes. 

Case 5: The canonical equation. 

Suppose that in addition to choosing the triangle of reference 
as in Case 4 we also choose some point of the conic as unit point. 
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Then k = 1 , and the point-equation assumes the canonical farm 

x\ = x 2 x 0 . 

This form gives rise to a most important parametric representa¬ 
tion of the conic locus. The equation may be written 



and hence if xjx 2 = 9 then x 0 /x 2 = 9 2 . Thus 

x 0 :x l :x 2 = 9 2 :9 :1. 

This is the canonical parametric representation of the proper conic, 
and it is especially easy to handle since it involves only polynomials 
in the parameter—indeed the simplest possible polynomials that 
can be linearly independent. The reader may compare the repre¬ 
sentations {at 2 , 2at) for the parabola and {ct, c/t) for the rectangular 
hyperbola. The real importance of the canonical representation 
resides, however, not so much in its ease of manipulation as in its 
theoretical significance. This will become clear very shortly; but 
before taking up this question we shall obtain one or two useful 
algebraic results. 

Let (0j), (0 2 ) be two distinct points of the conic. Then the 
equation of the chord joining them is 


Xq Xy X 2 

d\ 9y 1 

9\ 0 2 1 



i.e. x o —{6 1 -\-9 2 )x 1 -\-0 1 6 2 x 2 = 0, since 9y—9 2 ^ 0. 

Letting 9 2 tend to 0 lt we obtain the equation of the tangent at 

(flj) in the form x 0 -28 l x l + 8\x 2 = 0 . 


This equation is obtained here by a limiting process, but we may 
now verify at once that the line represented by it does in fact meet 
the conic in the point (flj) taken twice. 

In the canonical parametric representation, the coordinates of a 
general point of the conic are proportional to quadratic polynomials 
in the parameter 9, and these polynomials are chosen as simply as 
possible—namely as 9 2 , 9, and 1. If, however, we were to take a 
curve represented by general quadratic polynomials in the para¬ 
meter, we should still obtain only a conic. 



132 


FURTHER PROPERTIES OF CONICS 


VI, §1 


*0 = °00^“-f' a 01 ^H _G: 02» 

X l — a i0^ 2 + a il ^ + °12» 

X 2 — a 20& 2 ~^~ a 2lO~\~ a 22 

be parametric equations of a curve c, the three polynomials being 
linearly independent. Then |o rs | 0, and we may solve the three 
equations for the ratios 0 2 :9: 1, obtaining the result 

02:0:1 = (A 00 x 0 +A 10 x 1 +A. 20 x 2 )-.(A 01 x 0 +A ll x 1 +A 2l x 2 ): 

Since \A„\ = |a rs | 2 ^ 0, the three linear forms on the right are 
linearly independent, and may be taken as new coordinates 
x Qy x ly x 2 . The curve c then has the parametric representation 

x ' 0 : x[: x 2 — 6 2 :9: 1. 

The canonical representation (9 2 ,9, 1) of the proper conic is a 

proper parametric representation of the curve, in the sense that it 

sets up a (1,1) correspondence between the points of the curve 

and the values of the parameter. A representation such as 

#• 

x 0 :x 1 :x 2 = 

for example, would not satisfy this requirement, since there would 
be two values of <f> corresponding to each point. When a curve 
admits of a proper parametric representation by polynomials with 
coefficients in the ground field K, it is said to be rational ; and it 
has the property that its points can be put into (1,1) correspon¬ 
dence with the points of a line by means of polynomials (or, if the 
coordinates are non-homogeneous, by means of rational functions). 
The proper conic is therefore a rational curve. 

§ 2. The Proper Conic as a One-dimensional 

Projective Domain 

We return in this section to the theoretical significance of the 
canonical parameter 9. As we shall now see, a proper conic locus 
x i — x 2 x o h as fh e structure of a one-dimensional projective domain 
S ly and 9 is an allowable parameter for this domain. In order to 
show this, we need to consider certain homographic correspondences 
that are associated with the conic. 

theorem 1. The pencils which project the points of a proper 
conic s from any two fixed points of s are homographically related. 
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Proof. Take the fixed points as X 0 and X 2 in a canonical repre¬ 
sentation of s , so that 0 = oo at X 0 and 0 = 0 at X 2 . Let P be a 
general point (0 2 ,0,1) of s. 

The equations of X 0 P and X 2 P are respectively 

x 1 — Ox 2 = 0 and x 0 —6x x = 0, 

and the two lines therefore describe homographic pencils as 0 
varies. 

THEOREM 2 ( Chasles's Theorem). If P v P 2 , P 3 , P, are four points 
of a proper conic s , and V is any fifth point of s , then the cross ratio 
F{P 1 ,P 2 ; P 3 ,P 4 } is the same for all positions of V. 

Proof. Theorem 2 is an immediate consequence of Theorem 1. 

definition. The cross ratio F{P 1 ,P 2 ; P 3 ,P 4 } is called the cross 
ratio of the two pairs of points (P^P,) and (P 3 ,P 4 ) on the conic , 
and it is denoted by {P V P 2 \ P 3 ,PJ. 

Since 0 is a projective parameter for the pencil X 0 (P), we have 

-^3> ^4} = -^o{^l>^2> -^3> ^4} = ^3> ^4}> 

where 0 < is the parameter of P { {i = 1,2,3,4). Thus the cross ratio 
of any four points of s , taken in a definite order, is equal to the cross 
ratio of their parameters. 

theorem 3. Any three distinct points X 0 , X 2 , E of s define a unique 
canonical representation (0 2 ,0,1) in which they have the parameters 
00 , 0, 1 respectively. 

Proof. If X x is the pole of X 2 X 0 , the four points X , X v X 2> 
E define a unique representation 3% of the plane, and in this repre¬ 
sentation the equation of s has the canonical form x\ = x 2 x 0 . 
We thus obtain a parametric representation (0 2 ,0,1) satisfying the 
stated conditions. 

corollary 1. If 0 is the parameter of a variable point P of s, in 
the representation just defined , then 0 = {E, P; Jf 0 ,X 2 } on s. 

For {E } P; X 0 ,X 2 } = {l,0;co,O} = 0. 

corollary 2. If 8 is represented parametrically by equations 
x 0 :x 1 :x 2 

= (a 00 6 2 +a 0l e+a m ) : (a 10 8 2 +a n 0+<z 12 ): (a 20 0 2 +a 21 0+a 22 ), 
where \a ra \ ^ 0, and if P < has parameter 9 { ( i = 1,2,3,4) then 

{P\*Pz* ^ 3 > ^ 4 } == ^ 3 *^ 4 }* 
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For, as has been shown on p. 132, 6 is a canonical parameter in a 
suitably chosen representation. 

theorem 4. The projective geometry of S 2 induces a subordinate 
one-dimensional projective geometry on every proper conic locus s. 

Proof. Let X 0 , X 2> E be three chosen points of < 5 . These points 
define a canonical representation of s; i.e. a representation of the 
points of s in terms of a single non-homogeneous parameter 6 or a 
pair of homogeneous parameters {X,p) with X/p = 6. Since 

6 = {E,P-,X 0 ,X 2 } 

on 5 , the assignment of the values of the parameter is invariant over 

any change of the underlying allowable representation of S 2 , 

and it therefore forms part of the projective geometry of S 2 . We 

ha\ e only to show, then, that the class of canonical representations 

°f s * s full class of allowable representations of a one-dimensional 

projective domain. 

Suppose a second canonical representation is defined by the 
points -Xq, X 2 , E '. Then, in this representation, 




and 6' is therefore related to 6 by a bilinear transformation. This 
transformation must be non-singular, since 0' is variable with 6. 

Now suppose, conversely, that a new parameter 0' is defined 
algebraically by the transformation 


Then there are three points X’ t , E‘ whose new parameters 6' 

are respectively co, 0 , 1 ; and, since cross ratio is invariant over non- 
singular bilinear transformation, 





= {l,0j>;oo,O} 



Therefore 6 is the parameter in the canonical representation 
defined by X 0f X 2 , E . This completes the proof of the theorem. 
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It will be observed that our definition of cross ratio on the conic 
is related to the canonical parameter 6 in such a way that the cross 
ratio we have defined is the cross ratio that occurs in the subordinate 
one-dimensional geometry just referred to. 

The results which have been obtained for the proper conic locus 
on the preceding pages may all be dualized, and we have the 
following theorems for the proper conic envelope. 

theorem 5. The ranges which are intercepted by the lines of a 
proper conic s on any two fixed lines of s are homographically related. 

theorem 6. If p v p 2 , p 3 , p A are four lines of the proper conic s, 
and v is any fifth line of s, then the cross ratio v{p v p 2 \ p 3 ,p 4 } is the 
same for all positions of v. 

definition. The cross ratio v{p r ,p 2 , p 3 ,p A ) is called the cross 
ratio of the two pairs of lines {p v p 2 ) and {p 3 ,p A ) on the conic, and 
it is denoted by {p^p 2 \p^p^- 

theorem 7. Any three distinct lines x 0 , x 2 , e of s define a unique 
canonical representation u 0 :u 1 :u 2 = 6 2 :6:l of the conic envelope , 
in which they have the parameters 00 , 0, 1 respectively. 

theorem 8. The projective geometry of S 2 induces a subordinate 
one-dimensional projective geometry on every proper conic envelope s. 

Every proper conic s gives rise to two subordinate one-dimen¬ 
sional geometries, one for the locus and one for the envelope. As 
might be expected, these two geometries are finked together; 
and we now establish the linkage by means of the three theorems 
which follow. 

theorem 9. If (P) is a range of points and p is the polar of P with 
respect to s, then , as P varies, p generates a pencil of lines, and the 
range (P) and the pencil ( p) are homographically related. Dually , 
if (p) is a pencil of lines and P is the pole of p with respect to s, then , 
as p varies, P generates a range of points, and the pencil (p) and the 
range (P) are homographically related. 

Proof. Let P v P> have coordinate vectors x (1) , x (2) . Then, by the 
linearity of the condition for conjugacy of two points, if the polars 
of P 1 and P 2 are represented by u (1) and u (2) , the polar of the general 
point P, given by x (1) -f 0x (2) , is represented by u (1) -j-0u (2 >; and this is 
sufficient to prove the theorem. 
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theorem 10. If P is a variable point of s and p is the tangent at P, 

then there is a homographic correspondence ( P ) A (p) between the locus 
and the envelope of s. 



Proof. Take a fixed point V of s, and let v be the tangent at V. 
II p meets v in the variable point Q, then 

(P) A V(P) 

A ( Q ) (Theorem 9) 

A (P). 

theorem 11 . The cross ratio of any four points of s, taken in a 

cjini e or er, is equal to the cross ratio of the four tangents at these 
points, taken in the same order. 

Theorem 11 is an immediate consequence of Theorem 10. Taken 
m conjunction with Theorem 2 and Theorem 6, it gives a more 
complete form of Chasles’s Theorem. 


§3. Projective Generation of the Conic 

™ E °p E r 12 (*«»«•’« Theorem). The locus of the point of inter- 

A , p? 71 corresponding rays of two homographically related pencils 

A (Pand B(P) i3 « conic 3 whlch m ^ A ^ R ' 

. 6 < * rn °9 r * l P' y 25 not a perspectivity, s is a proper conic, and 

BA through B ** ^ ^ t ^ lrou ^ ^ uohich corresponds to the ray 

^ omo 9 r *fVhy is a perspectivity, s is a degenerate conic, made 
up of the axis of perspective and the line AB. 



Proof, (i) Suppose the pencils are not in perspective. ThenJ^ 
oes not correspond to BA, and the ray through B which corresponds 
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to AB through A and the ray through A which corresponds to 
BA through B meet in a point C which does not lie on AB. We 
may therefore take ABC as triangle of reference. The equations 
of a general pair of corresponding rays may then be written as 

x 1 —dx 2 = 0 and x 0 —8 , x 1 = 0, 

and, since (0,0) and (oo,oo) are corresponding pairs of parameters, 
the relation between 8 and O' is of the form 8’ = k8. Eliminating 
8 and 8' between the three equations just given, we have the 
equation of the locus of P in the form 

kx\ = x 2 x 0 . 

The locus is therefore a proper conic through A and B, which 
touches AC at A and BC at B. 

(ii) Suppose the pencils are in perspective. Then AB is a self- 
corresponding ray, and every other pair of corresponding rays meet 
on the axis of perspective. Since every point of AB is a point 
of intersection of the pair {AB, BA), the complete locus consists 
of the axis of perspective and the line A B. 

Exercises 

(i) Verify the second part of Theorem 12 algebraically, by taking AB 
as one side of the triangle of reference and a pair of corresponding rays as 
the other two sides. 

(ii) Deduce Theorem 19 of Chapter V from Theorem 12 by taking I and J 
as A and B. 

(iii) A variable triangle is drawn so that its sides YZ , ZX, XY pass 
respectively through three fixed points A, B, C. If Y and Z lie on fixed 
lines, show that the locus of X is, in general, a conic. When does this locus 
reduce effectively to a line ? 

theorem 13 (Dual of Theorem. 12). The envelope of the line p 
which joins corresponding points of two homographically related 
ranges a(p) and b[p) is a conic s which touches a and b. 

If the homography is not a perspectivity, s is a proper conic, and its 
point of contact with a is the point of a which corresponds to the point 
ba of b. 

If the homography is a perspectivity, s is a degenerate conic, made 
up {as an envelope) of the vertex of perspective and the point ab. 

§4. Homogbaphic Correspondences on a Conic 

The existence of a one-dimensional projective geometry on every 
proper conic locus and conic envelope makes possible an immediate 
application to the conic of all the results obtained in Chapter III. 
In particular, we have a theory of homographic correspondences 
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on the conic. In this section we shall deal only with the conic locus, 

leaving to the reader the formulation of the dual properties of the 
conic envelope. 

The one-dimensional projective geometry on a conic locus a is, 
of course, identical (or at least isomorphic) with the one-dimen¬ 
sional geometry of £„ and if we were considering the two systems 
in isolation there would be little point in stating the same results 
over again The situation is quite different, however, when we 
think of the conic or the projective line as embedded in the pro- 
jective plane S v with its geometry subordinate to the two-dimen¬ 
sional geometry of S 2 . The projective properties of the submanifold 
are bound up with the projective properties of the whole plane, 
and this connexion gives them increased significance. We have 
already seen that there are interesting incidence constructions 
mvolving homographies on the projective line, and we shall soon 
see that there are constructions of a similar nature for homo- 

® ° n * C 'i con * c ' man y cases the latter constructions turn 

out to be simpler than the former, so that, in a sense, projective 

geometry on a conic (in the projective plane) is simpler than 
projective geometry on a line. 

Involutions on a conic 

The above remarks are illustrated in a striking manner by the 
following construction for the general involution on a conic 

_ 5 i S ° pr0per COnic and Viaa point which does 

on * r S \ 6 1 %neS P enc ^ whose vertex is V cut an involution 

,i onie ’’ se y> r - ler y involution on s is generated by chords which 
pass through a fixed point. 

f a canonical representation of s, and consider a 

general parr of points P, P', with parameters 8, 8'. 

wJch Z n “„^ t0 ^ thr ° Ugh a P ° int F( “°' 

a > e9 '~ a ' {d+e ')+ a o = 0 (af a 2 a 0 # 0); 

and the condition for (P, P>) to be a pair of a fixed involution r 
may be written 

aee ’+b{9+d')-\-d = 0 (ad—b 2 # 0). 

These conditions are of exactly the same form, and there is there- 

ore a , correspondence between points of concurrence V and 
involutions r. 
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Remarks 

(i) The point V is called the vertex of the involution r. The united 
points of t are the points of contact of the tangents from V to s , i.e. 
the points in which 5 is met by the polar of V. 

(ii) It follows at once from Theorem 14 that two involutions on s 
have a unique common pair, the pair of points in which s is cut by 
the line joining their vertices. Thus the second part of Theorem 16 
of Chapter III is trivial for involutions on a conic. This illustrates 
the way in which homographies on a conic are often simpler to 
deal with than homographies on a line. 

corollary 1. Tu'o chords of s are conjugate if and only if they 
meet s in harmonic pairs of points. 

Proof. Let A B and CD be conjugate chords of s. Then the pole 
of^J5 lies on CD, and therefore ( C,D) is a pair of the involution 
whose united points are A and B. Hence {A, B\ C,D) = — 1 on s. 
The converse follows by reversing the argument. 

corollary 2. Two involutions on s commute if and only if their 
vertices are conjugate points. 

Proof. Let r t (i = 1,2) be an involution, with united points 
M it N { and vertex V { . 

Then, by Theorem 18 of Chapter III, r 2 = t 2 t x if and only if 
M 2 ,N 2 } = — 1, i.e. if and only if M 1 N 1 and M 2 N 2 are con¬ 
jugate lines. Since M l N l and M 2 N 2 are the polars of \\ and V 2 , 
this is equivalent to the condition that ^ and V 2 are conjugate points. 

corollary 3. If r lt r 2 , r 3 are three involutions on s, related in the 
manner described in the corollary to Theorem 18 of Chapter III— 
i.e. so that the product of any two of them , in either order , is the third — 
then the triangle formed by their vertices is self-polar for s. 


/ 



corollary 4. If ABC is a triangle , inscribed in a proper conic s, 
then any line through the pole of BC meets AB and AC in points 
conjugate with respect to s. 
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Proof. Let a line through A', the pole of BC, meet AB, AC in 
U, V respectively and s in X, Y. Since the line is conjugate to BC, 

{B, C\X,Y} = — 1 on s, 

and therefore 

{U, V;X,Y} = A{U, V; X, 7} = {B, C;X,Y}=- 1. 

U and V are thus conjugate points. 

Exercise. Interpret Corollary 4 as a euclidean theorem by taking B 
and C as absolute points I and J. 

From the general theorems that have now been proved many 
standard properties of conics may be deduced. In order to illustrate 
the method we shall establish the following well-known property 
of the parabola: Tangents to a parabola, drawn at the ends of a focal 
chord, meet at right angles on the directrix. 



Let k be the given parabola, with focus F and directrix/, and let 
/ meet k in D and D’ . Let PQ be a focal chord, and let the tangents 
at P and Q meet in T. Then since PQ passes through F, the pole 
of/, PQ and/are conjugate lines; and / therefore passes through 
the pole of PQ, i.e. T. Thus the tangents at P and Q meet on the 
directrix /. 

Now let the polars of all points be denoted, as usual, by the 
corresponding small letters, and let the points in which p and q are 
met by i be denoted by P' and Q' . Then, since PQ and DD' are 
conjugate lines, {P, Q\ D, D'} = — 1 on k (Theorem 14, Corollary 1). 
It follows that {p,q\ d,d'} = -1 on k (Theorem 11); and hence, 
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taking the section by the tangent i, {P', Q'\ /, J) = — 1- We have, 
therefore, T{P',Q'; /, J} = -1, and the tangents TP' and PQ' 

are accordingly at right angles. 

The Cross Axis Theorem for the conic 

THEOREM 15. If vr is a homography on s , the point of intersection 
P Y P / 2 .P 2 P x of a variable pair of cross joins lies on a fixed line , namely 
the line joining the united points , distinct or coincident , o/ to-. 

Proo/. (i) Suppose vr has distinct united points M and N. If 
we take these as X 0 and X 2 in a canonical representation of 5, the 
equation of -nr becomes 6' = k9. The lines joining the pairs (9 V k9 2 ) 
and (0 2 , k9 1 ) are then given by 

x 0 -(9 1 +k9 2 )x 1 +kd l 9 2 x 2 = 0 

and x o —( 02 "H^i)* r i - ^^i^ 2 a: 2 = 

Subtracting the first of these equations from the second, we have 

(0i-0 2 )(l-*)*i = °> 

and the point of intersection of the cross joins thus lies on the line 
aq = 0, i.e. MN. 

(ii) Suppose to- has coincident united points M . If 3/ is taken as 
X 0 in a canonical representation of 5, the equation of xzr becomes 

Q' = 0+a. 

The lines joining the pairs (6 V 0 2 -\-ct) and (02>^i"b a ) are ^en 
given by x^e^e^x^e^e^^ = 0 

and x 0 — (9 1 -\-9 2 -\-a)x 1 -\-d 2 {9 l -\-oc)x 2 = 0. 

Subtracting, we have oc(9 l —9 2 )x 2 = 0; 

and the point of intersection of the cross joins thus lies on the line 
x 2 = 0, i.e. the tangent at M. 

Remark. In view of the results just obtained, the line joining 
the united points of tzr is called the cross axis of tb. 

COROLLARY. If {A, A') is a fixed pair of corresponding points of 
vr and (P, P') is a variable corresponding pair , then the pencils 
A{P') and A’{P) are in perspective , with the cross axis of vr as axis of 

perspective. 
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Some incidence constructions 

Like the Cross Axis Theorem (Theorem 15) of Chapter IV, the 
theorem that we have just proved gives rise to a number of interest¬ 
ing incidence constructions, and we shall now consider a few 
typical problems that can be solved with its aid. 

problem 1 . Given three pairs of points on a conic s , to find the 
united points of the homography which they determine. 

Using the three given pairs, we have only to put in two pairs of 
cross joins and join their points of intersection. The line so obtained 
cuts s in the required united points. (If the construction is actually 
carried out in the euclidean plane it need not, of course, lead to real 
points of intersection.) 

Having constructed the cross axis of the 
homography determined by the three given 
pairs, we may now use it to find the point 
that corresponds to any arbitrary point of 
the conic. 

problem 2. Given two pairs of points on 
the conic s , to find the united points of the 
involution which they determine. 

If the given pairs are (P lf Pi) and (P 2 , Pi), we 
need only apply the previous construction to 
the three pairs (P^ Pi), (P 2 , Pi), and (Pi,P 2 ) 
(see figure). 

problem 3. To construct the polar of a given point V. 

The polar of V is the cross axis of the involution whose vertex 
is V. We accordingly draw two chords P l Pi and P 2 Pi through V, 
and then apply the previous constructipn to the pairs (P 1} Pi) 
and (P 2 , P 2 ). It will be seen that this amounts simply to using the 
quadrangle construction to find two points that are conjugate 
to V with respect to s. 

Remarks 

(i) The above constructions involve three geometrical operations 
only: (a) drawing a line through two given points, (6) finding the 
point of intersection of two given lines, (c) finding the two points of 
intersection of a line with a conic that is supposed to be already 
drawn. In the euclidean plane the constructions can be carried out 
with the straight-edge alone; but since (c) is a quadratic operation, 
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constructions which involve it do not necessarily lead to real points 

of intersection—i.e. they may fail. 

(ii) If we require to find the united points of a homography on a 
line, we can proceed as follows. We first draw an arbitrary conic 
(in the euclidean plane a circle will do) and, choosing an arbitrary 
vertex T r on it, we project the line on to the conic from I\ After 
finding the united points of the homography on the conic—a 
problem of type 1 above—we have only to project back on to the 

line. 

The problem of finding united points is a quadratic problem, 
and we cannot solve it for the line by means of the straight-edge 
alone, since this only allows us to perform linear operations. When 
we are given a conic, however, we have a quadratic locus at our 
disposal, and the quadratic problem is then soluble by means of 
the straight-edge, as we have seen. 

Pascal’s Theorem 

THEOREM 16 {Pascals Theorem). A conic can be drawn to pass 
through the vertices of a given hexagon if and only if the points of 
intersection of the opposite sides of the hexagon are colhnear. 

Proof. Let A lt A 2 , A 3t A 4 , A s > A 6 , in 
this order, be the vertices of the given 

hexagon. 

(i) Suppose the hexagon is inscribed in 
a conic s. Then the three pairs {A ly Af), 

(A s ,A 2 ), {A 3 ,A 6 ) determine a homography 

m on s; and the three pairs of cross joins 

(A,A 6 ,A 2 A 3 ), (A^AeAJ, which are simply the 

pairs of opposite sides of the hexagon, meet on the cross axis of m. 

(ii) Suppose, conversely, that the three points A 1 A 2 .A 4 A 5 , 
A A .A 2 A 3 , A 3 A 4 .A 6 A 1 all lie on a line l. A lt A 2 , A 3t A 4 , A 5 
determine a unique conic s, which meets A 6 A y in A' e , say.. Then, by 
(i), the three points A 1 A 2 .A 4 A 5 , A 5 A' 6 .A 2 A 3 , A 3 A 4 .A G A 1 on 
a line l'. But the first and the third of these points already lie on /, 
and V therefore coincides with l. A 5 A 6 and A 5 A 6 then both meet 
A 2 A 3 on Z, and hence A ' 6 coincides with A 6 . The six vertices of the 
hexagon therefore all lie on the conic s. 

corollary {Brianchon's Theorem). A conic can be drawn to 
touch the sides of a given hexagon if and only if the lines joining the 
pairs of opposite vertices of the hexagon are concurrent. 
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Exercises 

(i) Investigate what becomes of Pascal’s Theorem in the following special 
cases: 

(а) when the vertices of the hexagon coincide in pairs; 

(б) when .the circumscribing conic is degenerate. 

(ii) If A, B, C, D, E are five general points in the plane and l is a line 
through A, show how to construct, by use of the straight-edge alone, the 
second point in which l is met by the conic determined by A, B, C, D, E. 
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Generation of a homography on a conic 

theorem 17. If vj is a homography on a conic s, with distinct 
united points M , N, it may be resolved into a product of two involutions 
Tj, r 2 with vertices V v V 2 on MN. V 1 may be chosen arbitrarily on MN, 
and V 2 is then uniquely determined. 

Proof. The theorem follows im¬ 
mediately from Theorem 17 of 
Chapter III. It may also be proved 
independently as follows. 

Choose some pair (P, P') of vr. 
Then vr is determined by the three 
pairs (M, M), (N, N), (P, P'). Now choose a point V ± arbitrarily 
on MN, and let PV X meet s a second time in P v Let P x P' meet 
MN in V 2 . Then, if r v r 2 are the involutions on s whose vertices 
are V x and V 2 , r 2 t 1 is a homography which has (M, M), (N,N) t 
(P, P') as corresponding pairs, i.e. the homography w. 

corollary. With the notation of the theorem , {M , N; V v V 2 } is 
equal to the modulus of vr. 

For {M,N- V v V 2 } = P,{M, N; V v FJ 

= {M,N; P, P'} on 5. 

theorem 18. If (P, P') is a variable pair of a homography vr 
on a conic s, the envelope of the line PP' is a conic which touches s at 
the united points of vr (or has four-point contact with s if the united 
points are coincident). 

Proof, (i) Suppose xcr has distinct united points M, N. If we 
take these points as X 0 and X 2 in a canonical representation of s, 
a general pair (P, P') of w is given by (9, k9)\ and the coordinates 
of the line PP' then satisfy the relations 


— (0+M) k9 2 
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Eliminating 0, we have 



_ f *i \ 2 

ku 0 \ (1-fArKl ’ 

* ( 1 + fc) 2 

u\ = ^ - U 2 U 0 \ 
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and this is the condition for PP' to envelop a conic which touches 
X 0 X 1 and X 2 X x at X 0 and X,, i.e. a conic which touches s at 

M and N. . 

(ii) Suppose vr has united points which coincide at M. I hen, 

using the canonical form 0' = 0-f« for w, we obtain as the line- 
equation of the envelope of PP' 

(xHlq — u\-]-^u 2 Uq — 


The associated point-equation is 

4tx\+ohc*—4x 2 x 0 = 0, 

i.e. xf-x 2 x 0 + ^x 2 2 = 0; 

and this represents a conic having four-point contact with s at M 
(see p. 160). 

THEOREM 19. If 8' is a conic, having double contact with 8 at M 
and N, there exists a homography xuons, with M, N as united points 
such that if a tangent to s’ cuts s in P and Q, then either Q — wP 

or P — nrQ- . . 

If 8' has four-point contact ■with s at M, then there exists a homo¬ 
graphy m on s, with its united points coincident at M, having a 

similar property. 

Proof. We prove the first part of the theorem only, leaving the 
second part to the reader. 

Taking a canonical representation of s, with M, N as X 0 , X 2 , 
we can put the point-equation of s and the line-equation of s' in 

the forms 

S = x\—x 2 x 0 = 0, S' = u\—\u 2 u 0 = 0. 

If 0, 0' are the parameters of the*ends of a chord of s which touches 
s’, then (_0_0')2-A.1.00' = 0, 

0'2 + (2_A)00'+0 2 = 0, 

L 


i.e. 

6304 
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for a suitable value of y. 

Thus either Q — mPovP = vtQ, where w is the homography on 
s whose equation is d' = yO. 

Theorem 18 and Theorem 19 together characterize completely 
the generation of homographies on a proper conic. The reader 
should examine how the earlier results concerning involutions 
(Theorem 14) fit into this more general scheme. 


§5. Applications of the Theory of Homographic 

Correspondences on a Conic 

The theory of homographies on a conic and their geometrical 
generation is interesting in itself, and in addition it provides a 
powerful means of proving well-known theorems in the projective 
geometry of the conic. We shall now establish some typical 
results of this kind. In this section the term ‘conic’ will continue 
to be used, for the most part, to mean ‘proper conic locus’. 

theorem 20. If the six vertices of two triangles all lie on a conic, 
then the six sides of the triangles all touch a conic, and conversely. 

Proof. Let ABC, A'B'C' be two triangles, both inscribed in 

the same conic s; and let A' B', A'C' 
meet BC in P, Q, and AB, AC meet 
B'C' in P', Q'. Then 

(P,Q,B,C) A A'(P, Q, B, C) 

7kA'{B',C',B, C) 

A A(B',C',B, C) 

A (B',C',P',Q'), 

and the four joins PB', QC', BP', CQ ' therefore all touch a conic 
which touches B'C' and BC. This proves the direct theorem, and 
the converse follows by duality. 

Exercise. Deduce that if a triangle is circumscribed to a parabola its 
circumcircle passes through the focus of the parabola. 

theorem 21. If one triangle exists which is inscribed in a given 
conic s and circumscribed to a second given conic s', then an infinity of 
such triangles exists, and one vertex may be chosen arbitrarily on s. 
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Proof. Let ABC be the given triangle, inscribed in 5 and circum¬ 
scribed to 5 '. Take a point P arbitrarily on 5, and draw the two 

tangents from P to s\ cutting s 
again in Q and R. Then, since the 
triangles ABC and PQR are both 
inscribed in s , their six sides all 
touch a conic. But five of these 
sides touch s', which must there¬ 
fore be the conic so defined. Thus 
QR also touches s’. 



The problem of constructing proper triangles that are both in¬ 
scribed in one given conic , and circumscribed to another given 
conic s' has, in general, no solution; but if s and s happen to be 
suitably related it has an infinity of solutions. If the conics are 
related in this special way, s is said to be triangularly circumscnbed 
to s' and s' triangularly inscribed in s. A problem of this kind which, 
instead of having a finite number of solutions in every case (as 
consideration of degrees of freedom would lead us to expect) has 
either no solution at all or else an infinity of solutions is said to be 
poristic. Theorem 21 is the simplest case of Poncelet s Ponsm 

(Theorem 4 of Chapter VIII). 

theorem 22. If two triangles are both self-polar with respect to a 
given conic, then their six vertices lie on a second conic and their six 

sides touch cl third conic. 


Proof. Let A BC, A'B’C be two triangles, both self-polar for the 

same conic s, and let A'B', A'C' meet 
BC in P, Q, and AB, AC meet B'C' 
in P', Q' ■ Then, by Theorem 9, 

(P,Q,B,C) A A(C',B',C,B) 

A (C',B',Q',P') 

A (B'.C'.P'.Q'), 



since 


{C',B’-, Q’,P’} = { B',C '; P',Q'}. 


The four joins PB', QC', BP', CQ' therefore all touch a conic 
which touches B'C' and BC. This proves the first part of the 
theorem, and the second part follows either by duality or by 
applying Theorem 20. 
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Exercise. Deduce the following porism from Theorem 22. If one triangle 
exists which is inscribed in a given conic s and self-polar for a second given 
conic s', then an infinity of such triangles exists, and one vertex may be 
chosen arbitrarily on s. 

If a conic s has inscribed triangles that are self-polar for a second 
conic s', s is said to be harmonically circumscribed to s'. Dually, if s 
has circumscribed triangles that are self-polar for s', s is said to be 
harmonically inscribed in s'. 

The two relations < s l is harmonically circumscribed to s 2 and 
‘s 2 is harmonically inscribed in s^ are thus only connected by 
duality, whereas the terminology suggests that they are the same 
relation looked at from two points of view. In actual fact there is 
no confusion on this account, since, as we now show, the two rela¬ 
tions are equivalent. 

lemma. If s and s' are two proper conics of general position , there 
exists a conic k such that s and s' are transformed into each other by 
the polarity determined by k, i.e. a conic k for which s and s' are 
reciprocal. 


Proof. Since s and s' may be represented by quadratic point- 
equations, they have four common points; and these points are, 
in general, the vertices of a proper quadrangle. The diagonal 
triangle of the quadrangle is self-polar for both conics, and if it is 
taken as triangle of reference, the equations of the conics may be 
written as s s ax 2 +hx 2 +cx 2 = 0> 

2 = bcul+cav\+abu\ — 0; 
and S' = a'xl+b'x\+c'x\ = 0, 

S' = b'c'u\-\-c'a'u\+a'b'u\ = 0. 

Now if the polarity determined by k transforms s into s', the 
unique - )* common self-polar triangle X 0 X l X 2 of the conics must be 
transformed into itself; i.e. it must also be self-polar for k. The 
point-equation of lc may accordingly be written 

K = pxl+qxl+rxl = 0 . 

Since the polar of the point (y 0 ,y 1 ,y 2 ) with respect to k then has 
line-coordinates {pyQ,qyi,ry 2 ), the following equations must be 
equivalent: , 0. 

and b'c'ipy^+c'a'igy^+a'b'iry^ = 0; 


and 


f See the exorcise on p. 158, below. 
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and it follows that 

b'c'p 2 c'a'q 2 a'6'r 2 

b ~ c ' 

j e p 2 :q 2 :r 2 = aa! :66':cc'. 

There are thus four possible conics k, given by 

yl(aa')xl±J(bb')x\±J(cc')xl = 0, 

each of which defines a polarity which transforms a and s' into each 
other. 

THEOREM 23. If Si and s 2 are two proper conics which meet in four 
distinct points , s\ is harmonically circumscribed to s 2 if and only if s 2 
is harmonically inscribed in s v 

Proof. If Ic is a conic defining a polarity which transforms s, 
and s 2 into each other, the polarity transforms any triangle inscribed 
in s, and self-polar for s 2 into a triangle circumscribed to s 2 and 
self-polar for s v and vice versa. 

THEOREM 24. If two pairs of opposite vertices of a quadrilateral 
are each conjugate for a conic s , then the third pair is also conjugate 

for s. 

Proof. Ii(A,A'), (B, B’), {C, C ) 
are the pairs of opposite vertices 
of the quadrilateral, as shown, we 
may take ABC as triangle of re¬ 
ference and A'B'C' as unit line. 

Then A is the point (1,0,0) and 
A' the point (0,1,—1); and the 
condition for these points to be conjugate for the conic 

2 2 «<**<** = 0 

i k 

is a 20 —a 0 j = 0. But, of the three conditions a 20 = a 01 , a 0l = a 12 , 
and a 12 = a 20 , any two entail the third, and this proves the theorem. 

COROLLARY. If two pairs of opposite sides of a quadrangle are 
conjugate for a conic s, then the third pair is also conjugate for s. 

THEOREM 25. A triangle and its polar triangle with respect to a 
conic s are in perspective. Conversely , if two triangles are in perspec¬ 
tive, there exists a conic with respect to which they are polar. 

Proof, (i) Let ABC be the given triangle, and let A'B'C' be 
its polar triangle, the sides of A’B'C' being respectively the polars 
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ofA,B, and C with respect to s. Let BC , B'C' meet in P and BB\ 
CC' in 0. Then the pairs of points (B, C') and (B\ C) are each 
conjugate for 5, and therefore, by Theorem 24, 0 and P are con¬ 



jugate for s. Thus the polar A A' of P passes through 0\ i.e. the 
triangles are in perspective from 0. 

(ii) The algebraic conditions imposed on the coefficients in the 
equation of a conic s by making (a) a given point to lie on s, and 
(6) two given points to be conjugate for s, are of the same general 
form; and it follows from Theorem 2 of Chapter V that there is a 
unique conic for which five general specified pairs of points are 
conjugate. This enables us to deduce the converse of the first part 
of the theorem by reductio ad absurdum argument. 

Remark. Although Theorem 24 and the first part of Theorem 
25 look so different, they are essentially the same proposition, 
usually referred to as Hesse's Theorem. In the above treatment we 
first proved Theorem 24 algebraically and then deduced Theorem 
25 from it; but we could equally well have begun with a direct 
algebraic proof of Theorem 25 and then inferred Theorem 24 as a 
corollary. [Exercise. Do this.] It follows that the two theorems 
are equivalent, in the sense that each is deducible from the other. 


theorem 26. From a general point A in the plane of a central 
conic s, four normals can be drawn to s. Their feet lie on a rectangular 
hyperbola h , which passes through A and through the centre C of s, and 
has its asymptotes parallel to the axes of s. 

Proof. t Let (d, d’) be a variable pair of conjugate diameters of s, 
and let the perpendicular AN from A to d' meet din P. Then 

C(P) = (d) A (d') A A(N) = A(P), 
and the locus of P is therefore a conic h through C and A. When d 


t Chasles, Sections coniques (Paris, 1865), § 219. 
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is an axis of s, d‘ is the other axis, and -4 A' is parallel to d P is then 
at infinity on the axis d. The conic h therefore passes through the 

points at infinity on the axes of 5, i.e. 
its asymptotes are parallel to the axes 

of s. . 

It is easily verified that P lies on 5 it 

and only if AP is the normal to s at P. 

Since h cuts s in four points, there are 

four normals from A to s, and their feet 

^The^hyperbola h is called the hyperbola of Apollonius for the 
point A. 

EXERCISES ON CHAPTER VI 
1 . If ^ is the eccentric angle of a variable point P on the ellipse 

X'la'+YVb* = 1 . 

show that 1 = joining it 

relation „hi.h — - 

1-1.1.11-1r‘ w "'.l"i. potf. r Sho.’ ,t... m.y t- 

"r P ". p— 

(2d 2 — 40— 1, 9d 2 + 50— 1* 30 2 + !)• . - ■, it /_3 13 4 ) 

' „ . . A » r D of k have coordinates (— 1, —*)» \ 0 , 10 ^ 1 , 

JZVZ-b n Show that the cross ratio of C, D with respect to A, B 

°*i WbTdhecfsubstitution that the transformation of coordinates 

given by x . y . z — 2x'—4i j'—z' : 9 x' + 5y'—z : 3x + z 

reduces the equation of the conic k in the preceding exercise to the form 

. y’i = Z 'x’. 

4 Being given a system of cartesian coordinates (X, Y) in the real plane 
prove that any hyperbola admits of a real parametnc representation 

form x = Y = a t 0+b t $~ l -{-c t . 

Find the centre and asymptotes of the conic with this representation, and 

show that its line-equation is 

(CjU+CaV+w) 2 — 4 (a 1 u+o 2 i>)(b 1 u + 6 2 v) = 0. 

6 Prove that the equation of the tangent at the general point <*» *»• *»> 
to th! conic whose equation is fyz +g **+h*y = 0 may be written m the 

form fxjxl+gylyo+hz/zl — 0 . 
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Show also that the equations of any projective parametric representation 
of the same conic can be written in the form 

x = a j(d- a), y = 6/(0-0), s = c/(0-y), 
where a(p-y) : b(y- a) : c(oc-p) = / : g : h. 


6. The sides AB, BC, CD, DA of a quadrilateral A BCD touch a parabola 
k, and lines through B and D, parallel to DC and BC respectively, meet in T. 
Prove that A T is parallel to the axis of k. 


7. Two triangles XY Z and X'Y'Z' are inscribed in a conic. Two further 
triangles are formed, the first having XX', YY\ ZZ' as its sides, and the 
second having the points (YZ.Y'Z'), (ZX.Z'X'), (XY.X'Y') as its vertices. 
Prove that these two triangles are in perspective. [Hint. Apply Pascal’s 
Theorem to the hexagon XY'ZX'YZ'.] 

8. ABC is a triangle inscribed in a conic s. Prove that an infinite number 


of triangles can be found which are inscribed in ABC and self-polar for s, 
and that all these triangles are circumscribed to the triangle formed by the 
tangents to 8 at A, B, C. 


9. Being given a conic s and a triangle ABC whose vertices are not on 8, 
prove that there exist in general two triangles inscribed in s which are 
circumscribed to ABC. Show how to construct these triangles. 

Show also tHat if ABC is self-polar for s, then there exist infinitely many 
triangles inscribed in s which are circumscribed to ABC. 

10. If two triangles ABC and A'B'C' are such that ABC is in perspective 
with the polar triangle of A'B'C' for a conic s, prove that A'B'C' is in per¬ 
spective with the polar triangle of ABC for 5 . Discuss the limiting case in 
which 5 degenerates as an envelope into the absolute point-pair (I, J). 

11. Two conics s, s' have four-point contact at a point A. The ends of 
a variable chord of s which touches s' are projected from A on to a line 
parallel to the common tangent of the conics at A. Prove that the distance 
between the projections is constant. 

12. Two conics s and s' pass through a point A, and chords XY and X'Y' 
of the curves are such that XX' and YY' both pass through A. If XY passes 
through a fixed point P, show that X'Y' passes through a fixed point P'. 
What is the locus of P' if P moves on a given line ? 

State the dual theorems. 


13. A variable tangent to a parabola k meets the sides of a fixed circum¬ 
scribed triangle in points L, M, N. Prove that the ratio LM : MN is constant. 

14. Investigate the validity of Theorem 20 in the special case in which 
one of the given triangles has two of its sides coincident. 

Prove that if a triangle is circumscribed to a parabola there exists a rect¬ 
angular hyperbola which passes through the vertices of the triangle and 
has the tangent at the vertex of the parabola as one asymptote. 

lo. Prove that, if a circle is triangularly circumscribed to a conic and has 
its centre on the conic, then it touches the director circle of the conic. 

Show that any circle through the focus of a parabola is triangularly circum¬ 
scribed to the parabola, and hence deduce the focus—directrix property of 
the parabola as a special case of the preceding result. 
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16. Show that chords of a conic s which subtend a right angle at a fixed 
point A of s all pass through a fixed point F on the normal to 8 at A. [F is 
called the Frigier point of A with respect to s.\ 

If s is a rectangular hyperbola, show that F is the point at infinity on the 
normal at A. 

17. Prove that through any general point there pass three normals to a 
parabola k. 

Through any point P of k there are drawn the two lines, other than the 
normal at P, which are normal to k. Prove that the line joining the feet 
of these normals passes through a fixed point on the axis of k. 

18. Prove that a general point in the plane of a conic k, given by the 

equation + = 1, lies on four normals to k; and that, if the line 

uX -f vY -1- w = 0 joins the feet of two of these normals, the feet of the other 

two lie on the line aX/u + bY/v—l/w = 0. 

If Q, R , S are the feet of the other three normals to k from a variable 
point T on the normal at a fixed point P, prove that the sides of the triangle 
QRS are tangents to a fixed parabola, which touches the axes of k and the 
lines joining the vertices of k on each axis to the image of P in that axis. 

19. Find the equation of the homography on the conic x\y\z = 0 2 :0: 1 
which has the line ux + vy + wz = 0 as its cross axis and which carries the 
point 0 = a into the point 0' = /3. 

Two homographies on a conic k have cross axes a 1# a 2 respectively and a 
given common pair of corresponding points X, Y. Show that they have no 
further common pair of corresponding points if and only if a x and a 2 intersect 
on XY (it being assumed that one at least of the homographies is not an 
involution). 

20. Two cobasal involutions r lf r 2 have united points A, B and C, D 
respectively, and the mate E of A in r 2 is also the mate of C in tj. Prove that 
the homography m = t 2 Ti is cyclic of period three, and hence show that the 
mate of B in r 2 is the mate of D in tj. 

A triangle A CE is inscribed in a conic k, the tangents at A , C meet CE,AE 
respectively at T, U, and the polars of T, U meet k again at B , D respectively. 
Prove that TD, UB intersect in a point F of k, and that the tangent at F 
meets BD in a point of TU. 

21. If -nr, a are homographies on a line, show that -mo is an involution if 
am is an involution. If a is an involution, prove that vjo is an involution if 
and only if the united points in m correspond in o. 

A variable triangle PQR is inscribed in a conic 8, and QR touches a conic 
s' which has double contact with 8. If PQ meets the chord of contact of 8 
and s' at a fixed point, prove that PR passes through one or other of two 
fixed points on the same chord of contact. 

22. If (A, A'), ( B , B') are two given pairs of points on a conic k, prove that 
there exist in general two elations on k which transform A, B into A\ B', 
and that the united points in these elations are mates in the involution on k 
in which (A, A') and (B, B') are pairs. 

Show how to find a point P on k such that the chords AA', BB' are pro¬ 
jected from P into segments of equal length, with the same sense, on a given 
line. 
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23. If two homographies on a conic k have no common united point, prove 
that there exist involutions r, r lt r 2 such that the first of the homographies 
is r x t and the second is rr 2 . 

Two elations m lt vj 2 on k have united points M and N respectively; and 
N x is the transform of N by vr lt while M x is the point which is transformed 
into M by -nr 2 . Prove that vx l m 2 is an elation if and only if the harmonic 
conjugate of M with respect to N, N x is the same as that of N with respect 
to M, M v 

24. The lines joining a variable point P of a conic k to three fixed points 
A, B, C meet k again at Q, B, S respectively. Prove that, in general, the 
envelopes of the chords RS , SQ, QR are three different conics, each of which 
touches k at its intersections with one side of the triangle ABC. 

If A, B, C all lie on a line, show that any general point A' of this line is 
one member of another fixed triad of points A', B', C' of AB such that 
A'Q, B'R, C'S concur at a point of k for every triad QRS. 

25. A circle c is rotated about its centre through a given angle in a given 
sense. If a variable point P of c is displaced in this way to P\ prove that the 
correspondence between P and P' is homographic, with the absolute points 
I, J as its united points. Show, conversely, that any real homographic 
correspondence on c, with I and J as united points, is given by a rotation of 
the circle about its centre. 

26. A circle c is given and also a fixed point 0, not the centre of c. Through 
any point P of c a line p is drawn, making a fixed angle a, in the positive 
sense, with OP. Prove that, as P varies, p envelops a conic, with 0 as focus, 
which has double contact with c. 

What special relation does c have to the conic when a = ? 

[Hint. If p and PO meet c again in Q and R respectively, then (Q)7\ (R) 
and {P)7\(R) on c, so that ( P)7\{Q) on c.] 



CHAPTER VII 

LINEAR SYSTEMS OF CONICS 

We have already seen (p. 79) that if \ = 0 and 1 2 = 0 are the 
equations of two distinct lines of the plane, the equation 

i 1+ xi 2 = 0 

represents a pencil (oo 1 linear system) of lines, the set of all lines 
which pass through the unique common point of l x and l 2 . 

If we were to take three non-concurrent lines we could use them 

to define an oo 2 linear system 

but to do this would be of little interest. Since, in fact, the linear 
forms Zj, Z 2 , h are linearly independent, and a line is uniquely deter¬ 
mined by two of its points, the oo 2 system is simply the totality of 

all the lines in the plane. 

If, now, we consider conics instead of fines, the situation is 
somewhat’ different. The totality of all conics in the plane is anco 5 
Unear system, and it contains proper oo-- Unear subsystems for 
every value of r from 1 to 4. We shaU discuss in some detaU the 
oo 1 system or pencil of conics, and then we shall refer more briefly 
to the oo 2 system or net. 

When we say that the conics (or more precisely the conic loci) 
of the plane form an oo 5 linear system we mean simply that the 
equation of the general conic, referred to a fixed representation 
is a homogeneous linear equation in the six coefficients a 00 , a n , d 22 , 
ai 2 , o 20 , a 0l . As we have seen on p. 106, these coefficients may be 
taken as homogeneous coordinates of the conic, and this representa¬ 
tion of conics by coordinates is analogous to the representation of 
lines by fine-coordinates u 2 ). We say that the condition of 

passing through a fixed point or of having two fixed points as 
conjugate points is a linear condition on the conic locus because it 
imposes a linear condition on its coordinates d ik . Ha\ ing a fixed 
fine v v v 2 ) as a tangent, on the other hand, is a quadratic con¬ 
dition on the conic locus, since it leads to an algebraic relation 
2 ^ A ik v i v k = °» in which the A ik are all quadratic in the coordi¬ 
nates of the conic locus. 

Dually a conic envelope may be represented by its coordinates 
(A o< ,,A n ,’An,A u ,A io ,A 0l ). Touching a given Une or having two 
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given lines as a conjugate pair are linear conditions on the conic 
envelope, but passing through a given point is a quadratic condition. 
It will be seen from this that we cannot refer significantly to a linear 
condition on a conic unless we specify whether the curve is to be 
treated as a locus or as an envelope. 

§ 1. Pencils and Ranges of Conics 
Elementary Properties 

definition. A pencil of conics is a simply infinite system of 
conics given as loci by an equation of the form S-\-XS' = 0 , where 
S, S' are quadratic forms in x 0 , x v x 2 and A is a variable parameter. 

A range of conics is a simply infinite system of conics given, as 
envelopes, by an equation of the form 

2+A2' = 0, 

where 2, 2' are quadratic forms in u Q , u v u 2 and A is a variable 
parameter. 

We shall now develop the theory of pencils of conics, leaving it 
for the most part to the reader to supply the dual properties of 
ranges. We shall, however, state explicitly some of the more funda¬ 
mental results for ranges. 

Consider, then, the pencil defined by 

S-\-XS' = 0. (1) 

Since the equations S = 0 and S' = 0 are both quadratic, the two 
base conics s, s' have either four common points (which need not 
all be distinct) or an infinity of common points. Th is latter case 
occurs if and only if either s and s' coincide, or they are degenerate 
conics with a line in common. Both these cases are trivial, and we 
shall exclude them from consideration. 

Suppose, then, that the four common points of s and s' are 
distinct. No three of them can be collinear (since, if they were, the 
line joining them would form part of both conics), and it follows 
from Theorem 2 of Chapter V that there is a unique conic through 
these four points and a fifth general point of the plane. But there is a 
unique conic *S-j-AiS = 0 through the fifth point, and it also passes 
through the four common points. It follows that the pencil deter¬ 
mined by s and s is simply the system of all conics through the four 
common points of s and s'. Dually, there is a unique conic of a given 
range that touches any general line of the plane; and the range 
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consists of all conics that touch the four common tangents of the 
two defining conics. 

Exercise. Show that if the pencil S + AS' = 0 is defined by means of 
two new base conics, chosen arbitrarily from among the comes of the pencil, 
the new parameter A of a general conic of the pencil is derived from the old 
parameter A by a bilinear transformation A = (oA+£)/(yA + 8), ctb-py ^ 0. 

We shall assume from now on, except when there is an explicit 
statement to the contrary, that the four common points A, B,C,D 
of the pencil (1) are distinct; that is to say, we shall confine our 

attention to the general pencil. 

The pencil clearly contains just three degenerate members, the 
line-pairs (AB, CD), (AC, BD), (AD, BC). Their parameters are 
the roots of the cubic equation obtained by equating to zero the 

discriminant of the quadratic form S-\-XS . 

It follows at once from Theorem 4 of Chapter V that the diagonal 

triangle of the quadrangle A BCD is a common self-polar triangle 

for all the conics of the pencil. The vertices of this triangle are, of 

course, the vertices of the three line-pairs of the pencil. If the 

triangle is taken as triangle of reference, the equation of the general 

conic S+\S' = 0 assumes the form 

(a 0 -f Xa 0 )xl-\-(a 1 -\~Xa 1 )xl-\-(a 2 -\-Xa 2 )xl = 0. 

The equation may be simplified still further by taking advantage 

of the freedom of choice of the unit point. 

(i) Let us change the unit point by applying the non-singular 

transformation of coordinates (always possible in the complex 
projective plane) 

Va[, X 0 = X ' o , X 1 = ^°**« = * 2 ' 

Then the equation may be written 

(&o+^)*o+(&i+A) ;r i+(&2+^) :,: ! = °- 

(ii) Let us take A as unit point. Then, as may be verified directly, 
the coordinates of the four common points are all of the form 

_j_ 1 ii)- The equation of a general conic of the pencil is now 

a a xl+ a ix\+ a i x % = °. 

where o 0 , a,, a 2 have to satisfy the single symmetrical linear con¬ 
dition a 0 -l-a 1 +«2 = 0. 

Dualizing the above results, we see that a general range of conics 
has associated with it a quadrilateral, the sides of which are lines 
of every conic of the range. The pairs of opposite vertices con¬ 
stitute the three point-pairs of the range; and the diagonal trilateral 
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of the quadrilateral is a common self-polar trilateral for all the 
conics. 

Exercise. Prove that, in general, two conics have a unique common self- 
polar triangle, which is both the diagonal triangle of their quadrangle of 
common points and the diagonal trilateral of their quadrilateral of common 
tangents. 

§2. Possible Types of Pencil and Range 

Corresponding to the possible modes of coincidence of the four 
common points, we have a number of special types of pencil, and 
dual to each of these is a special type of range. We shall discuss these 
in turn, obtaining the various special cases from the general case 
by successive specialization, and at the same time supplying a 
dual treatment of the corresponding special types of range. 

(i) The general pencil (i') The general range 




Taking as base conics one proper conic and one degenerate conic, 
we may represeilt the systems by the equations 

8+Mm = 0, X+pLM = 0 

respectively. 

Each system, as we have already stated, possesses a unique 
common self-polar triangle, the diagonal triangle of the funda¬ 
mental quadrangle or quadrilateral. 

An important euclidean specialization of (i) is the coaxal system 
of circles, or set of all circles through two finite fixed points A, B 
(real or conjugate complex). Let s be a circle, with equation S = 0 
referred to rectangular axes, and let l be the line AB. If m is the 
line at infinity, represented by z = 0, the equation of the coaxal 
system with l as radical axis and A, B as common points is 

5-bAZz = 0, 

or, in non-homogeneous coordinates, 

S-{-hl = 0. 

The three degenerate members of the system are the line-pairs 
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( AB t IJ ), (AI, BJ), ( AJ,BI)\ i.e. the line-circle AB (the radical 
axis) and two point-circles (the limiting points). 

A euclidean specialization of (i') is the system of all conics con- 
focal with a given central conic. If s is a central conic, the foci of s 
are the points of intersection of the tangents from I with the 
tangents from J. The conics confocal with s are simply the conics 
which touch these four tangents, and they make up the range 

S-f-A IJ = 0. 

(ii) The simple-contact pencil (ii') The simple-contact range 


We obtain (ii) as a limiting case of (i) by letting m become a 
tangent t to s. The equations of (ii) and (ii') are accordingly 

S+Mt = 0, 'L+pLT = 0, 

where t is a tangent to s ; where T is a point of s. 

No common self-polar triangle exists for either system. 

Parabolas with parallel axes and passing through two common 
points form a pencil of type (ii); while parabolas with parallel 
axes and touching two common tangents form a range of type (ii'). 

(iii) The three-point contact pencil (iii') The three-line contact range 


S-\-Xlt = 0, 2+pLT = 0, 

where t is a tangent to s and l is where T is a point of s and L is 

a line through its point of con- a point on the tangent at T. 

tact; 

These systems are special cases of (ii) and (ii'). 
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It may be verified analytically that two conics have three-point 
contact at T if and only if they have three-line contact, with the 
tangent t at T counting three times as a common tangent. Thus 
three-point or three-line contact is a self-dual condition; and (iii) 
and (in') are distinguished from each other only by the remaining 
condition of having either a fourth common point or a fourth com¬ 
mon tangent. 

Neither system has a common self-polar triangle. 

(iv) The pencil-range with four-point and four-line contact 


r 

This is a self-dual system, and it may equally well be represented 
by either of the equations 

S+\l* = 0 and = 0, 

where T is a point of s and t is the tangent at this point. Once 
again there is no common self-polar triangle. 

(v) The pencil-range with double contact 


s 


This is another self-dual system (a special case of (ii) or (ii')) and 
its equation may be written in either of the forms 

S+\l 2 = 0 and Z-f/zL 2 = 0, 
where l does not touch s and L does not lie on s. 

Unlike all the other types of pencil and range, the double-contact 
system has a simple infinity of common self-polar triangles. To 
obtain such a triangle, we must take as vertices the point L and 





161 


VII, § 2 POSSIBLE TYPES OF PENCIL AND RANGE 

any two points of l which are harmonically separated by the two 
points in which l is met by every conic of the system. 

The system of all hyperbolas which have two given lines as 
asymptotes is a pencil-range of type (v); its cartesian equation, 
referred to the common asymptotes as axes, is 


*y+ As 2 = 



Again, a system 
kind; its equation, 
written as 


of concentric circles is a system of the same 
referred to arbitrary rectangular axes, may be 

S+Xz 2 = 0. 


Concentric circles constitute, in fact, a special kind of coaxal 


system. 

Exercise. Verify algebraically the statements made in § 2 about self 
polar triangles for the special types of pencil and range. 


§3. General Properties of Pencils and Ranges 

Having seen what types of pencil and range are possible, we shall 
now go back to the discussion of the properties of pencils and 
ranges, establishing a number of fundamental results. These will 
be proved for the general pencil, and the reader will be left both to 
supply the duals and also to look into the modifications that are 

required in special cases. 

theorem 1 ( Desargues's Theorem). The pairs of points in which a 
fixed line is met by the conics of a pencil are pairs of an involution. 


Proof. If y and z represent two fixed points of the given line, 
a general point of the line is represented by y+0z; and if this point 
lies on the conic S-\-\S' = 0, 


£(y-t-0z)+A£'(y+0z) = 0, 

i.e. s vv + 2 es„,+e*s a +x(s' vv + 2 es' y '+ 0 *s' u ) = o. 

The parameters of the points determined by the conic S+XS' = 0 
are therefore given by this quadratic equation in 0; and hence, by 
Theorem 15 of Chapter III, the pairs of points corresponding to 
different values of A are pairs of an involution. 

COROLLARY. In particular, any line is met by the three pairs of 
opposite sides of a quadrangle in three pairs of points in involution. 

theorem 2. There are two conics of a pencil which touch a given 

line. 


6304 


M 
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Proof. By Desargues’s Theorem, the conics of the pencil cut an 
involution on the line; and this involution has two united points, 
which are necessarily distinct. Thus two conics of the pencil touch 
the line, their points of contact being the united points of the 
Desargues involution. 

We see here once again that although the pencil is a linear 
system of conic loci it is a quadratic system of conic envelopes. 
The line-equation corresponding to the point-equation 

S+AS' = 0 

is, in fact, E + 2A0+A 2 E' = 0, 

where E and E' correspond in the usual way to S and S', and O 
is the polarized form of E, regarded as a quadratic form in the a ik . 
In full 

E == (a n a 22 ^ 12)^0 + ••• + 2(^20 G oi— G oo G i 2 ) w i w 2 “K** 

and 

2$ = (a n o 22 -f-a 11 a 22 2a 12 a l2 )wJ-|-...-|- 

+ 2 ( G 20 G 01 + a 20 G 01 G 00 G 12 G 00 G 12)^1 ^ 2 “^ * 

Exercise. Explain how it comes about that the two types of pencil- 
range can be self-dual. 

theorem 3. A given pencil of conics makes correspond to a general 
point P of the plane a unique point P* that is conjugate to P for every 
conic of the pencil. 

Proof. Let the polars of P with respect to the base conics s, s' 
of the pencil be p , p\ meeting in P*. Then P and P* are conjugate 
points for both s and s'. 

Isow the conics of the pencil cut an involution on PP*\ and 
since P, P* are harmonic with respect to the two pairs cut by 
s and s , they are the united points of the involution. They are 
therefore harmonic with respect to all pairs of the involution, 
i.e. conjugate for all conics of the pencil. 

Remarks 

(i) A general line of the plane contains just one pair (P, P*), 
namely the pair of united points of the Desargues involution cut 
on it. 

(ii) From the fact that the equation p = 0 of the polar of a given 
point P with respect to s is linear in the a ik , it follows at once that 
the polars of P with respect to the conics of a pencil S+AS ' = 0 
form a pencil of lines p+Ap’ = 0—a pencil with vertex P*. 
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(iii) We can express Theorem 3 rather differently by saying 
that the envelope of polars of a general point P with respect to the 
conics of a pencil is a point P*, i.e. the envelope is of the first class. 
Since, from the dual point of view, the pencil is a quadratic system 
of conic envelopes, we should expect the locus of poles of a general 
line p to be a locus of the second order. That this is so is asserted 
in the next theorem. 

theorem 4. The locus of poles of a general line l with respect to 
the conics of a pencil is a conic k; and this conic \s also the locus of the 
point P* which corresponds , in accordance with Theorem 3, to a 
variable point P of l. The conic k passes through the vertices of the 
line-pairs of the pencil . 



Proof. Take two points P , Q of l. Then the pole L x of l with 
respect to S-{-\S' = 0 is the point of intersection of the polars 
p Xt q x of P, Q with respect to this conic. But, as A varies, p x and q x 
describe homographic pencils p+Ap' = 0 and q-\-\q' = 0 with 
vertices P* and Q* respectively; and the locus of L x is therefore a 
conic k through P* and Q*. 

Since P is an arbitrary point of l , k contains the points P* 
corresponding to all points of l. 

Finally, the pole of l with respect to a line-pair is the vertex of 
the line-pair, and k therefore passes through the vertices of the line- 
pairs of the pencil. 

The following argument enables us to prove analytically that 
the locus of L x is a conic, and at the same time to exhibit the equa¬ 
tion of the conic as a covariant of s , s' , and l. (See Chapter VIII 
for the notion of covariant.) 

Let l and L x have coordinates (v 0 ,v v v 2 ) and (x 0t x lf x 2 ) respec¬ 
tively. Then 


d(S+\S')/dx 0 d{S-\-XS')/dx 1 _ d(S+\S')/dx 2 


—p> say; 
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i.e. 


£+ x8 £ +pv <=° (i '=°’ l ’ 2) - 


Eliminating A and p, we have 

dS 
dx 0 

dS 

dx 1 

dS 


i.e. 


where 


d£ 

dx 0 

dx x 

_ d& 
dx 2 dx 2 

B(S, S',l) 

d{x 0i x v x 2 ) 


V , 


V 


V, 


= 0 , 


= 0, 


i = j. v i x i- 


The equation just obtained is quadratic in x 0 , x v x 2> and the locus 
of L\ is therefore a conic 1c. 


Exercise. When the equation of the pencil is written in the form 

a Q xl-\-a x x\-\-a 2 x\ = 0, 

with a 0 + a i + a 2 = 0, show that if P has coordinates (y 0 *3/i» 3 / 2 ) th en P* 
has coordinates ( l/y 0 , \/y x , 1 /y 2 ). Obtain the equation of the conic k derived 
from the line ( v Q , v x , v 2 ), and verify directly that k passes through the vertices 
of the line-pairs of the pencil. 


§4. The Centre-locus of a Range or Pencil 

The centres of the conics of a given range or pencil constitute a 
simple infinity of points lying on a curve, the centre-locus of the 
system. Since the centre of a conic is the pole of the line at infinity, 
we can find out the nature of this curve by applying the theorems 
that have just been proved. 

Consider first the range. By the dual of Theorem 3, the locus of 
poles of a general line with respect to the conics of a range is a line, 
and therefore the centre-locus of a general range is a line. T his line 
contains the centre of the unique parabola of the range; i.e. it is 
parallel to the axis of the parabola. It also contains the centres 
of the three point-pairs of the range, and this gives us at once the 
following well-known theorem. 

theorem 5. The mid-points of the three diagonals of a quadri¬ 
lateral are collinear. 



165 


VII, §4 CENTRE-LOCUS OF A RANGE OR PENCIL 

Turning now to the pencil, we can conclude from Theorem 4 
that the centre-locus of a general pencil is a conic. This conic 
contains the centres of the two parabolas of the pencil; i.e. its 
asymptotes are parallel to the axes of the parabolas. It also passes 
through the vertices of the three line-pairs of the pencil; i.e. it 

circumscribes the common self-polar triangle. 

In the particular case in which the pencil of conics is a coaxal 
system of circles, the line at infinity is a side of the basic quadrangle. 
In this case the locus of poles breaks up into the line at infinity 
itself and another line, and we thus arrive at the familiar result 
that the centres of the circles of a coaxal system are collinear. The 
line of collinearity must, of course, contain the centres of the two 
point-circles of the system. 

THEOREM 6. The director circles of the conics of a range form a 
coaxal system. 

Proof. The theorem follows at once from the fact that, when 
rectangular axes are used, the equation 

C(x 2 -\-y 2 )—2Fyz—2Gzx+(A + B)z 2 = 0 

of the director circle of a general conic s is linear in the coefficients of 
the line-equation of s. The following alternative proof, by means 
of Desargues’s Theorem, is also instructive. 

Consider a range determined by two conics s, s', and let the 
director circles of these conics be k, k\ meeting in the finite points 
p, q m Then the pairs of tangents from P to the conics of the range 
belong to an involution; and since two pairs (given by s and s') 
are orthogonal, the involution, is the orthogonal involution. The 
two tangents from P to any conic of the range are therefore per¬ 
pendicular, and all the director circles thus pass through P, and 
similarly also through Q. The circles accordingly form a coaxal 

system. 

COROLLARY. The three circles on the diagonals of a quadrilateral 
as diameters are coaxal. 

Theorem 5 is, of course, an immediate consequence of this 
corollary. 

Exercise. What are the radical aids and the limiting points of the coaxal 
system of Theorem 6 ? 
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§5. Confocal Conics 

In this section we shall be concerned with conics in the euclidean 
plane, and the term ‘conic’ will be restricted to mean real proper 
conic. 

A conic s has four foci, two of which are real and two complex. 
If s is a central conic, all its foci are finite points; but if it is a parabola 
one of the real foci is finite and the other three foci fall on the line 
at infinity, at I, J and the centre of s. A second conic s' is said to be 
confocal with s if s and <$' have the same four foci, and it is clearly 
sufficient if the conics have one pair of opposite foci in common. 
If s is a central conic, every conic confocal with it is central, and if 8 
is a parabola every confocal conic is a parabola. 

The system of all conics confocal with a given conic is called a 
confocal system. There are thus two distinct kinds of confocal 
system, one consisting entirely of central conics and the other of 
parabolas. Since, for real proper conics, the relation of being con¬ 
focal is an equivalence relation, a confocal system is determined 
uniquely by any one of its members. The conics confocal with s 
are simply those conics which touch the four tangents from I and J 
to s, and the confocal system determined by s is therefore the 
range S-j-Afi = 0, where H = 0 stands as usual for the line- 
equation of the absolute point-pair (/, J). 

If 5 is a central conic, with foci F, F', G, G\ we have a figure like 
that on p. 123, and it is clear from this that C is the centre and 
CX, CY are the axes of every conic of the confocal system. If the 
common axes of the system are taken as rectangular axes of 
reference, the equation of the system assumes a very simple form. 
Referred to these axes, the point-equation of s is of the form 

S = ax 2 -\-by 2 —z 2 = 0, 
and the line-equation is therefore 

2 =-p _^2_ 0. 

a b 

Since Q = u 2 -\-v 2 , the line-equation of a general conic of the con¬ 
focal system is . . 

[a+y+h+y-”*=o, 

and the associated point-equation is then 

x 2 y 2 

-1- z _ 2 2 _ o 

(l/a)+A + (l/6)+A 
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X 2 Y 2 

In particular, the conics confocal with the ellipse — -}- = 1 are 


X 2 


Y 2 


= 1 . 


given by the equation 

Exercise. Show that, by suitable choice of axes, the equation of a general 
system of confocal parabolas may be put in the form Y* = 4A(X+A). 

theorem 7. Through any point P of the plane there pass two conics 
of a given confocal system, and they cut orthogonally. The tangents 
at P to these conics bisect the angles between the tangents from P to 
any other conic of the confocal system. 

Proof. The pairs of tangents from P to the conics of the confocal 
system are pairs of rays in involution. The involution has two 
united rays, which are the tangents to the two conics of the system 
which pass through P. The united rays are separated harmonically 
by every pair of the involution, in particular by the pair ( PI, Pd), 
and they are therefore perpendicular. The two conics through P 

therefore cut orthogonally. 

Since the united rays are both perpendicular and also harmonic 
with respect to the pair of tangents to an arbitrarily chosen conic 
of the system, they are the bisectors of the angles between these 

tangents. 

COROLLARY. If F, F' are the real foci of the system, the lines PF 
and PF' are equally inclined to the two tangents from P to any one 
of the conics. 

For the angles TPT and FPF' (see fig.) 
have the same bisectors. 

Consider the confocal system 


X 2 Y 2 


= 1 (a 2 > b 2 ). 



a 2 +A ' 6 2 +A 

and suppose that P has coordinates (X 0 , Y 0 ). 

Then the parameters of the two conics of the 
system which pass through P are given by the equation 

/(A) = (a 2 +A)(6 2 +A)--X: 2 (6 2 -|-A)-yS(a 2 +A) = 0, 

i.e. \ 2 +\(a 2 +b 2 -Xl-Y 2 )+a 2 b 2 -b 2 X 2 -a 2 Yl = 0. 

Since /(co) > 0,/(—6 2 ) < 0, and/(-a 2 ) > 0, the roots of/(A) = 0 
satisfy respectively the conditions —a 2 < A < —b 2 and —b 2 < A. 
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It follows from this that of the two conics through P 0 one is a hyper¬ 
bola and the other is an ellipse. 

The appearance of a system of confocal central conics is as shown 
below. 



The locus of poles of a line 

Since every confocal system of conics is a range, the locus of poles 
of a line l is a second line l', and the relationship between l and V 
is easily characterized geometrically. In order to fix V we need two 
points on it, and so we have to find the poles of l with respect to 
two particular conics of the system. The simplest conics to take 
are Cl and that conic which touches l. Since V passes through the 
pole of l with respect to Q, it is perpendicular to l\ and since it 
passes through the pole of l with respect to that conic which 
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touches l it contains the point of contact of this conic with /. Thus 
V is the normal, at the point of contact , to that conic of the confocal 


system which touches l. 



It will be noted how in virtue of the orthogonality property of 
the confocal system (Theorem 7) the relation between l and V 

is symmetrical. 

The envelope of polars of a point 

The envelope of polars of a given point P is a conic k ; and in 
order to fix this conic we need to find five of its tangents, i.e. the 
polars of P with respect to five particular conics of the confocal 
system The simplest conics to take are the three degenerate ones 
and the two which pass through P, and the corresponding polars 
are IJ, FF', 00' (assuming the conics are central conics), and the 
two tangents at P to the confocal conics through P. The envelope 
k is therefore a parabola which touches the axes of the confocal system 
and these two tangents. Since the axes of the system and the two 
tangents at P are both orthogonal pairs of lines, the centre C and 
the point P both He on the directrix of k; i.e. the parabola has CP 

as directrix. 

If 2 = 0 is the line-equation of any one of the confocal central 
conics, the line equation of k is 

a(2,Q,P) _ n 

d(u, v, w) 

Determination of the axes of a conic 

An interesting application of the theory of confocal systems is to 
the following problem: given the equation S = 0 of a come, 
referred to an arbitrary rectangular cartesian frame of reference, 

to find the axes of the conic. 

Let (*', v', w') be an axis. Then its pole with respect to the conic 
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S-j-AH = 0 is the point 

A _ 

“e^ (2: ' +An ' )+ V' (S '+ An ')+ w ^( s '+ An ') = °. 

where X' = Z(u',v' t w') and Cl'= Q(u',v',w') = u'*+v'*. But 

when A has the value corresponding to the point-pair consisting 

of the two foci on the axis ( u ', v\ w '), the pole of this axis is indeter¬ 
minate, and hence 


du'^ du’ dv’ +A dv' dw' + A dw’~ ‘ 

Since the value of A is neither zero nor infinity, we can write the 
relations as 


as' feci’ dZ' leer d %' /d ^ 


£u'l du ' dv' / dv' dw'/ dw' * 

and these equations are sufficient to determine u':v':w'. 

Exercise. How is it that we only obtain two solutions, and not four, as 
tho degree of the equations would lead us to expect ? 


§ 6. Nets of Conics 

Let s, s , s be three conics in S 2 which do not belong to the same 
pencil. If the point-equations of the three conics, in some allowable 
representation a, are 5 = 0, S' = 0, S” = 0, then the quadratic 
forms S, S ', S" are linearly independent; and the equation 

fiS” = 0 , 

in which A, p. are variable parameters, defines an oo 2 linear system 

or‘ we/ of conics. The same net is defined by any three of its members 
which do not all belong to a pencil. 

If we pick out any two conics of the net, say a and s', they define 
a pencil 

S+\S' = 0, 

and this pencil is an co* Unear subsystem of the net. 

^ enera * con * c S-\-XS + h S" = 0 is degenerate if and only if 
l s lscnminant vanishes; and since this restriction imposes a single 
a ge raic condition on the pair of parameters A, /x, the degenerate 
conics of the net form a simply-infinite system. This system, 

owever, is not Unear. It is selected from the net by an equation 
of degree 3 in A and /z. 

If we use the mapping of conic loci in S 2 on points of S s , introduced 
on p. 10G, the conics of a pencil are represented by the points of a 
Une in S 3f and the conics of a net by the points of a plane. The points 
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which represent the degenerate conics of the net are the points 
of a cubic curve in this plane. 

A given net of conics will in general contain no repeated lines, 
and each degenerate member will therefore have a well-defined 
vertex. We thus obtain a simply infinite system of points in the 
plane, the vertices of the line-pairs of the net, and these points form 
a curve. The equation of the curve is easily found. Suppose, in 
fact, that \S’+fiS' = 0 represents a line-pair, whose vertex 
is P. Then the coordinates of P make all the partial derivatives of 
S+XS'+fiS" vanish, and they therefore satisfy the equation 


dS 

dS' 

dS” 

dx 0 

dx 0 

dx 0 

dS 

as' 

dS” 

dx x 

dx 1 

dx L 

dS 

dS' 

dS 0 

dx 2 

dx 2 

dx 2 


Conversely, if (x 0 ,x ly x 2 ) satisfy this equation, values of A and p 
can be found such that the three partial derivatives of 

S+\S'+pS n 

are all zero. Thus the point (x 0 , x x , x 2 ) is the vertex of some line- 
pair of the net if and only if 

d(S, 

d[x 0 , x x , x 2 ) 

This is therefore the equation of the locus of vertices of line-pairs, 
or Jacobian of the net. This Jacobian.;' is a curve of order 3, i.e. a 
plane cubic curve. 

theorem 8. The polars of a point P with respect to all the conics 
£_j -XS'-^-pS" = 0 are concurrent if and only if P lies on the Jacobian 
j. If this condition is satisfied , the point of concurrence P' of the 
polars is also a point of j, and the relation between P and P' is sym¬ 
metrical. 

Proof. The polars of P with respect to all the conics are con¬ 
current if and only if the polars with respect to 8,s',8" are concurrent, 
and these three lines have coordinates 

ids ds dS\ (d& d&\ and fdtr d_sf_ dtr\ 

\dz 0 ’ dx x dx 2 }’ \dx 0 dx x dx 2 j \& x o ^ x i dx 2 ) 
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2(S, S', S ') = Q 

d{x 0t x v x 2 ) 

which means simply that P must lie on j. 

If, now, the polars of P are concurrent at P' then P and P* are 
conjugate for all conics of the net, and the polars of P' are therefore 
concurrent at P. Thus the relation between P and P' is sym¬ 
metrical. 

Exercise. It can be shown that the equation of a general net of conics 
can be reduced to the canonical form 

K( x o — fori**)+A|( 2 rf—Arx 2 ar 0 )+A 2 (x5— kx 0 x x ) = 0. 

Find the Jacobian of this net. Provo also that the lines of line-pairs of the 
net envelop a curve of class three, and find the equation of this envelope. 


EXERCISES ON CHAPTER VII 


1. Show that all conics which pass through the vertices and orthocentre 
of a given triangle are rectangular hyperbolas, and that the locus of their 
centres is the nine-point circle of the triangle. How do these results need 


to be modified when the triangle is right-angled ? 

2. If ABC is a triangle and H is its orthocentre, prove that any rectangular 
hyperbola through A, B, C passes also through H. 

By reciprocating the figure with respect to a circle with centre H, or other¬ 
wise, prove that if the sides of a triangle all touch a parabola, then the 
orthocentre lies on the directrix of the parabola. 

3. If a line meets a central conic in P, Q and its asymptotes in P', Q\ 
prove that PP' = QQ\ 


4. The coordinates being rectangular cartesian, find the values of A which 
correspond to the parabola, the rectangular hyperbolas, and the point-pairs 
of the range of conics whose equation is 


u 2 + t> 2 + w a +A(u a 4- 2y a + 2uu-2um) = 0. 

Show that the centres of all the conics of the system lie on the x-axis. 

Distinguish on this line (for real values of A) the intervals in which lie the 

centres of (a) hyperbolas, (6) non-virtual ellipses, and (c) virtual ellipses 
of the system. 

5. A variable conic has a given point F as one real focus and touches two 
fixed lines which meet in T. Show that its centre lies on a fixed line l through 
the mid-point M of FT, its other real focus describes a line parallel to l, 
and its conjugate axis envelops a parabola. 

Show that the two portions of l which contain the centres of hyperbolas 
and non-virtual ellipses are separated by M. 

6. Four points A, B, C, D, of which no three are collinear, are such that 
A, B lie on a given conic s and C, D do not lie on a. If a variable conic through 
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A, B, C, D cuts a again in P and Q, prove that P and Q are mates in a fixed 
involution on a, and find the vertex of this involution. 

Show that if a circle cuts a parabola in points A, B, P, Q then A B and PQ 
are equally inclined to the axis of the parabola, and also that if a circle cuts 
a hyperbola in points A', B', P\ Q' then A'B ' makes the same angle with one 
asymptote of the hyperbola as P'Q' makes with the other. 

7. If U { = 0 (» = 1,2,3,4) are the line-equations of four points A, B, C,D, 
of which no three are collinear, prove that the line-equation of a variable 
conic a which touches AB, BC, CD, DA is of the form U x U 3 +kU 2 U x = 0. 

If s is met by a fixed line through A in P and Q, prove that the tangents 
to a at P and Q envelop a conic t which touches BC, CD, DB, and the line 

which joins the points AB. CD and AD. BC. 

Show also that the tangents at P and Q are mates in a fixed involution 

of tangents to t. 

8. Two conics k, k' touch at two points, and the pole of the common chord 
of contact is P. If F is any focus of k, prove that FP is one of the bisectors 

of the angles between the tangents from F to k . 

9. A variable conic passes through two fixed points A, B and has double 
contact with a fixed conic k. Prove that the chord of contact passes through 
one or other of two fixed points, namely the two points on A B which are 
harmonically separated by A, B and also conjugate for k. Deduce that if a 
circle has double contact with a central conic, then the chord of contact is 
parallel to one or other of the axes of the conic. 

10. Show that any pair of lines through the four points in which a conic 
is met by a circle are equally inclined to the axes of the conic. 

11. Show that two parabolas have their axes parallel and in the same 
sense and also their latera recta equal if and only if they have three-point 
contact at infinity. Show further that two such parabolas have the same 
axis if and only if they have four-point contact at infinity. 

12. The locus of centres of a given pencil of conics is a conic c, and the 
asymptotes of a variable conic a of the pencil meet c at the centre of 5 and in 
two further points X, Y. Show that XY passes through a fixed pomt. 

13. Three line-pairs (a, 6), ( c,d), (e,f) are such that a and b are tangents, 
at their intersections with a line p, to a conic through the intersections of 
(c,d) with (e,/). Prove that there is also a conic, through the intersections 
of (e,/) with (a, 6), touching c and d at their intersections with p. 

State the dual of the above theorem. Prove that any two points A, B 
on a parabola k with focus F are opposite foci of a hyperbola which passes 
through F and has a diameter of k for one asymptote; and that the pole of 
AB for k is the centre of a circle which touches FA, FB, and the diameters 
of k which pass through A and B. 

14. EFQ is the diagonal triangle of a quadrangle A BCD, and P is a general 
point in the plane. Prove that the harmonic conjugates of EP, FP, OP 
with respect to the pairs of opposite sides of the quadrangle through E, F, O 
respectively concur at a point Q. Show also that, when P describes a line 
which does not pass through E, F, or O, then Q describes a proper conic 
through E, F, and O. 
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15. If t v and t 2 are two of the common tangents of a pair of conics s, s', 
prove that the point of intersection of the two chords of contact is also the 
point of intersection of two of the common chords of s and s', and that the 
two pairs of lines form a harmonic pencil. 

Deduce that if two conics have a common real focus, then the two direc¬ 
trices corresponding to this focus and two of the common chords of the conics 
all meet in a point. Show also that two of the common tangents of the 
conics meet on the line joining the remaining real foci. 

16. Show that the condition for the general conic 

S = ( a,b,c,f,g,h\x,y,z ) 2 = 0 

to have four-point contact with some conic for which the triangle of reference 
is self-polar is FGH +fgh& = 0, where A denotes the discriminant of S. 

17. Show that the line-equation of the parabola which has four-point 
contact with the rectangular hyperbola XY = c 2 at the point (ct, c/t) is 

4c 2 uv— w 2 + (uct + vc/t + w) 2 = 0, 

and that the focus of the parabola is the point whose homogeneous co¬ 
ordinates are (c* 2 (< 4 + 5), c{5t l + 1), 2*(* 4 -f-1)). 

18. A and B are points of a conic k, and s and t are conics which have four- 
point contact with k at A and B respectively. If P, Q are two of the common 
points of 8, t, prove that either PQ is conjugate to AB for k or PQ meets 
the tangents at A and B in points conjugate for k. Show further that in the 
first case P and Q lie on a conic which touches k at A and B. 

19. Show how to find the axes and foci of a conic whose rectangular 
cartesian line-equation is given. 

Find the locus of foci of conics inscribed in a given rectangle; and prove 
that the polars of a fixed point P for all such conics envelop a parabola whose 
focus is the inverse of P in the circumcircle of the rectangle. 

20. Show that the envelope of polar lines of a fixed point P with respect 
to the conics of a confocal system is a parabola, and that if Q is the focus 
of this parabola the relation between P and Q is symmetrical. 

If P describes a circle, show that Q describes either a circle or a line, and 
distinguish between the two cases. 

Tangents are drawn from a fixed point V to the conics of a confocal 
system, and the locus of their points of contact is a curve k. Prove that if V 
lies on an axis of the confocal system then A: is a circle through the two foci 
on the other axis, and also that if V lies on the line at infinity then A: is a 
rectangular hyperbola concentric with the confocal conics. 

22. If U and V are two opposite vertices of the quadrilateral formed by 
the common tangents of a given conic s and a given circle whose centre is P, 
prove that U and V lie on a conic confocal with s and that the tangents to 
this conic at U and V are PU and PV. 

23. If two conics 8, b cut orthogonally at all four points of intersection, 
show that the locus of a point whose polars with respect to s and s' are 
perpendicular is a conic of the pencil determined by 8 and s'. 

If 8 is a central conic, prove that s' is either confocal with s or belongs to 
one of three fixed pencils of conics. 



CHAPTER VIII 


HIGHER CORRESPONDENCES, APOLARITY, 
AND THE THEORY OF INVARIANTS 


So far we have treated the geometry of the conic in a compara¬ 
tively elementary manner, making use only of the simplest notions 
of projective geometry and often arguing directly from the defini¬ 
tion of the curve. In this chapter we shall show how the theory can 
be extended by applying more advanced methods, and how the 
introduction of a more general concept can sometimes unify a 
large number of apparently disconnected theorems. W e shall 
indicate three separate directions in which such advances are 
possible, touching successively upon higher correspondences, the 
relation of apolarity between conics, and the classical theory of 
invariants. 


§ 1. Higher Correspondences 

A very useful concept in projective geometry, as has already 
been made abundantly clear, is that of homographic correspon¬ 
dence between one-dimensional forms; and it owes its usefulness 
to the fact that we can often generate a homography by geometrical 
construction, and then carry over the formal properties of homo- 
graphies into geometrical properties of the figure concerned. Now 
the homography is a very special kind of correspondence indeed, 
and we may wonder whether there are more general correspon¬ 
dences, with reasonably simple formal properties, which can also 
be set up by geometrical construction. Such correspondences do in 
fact exist—namely algebraic correspondences—and in this section 
we shall try to give some idea of their place in projective geometry. 

The simplest correspondence of the family is the homography 
itself, and we may conveniently look upon algebraic correspon¬ 
dences as furnishing a natural generalization of the homographic 
correspondence. To see this we need to reconsider the definition 
of homography and formulate it in different, though equivalent, 
terms. 

A correspondence between two one-dimensional forms is homo¬ 
graphic if the parameters 6 afid 0' of any two corresponding ele¬ 
ments, referred to two arbitrarily chosen allowable parametric 
representations, are connected by a fixed equation of the form 
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add' -\-bd-\-cd' -\-d = 0. Instead, however, of requiring d and d' 
to satisfy a bilinear equation, we need only require them to satisfy 
an algebraic equation f(d, d') = 0, in which f(d,d') is a polynomial 
of unspecified form, as long as we also insist that the correspon¬ 
dence is (1,1). The algebraic theorem involved in this assertion 
(Theorem 1 below) implies that any (1,1) algebraic correspondence 
between d and d' can be represented by an equation of the form 
add' -\-bd-{-cd' d = 0. This purely algebraic result allows us to 
redefine a homography as a (1,1) correspondence that can be 
represented by an algebraic relation between projective parameters; 
and when we do this, we see at once how to generalize the concept 
of homography by introducing {m,n) algebraic correspondences 
between one-dimensional forms. 

definitions. We say that two variable numbers d , d' of the 
ground field K (extended by the ideal number oo) are in ( m y n ) 
algebraic correspondence if they are associated in such a way that: 

(i) to every value of d correspond at most n distinct values of d ', 
and to some value of d correspond exactly n distinct values 
of d 

(ii) to every value of d' correspond at most m distinct values of 
d, and to some value of d' correspond exactly m distinct 
values of d ; 

(iii) all the pairs of corresponding values of d and d' satisfy a 
fixed equation f{d, d') = 0, where f(d, d') is a polynomial in d 
and d with coefficients in K (and every pair of values 
which satisfies this equation is a corresponding pair). 

Two one-dimensional forms are said to be in (?n, n) algebraic 
correspondence if there is a correspondence between them which is 
such that, when allowable parametric representations are intro¬ 
duced arbitrarily, the parameters of corresponding elements are in 
(m,n) algebraic correspondence. 

The theory of algebraic correspondences is based on the following 
algebraic theorem. 

THEOREM 1. If variable numbers 0, d' of a field} K are in ( m,n) 
algebraic correspondence , then there exists a polynomial g(d, d'), 
of degree m in d and n in d ', such that a, a are corresponding values 
of d, d' if and only if g(oc, a ') = 0. 

t 11 assumed that the characteristic of K is zero; i.e. that r. 1 ^ 0 for any 
positive integer r. 
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Although it is not at all difficult to give a convincing plausibility 
argument for the truth of this theorem (making use of the fact 
that an equation of the nth degree in one unknown has at most 
n roots), to prove it rigorously demands rather more knowledge 
of algebra than we wish to presuppose in this book. We therefore 
refer the reader for the proof to G. T. Kneebone: ‘On Algebraic 
Correspondences’ ( Journal of the London Mathematical Society, 
18 (1943), 133-7). 

It follows at once from Theorem 1 that our new definition of 
homography, as a (1,1) algebraic correspondence, is equivalent 
to the original definition. The new definition, of course, provides 
us with an alternative means of showing that a correspondence 
set up by a specified geometrical procedure is homographic. We 
first show that it is (1,1)—and this merely involves showing that 
each step of the construction, forward or backward, leads to a 
unique result—and then we prove that it is algebraic. To this end, 
we suppose that the two forms are represented by allowable para¬ 
meters and then show that by carrying out a series of eliminations 
we could, in theory at least, arrive ultimately at a polynomial 
relation between the parameters of corresponding elements. Thus, 
for example, to prove that the correspondence between the points 
P, P' in which a variable conic through four fixed points meets a 
fixed line is an involution, we need only point out that the corre¬ 
spondence, which is obviously (1,1) and symmetrical, is algebraic 
in virtue of the fact that the relation between the parameters of the 
two points is derived from the algebraic condition for six points 
to lie on a conic. Or again, if a conic s is quadrilaterally circum¬ 
scribed! to a conic s', each point P of s being one vertex of a quadri¬ 
lateral PQRS inscribed in s and circumscribed to s', it follows in a 
similar way that the correspondence between P and R on s is an 
involution—and hence that the diagonals PR, QS always meet 
in the same fixed point as P varies on s. 

Critical points and united points 

In developing the theory of algebraic correspondences we need 
to introduce a number of special terms, and this we now do. Let 
us consider an (m, n) algebraic correspondence between two given 
one-dimensional forms—which we may for definiteness take to be 
ranges (P) and (P')—and let us suppose it given by an equation 

t See Theorem 4 below. 
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f(9 , 9') = 0, of degree m in 9 and n in O'. We also take the field of all 
complex numbers as ground field. Then to any assigned point P 0 , 
with parameter 9 0 , correspond the n points whose parameters d' 
are the roots of the equation f(9 0 , 9') = 0; and similarly an assigned 
point PJ>, with parameter 9' 0 , is a point arising from each of the m 
points whose parameters 9 are the roots of the equation/(0, 9 J>) = 0. 
In general the n points arising from a given point P 0 will be distinct, 
but for special choice of P 0 two or more of them may coincide. 
Such a special point P 0 is called a critical point of the range (P); 
and in a similar way we define critical points of (P'). 

The parameters of the critical points of (P) are given by the 9'- 
discriminant of the equation f(9,9') = 0. For if 9 0 is a critical 
value of 9, and 9' 0 occurs multiply in the set of corresponding values 
of 9', then 

fM) = 7^7/(#o>#o) = and conversely. 

The critical values of 9 are therefore the roots of the equation 
obtained by eliminating 9' between f(9,9’) = 0 and/^(0, 9’) = 0. 

If the ranges (P) and (P') are cobasal, having the same line as 
axis, it is possible for P to be a self-corresponding or united point. 
We call P a united point if at least one of the n corresponding points 
P coincides with P. Thus the parameters of the united points are 
the roots of the equation f(9,9) = 0; and it follows that, when 
multiplicities are allowed for and infinite roots are taken into 

account, every ( m,n ) algebraic correspondence has exactly m-\-n 
united points. 

An ( m , n) correspondence between cobasal ranges may be such 
that whenever (P, P') is a pair (P', P) is also a pair. This clearly 
entails m = n. If f(9 y 9') = 0 defines such a correspondence, the 
conditions f(9, 9') = 0 and f(9', 9) = 0 are equivalent, so that 
either 

f(9', 9) = f(9, 9') 

or f(0' 0) = —f(9, 9’) y 

i.e. the polynomial/(#, 9 ') is either symmetric or skew-symmetric. 

If f{9, 9') is skew-symmetric, then f(9 , 9) = 0, so that f{9, 9') 
has 9' — 9 as a factor, the residual factor being symmetric. Every 
point P is a united point of the correspondence. 

If f(9, 9') is symmetric, we say that the equation f(9, 9') = 0 



HIGHER CORRESPONDENCES 


179 


VIII, § 1 


defines a symmetrical (m, m) correspondence. It follows then, by a 
well-known algebraic theorem that f{6, 6') may be written as a 
polynomial in the elementary symmetric functions 6+6' and 66' of 
6 and 6 '. In the particular case given by m = 1 the correspondence 
is an involution, and its equation is of the form 


a00'+6(0+0')+«J = 0. 

Example. Let s, s' be fixed proper conics meeting 
in four distinct points A, B, C, D, and let the polar 
p with respect to s' of a variable point P of s meet 
8 in P[ and P^. Then the two points P[, P-i are re¬ 
lated to P by a symmetrical (2, 2) algebraic corre¬ 
spondence on s, namely the correspondence between 
pairs of points (P, P') of s which are conjugate with 
respect to s'. 

When P is at A , p is the tangent to s' at A; and 
this line meets s in A and one other point. Thus the four united points of 
the (2,2) correspondence are A, B, C , D. 

For P to be a critical point, the polar of P with respect to s' must touch s. 
Now the polars with respect to s' of the points of 8 envelop a conic s, the 
reciprocal of s with respect tc s', and s, § have in genera) four common 
tangents. The points of 8 which have these common tangents as their 
polars for s' are the four critical positions of P. 





Symmetrical (2, 2) correspondences on a conic 

The above example illustrates the way in which higher corre¬ 
spondences, as well as homographies, can sometimes be set up by a 
simple geometrical construction. The symmetrical (2, 2) correspon¬ 
dence is associated especially closely with the geometry of the 
conic. Its equation is 

ai(6-\-6') 2 -\-a 2 (66') 2 +a 3 (6-\-6')69'-\-ai(6-\-6')-\-a 5 6d'+a 6 = 0, 

and the number of coefficients in this equation is the same as the 
number of coefficients in the equation of the general conic. This 
makes it possible (in more than one way) to set up a one-one 
connexion between the oo 5 symmetrical (2, 2) correspondences and 
the oo® conics of the plane. Two fundamental connexions of this 
kind are established by the following theorem. 

theorem 2. If the points P and P ' correspond in a symmetrical 
(2, 2) algebraic correspondence on a given proper conic s , then 

(а) P, P ' are conjugate for a fixed conic 8 lt and 

(б) PP* envelops another fixed conic s 2 . 
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Conversely, pairs of points of s which are conjugate for a fixed conic , 
or whose joins touch a fixed conic, correspond in a symmetrical (2, 2) 
algebraic correspondence on s. 

Proof. If a canonical representation (9 2 , 9, 1) of s is taken, the 
coordinates of the line joining the points P, P', whose parameters 
are 9, 9', are given by 

u 0 :u 1 :u 2 = 1: —(0-1-0'): 00'. 

Then P, P' are conjugate for a general conic 

{a, b, c,f, g,h§ x 0 , x x ,x 2 ) 2 = 0 

if and only if 

ad 2 0' 2 +bd6'+c+f{e+0')+g{d 2 +e ,2 )-\-hd6\e+d') = o ; 

and PP' touches a general conic (A, B, C, F,G,H§ u 0 , u x , u 2 ) 2 = 0 
if and only if 

A + B(9+9’) 2 +C9 2 9' 2 -2F99'{9+9') + 2G99'-2H(9+9') = 0. 

Since, by giving suitable values to the coefficients, we can make 
each of these conditions coincide with any given condition of the 
form 

(9+9') 2 +a 2 (99') 2 +a 3 (9+9')99'+a A (9+9')+a 5 99'-\-a 6 = 0 , 

the theorem is completely proved. 

corollary . The symmetrical (2, 2) algebraic correspondence cut on 
s by tangents to s 2 breaks up into a homography and its inverse if and 
only if s 2 has double contact with s. If s 2 coincides with s, the corre¬ 
spondence is the identical correspondence taken twice. 

The non-trivial part of this corollary follows at once from 
Theorems 18 and 19 of Chapter VI. 

Exercises 

(i) Show how it is possible to regard the generation of an involution on s 
by chords through a fixed point as a degenerate case of the above theorem. 

(ii) Examine the way in which the united points and critical points arise 

when a symmetrical (2, 2) correspondence on s is cut by tangents to a general 
conic 8 Z . 

theorem 3. The envelope of a variable line which is cut harmoni¬ 
cally by two given Conics s and s' is another conic k. The eight tangents 
to s and s' at their common points all touch k. 

Proof. Let l be a variable line, cutting s in P and Q. Then l is 
cut by s and s' in harmonic pairs of points if and only if P and Q 
are conjugate for s'. If this condition is satisfied, it follows by 



181 


Vm,§l HIGHER CORRESPONDENCES 

Theorem 2 that P, Q correspond in a certain symmetrical (2, 2) 
algebraic correspondence on s, and consequently that PQ i s a 
tangent to a fixed conic k. 

If l touches 5 or s' at one of the 
common points of these conics, 
three of the four points of inter¬ 
section coincide, and the condition 
for a harmonic range is then satis¬ 
fied (cf. p. 49). 

The conic k , just defined, is usually known as the harmonic 
envelope or 0-cow tc of s and s'. Dually, the locus of a point which 
moves in such a way that the pairs of tangents drawn from it to 
s and s' separate each other harmonically is also a conic, the 
harmonic locus or F-conic of s and s'. 



Exercise. By taking s' to be the absolute point-pair O, obtain the director 
circle of s as a harmonic locus. 

THEOREM 4. (PonceleVs Porism). If s and s' are proper conics 
and if , for some fixed integer n exceeding 2, one proper n-gon exists 
which is both inscribed in s and circumscribed to s ', then an infinity 
of such n-gons exists; and there is one of the n-gons with any general 
point of s as one of its vertices. 

Proof. Let A 0 A 1 ... A n ^ x be the given 
inscribed-circumscribed w-gon, and sup¬ 
pose we try to construct another such 
w-gon, beginning with an arbitrary 7 point 
P 0 of s as the first vertex. From P 0 we 
can draw two tangents to s ', meeting s 
again in P x and Pi, say; but when one of 
these points has been chosen as the second 
vertex, the rest of the construction can be carried out in only one 
way, unless at some stage we double back. Thus, after n -\-1 steps, 
we arrive finally at one or other of two points P n , P n , and what we 
have to prove is that at least one of these points always coincides 
with P 0 . Suppose that this is not true. The correspondence 
between P 0 and P n must then be symmetrical (2, 2), and algebraic, 
so that P 0 P n envelops a fixed conic k with the property that the 
two tangents from P 0 to k are always the two joins P 0 P n and P 0 P’ n . 

If, now, P 0 falls at a vertex A { of the given w-gon A 0 A 1 ... A n _ v 
both P n and P' n also fall at A { . The two tangents from A { to k then 
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coincide with the tangent to s at A iy and k therefore touches 8 at 
A f . Since this happens at at least three distinct points A 0 , A v A 2 , 
k and s are the same conic. P n and P' n thus coincide with P 0 for every 
position of P 0 , in contradiction to our hypothesis that there exist 
positions of P 0 for which neither P n nor P" n coincides with P 0 . This 
proves the theorem. 

Exercise. If Q lt Q 2 are two fixed points in the plane of a proper conic 
5, and Q x Q 2 meets 8 in A x and A 2 , prove that proper 2n-gons can be inscribed 
in s with their sides passing alternately through Q x and Q 2 if and only if 
{Qv Qz‘> A x ,A 2 ] is a primitive nth root of unity. What does this result 
become in the case n = 2 ? 


The method of false position 


Theorem 4 brings out the poristic character of the problem of 
inscribing n-gons in a given conic in such a way that their sides 
all touch a second given conic—a phenomenon that we have already 
discussed in the special case of inscribed-circumscribed triangles 
(Chapter VI, Theorem 21). The possibility of such porisms brings 
to our notice a danger that is latent in the use of correspondence 
arguments in order to prove theorems about geometrical con¬ 
structions; and we shall conclude this section by examining the 
safeguards that are required when arguments of this kind are 
employed. 

With every problem in projective geometry that asks for the 
construction of a point or figure satisfying certain stated conditions 
is associated an existence theorem, which states that the problem 
has a specified number of solutions—e.g. the theorem that there are 
in general two conics which pass through four given points and 
touch a given line—and a powerful method of proving such exist¬ 
ence theorems by means of correspondences is the so-called ‘method 


of false position’. Suppose, for example, we are given a conic s 
and three general points Q lt Q 2 , Q 3 in its plane, and we wish to 
investigate the possibility of constructing a triangle, inscribed 
in s, whose sides pass respectively through Q lt Q 2 , and Q 3 . If we 
were to take an arbitrary starting-point P on s and try to construct 


an inscribed triangle by drawing chords successively through 
Qi> Qi, an d Q 3 we should expect the attempt to fail, the reason for its 
failure being that P was selected at random. If P had been chosen 
suitably the third chord might have passed through P, so com¬ 
pleting the required triangle; and our problem, therefore, is to find 
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the right starting-point. We can solve this problem by observing 
that, whether the attempted construction solves the original 
problem or not, it sets up a homographic correspondence on s 
between P and P', the free point of intersection of the third 
chord with s , and that the favourable positions for P are simply the 
united points of this homography. In this way we prove the 
existence theorem w’hich states that the problem under considera¬ 
tion has in general two solutions (which need not, of course, be real) 
and, in addition, we are able to find the solutions in any given case; 
for we need only determine three pairs of the correspondence, by 
taking arbitrary ‘false’ positions P lt P 2 , P 3 , and then construct the 
united points in the usual way by drawing the cross axis. 

Now suppose we were to apply the method of false position to 
the problem of finding n-gons that are both inscribed in s and 
circumscribed to s'. With our earlier notation, P 0 and P n are 
connected by a symmetrical (2,2) algebraic correspondence; and 
since such a correspondence has four united points, we naturally 
infer that there are four solutions to the problem. How, then, is 
this conclusion to be reconciled with the established fact that the 
problem is poristic ? The explanation is that in general, when the 
conics are not specially related, the four united points arise from 
degenerate w-gons which double back on themselves. We leave the 
reader to work out the details, guided by the following figures:! 



Before arguing, then, by the method of false position that a 
certain construction problem always has so many solutions (of 
which an even number may be unreal) we need to satisfy ourselves 
that the solutions given by the united points of the correspondence 
are in fact proper ones. 


t See Zeuthen, Abzahlende Methoden dtr Qeometrie (Leipzig, 1914), 77, and 
van der Waerden, Einfiihrung in die algebraische Qeometrie (Berlin, 1939). 139. 



184 


HIGHER CORRESPONDENCES, APOLARITY 


VIII, § 2 


§ 2. Apolarity 

In this section we propose to introduce a new concept, that of 
apolarity, which provides a powerful means of unifying much of the 
projective geometry of the conic. It enables us, for example, to 
bring together under a common head such apparently diverse 
relations as those which hold between a conic and a pair of con¬ 
jugate points, a conic and a pair of conjugate lines, and a conic 
and a second conic to which it is harmonically inscribed or circum¬ 
scribed. We may conveniently introduce this general notion by 
going back to the idea of self-polar triangle, by reference to which 
the relations of harmonic inscription and circumscription were 
defined in Chapter VI, and trying to see how this idea can be 
generalized. 

A triangle PQR is said to be self-polar for a proper conic <s when 
it stands in a certain self-dual relation to s, both its vertices P, Q, R 
and its sides p, q, r being conjugate in pairs with respect to s. If the 
point-equations of the sides of a self-polar triangle of s are respec¬ 
tively p = 0, q = 0, r == 0, and the line-equations of its vertices 
are P = 0, Q = 0, R = 0, the point-equation and line-equation of 
s may be written in the forms 

S = Xp 2 -\-fxq 2 -\-vr 2 — 0 

and 2 = \'P 2 +p.'Q 2 + v 'R 2 = 0. 

This is plain if PQR is taken as triangle of reference. The expres- 
sibility of S as a linear combination of p 2 , q 2 , r 2 is a necessary and 
sufficient condition for the triangle PQR to be self-polar, and it 
therefore furnishes an algebraic counterpart of the geometrical 
relation of self-polarity. The algebra, however, admits of obvious 
generalization, and this leads us to define the new concepts of polar 
&-side and polar Appoint as follows. 

definition. A set of 1c lines (p 1 ,p 2 ,-"jP/ c )> where k may be 3, 
4, or 5, is said to form a polar Jc-side for a given proper conic s if the 

k 

point-equation of s is expressible in the form S = Y \ { p* = 0. 

i = 1 

Dually, a set of k points (i*, P 2 ,..., P k ) is said to form a polar Ar-point 
for s if the line-equation of s is expressible in the form 

X = lKP 2 i= o. 

t=i 
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We need only consider values of k up to 5; for since the conic has 

five degrees of freedom, the equation of any arbitrary conic can be 

6 

expressed in the form V \ .pf = 0, (p v p 2 y^*Pe) t> e i n g a given set 

» = i 

of six general lines. 

It will be observed further that it is only in the case A.* = 3 that 
the polar A*-side is a self-dual entity. When k exceeds 3, a set 
of k lines does not determine an associated set of k points in any 
simple way. 

So far the polar Ar-side, for k equal to 4 or 5, is connected with 
the self-polar triangle only by algebraic analogy, and we have still 
to look for properties that make it geometrically interesting. We 
may remark, first of all, that there are certain trivial polar Ar-sides 
which it is often convenient to leave out of account. Suppose 
(Pi*P»—>Pk-i) is a P olar (&— l)-side, and p k is an arbitrary line. 

and ( Pi>P 2 >—>Pk) counts as a polar A;-side. Such polar Apsides will 
be called special. Thus, for example, the sides of a self-polar triangle 
together with an arbitrary line make up a special polar 4-side. 
The question that interests us is how non-special polar 4-sides may 
be characterized geometrically, and we shall now show that the 
answer is suggested by Hesse’s Theorem (Chapter VI, Theorem 24). 
In virtue of this theorem, if two pairs of opposite vertices of a 
quadrilateral are conjugate for s, then the third pair is also con¬ 
jugate for s\ and we have here a special relationship that is possible 
between a quadrilateral and a conic. W T hen the relationship holds, 
we may call the quadrilateral a Hesse quadrilateral for the conic— 
and Hesse quadrilaterals can now be identified with polar 4-sides. 

theorem 5. Four lines , no three 
of which are concurrent y form a 
polar 4:-sidefor a given proper conic 
s if and only if they are the sides of 
a Hesse quadrilateral of s. 

Proof. Let the four given lines - 

be taken as the sides of the tri¬ 
angle of reference and the unit line, 
and let the unit line meet the other lines in X' 0 , X' ly X 2 respectively, 
(i) If the conic is given by 

(a, b, c,f, g y h\\ z 0 , x v x 2 ) 2 = 0 
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and the lines form a Hesse quadrilateral, then, since X if X\ are 
conjugate for i = 0, 1,2, we have f = g = h. 

The equation of s may accordingly be written 

S = axl+bx\+cxl + 2f{x 1 x 2 +x 2 x 0 -\-x 0 x 1 ) 

— («—/>§+(&— /)^i+/(^ 0 -f^i+^ 2 ) 2 

= 0 , 

and the four lines form a polar 4-side. 

(ii) If, conversely, the lines form a polar 4-side, the equation of s 
may be written 

and it is immediately verifiable that X it X\ are conjugate points 

(* = 0,1,2). 

corollary. If p lt p 2> p 3 are three given lines which are not con¬ 
current and which do not form a triangle that is self-polar for a given 
proper conic s , then there exists a fourth linep x such that {'Pn'Pi'Pz'Px) 
is a polar 4-side for s. In general , p 4 is the axis of perspective of the 
triangle p x p 2 p 2 and its polar triangle. 


Exercise. Show that the following is a complete enumeration of all 
possible types of polar 4-side for a proper conic: 

(i) the Hesse quadrilateral; 

(ii) the special polar 4-side, consisting of the sides of a self-polar trianglo 
together with an arbitrary line; 

(iii) a line a™* three arbitrary lines through its pole. 

W e have already seen in Chapter VI that the problems of in¬ 
scribing in a given conic s and circumscribing about s triangles that 
are self-polar for a second conic s' are poristic. This fact may now 
be generalized, polar ^-points or &-sides being taken in place of 
self-polar triangles. The general problem of inscribing in s ^-points 
that are polar for s is covered by a single comprehensive porism, 
which in\elves a certain relation, known as apolarity, that can hold 
between two conics. 


If the two conics s and s' are given, we can in any case choose oo 1 
pairs of points of s which can each be augmented by a third point 
(not necessarily on s) to a 3-point that is polar for s', and we can 
choose co 3 triads of points of s, each of which can be augmented 
by a fourth point so as to make it into a polar 4-point for s'. The 
question is whether the augmenting point does or does not fall on s. 
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theorem 6. Let s , s' be a conic locus and a conic envelope , repre¬ 
sented respectively by the equations 

S = {a,b,c,f,g,h §x,y,z) 2 = 0, 

and S' = (A', B', C', F\ G', H' \ u,v, w ) 2 = 0; 


and let I ss - = aA'+bB'+cC'+ 2fF'+ 2gG'+ 2hH'. 

Then if k— 1 points of any k-point polar for s' (k = 3, 4, or 5) lie on 
s , and the k— 1 points do not themselves form a polar (k-l)-point, 
the kth point either always falls on s or never falls on s, according as 
I.s = 0 or I s s . =£ 0. 

Furthermore , if k— 1 lines of any k-side polar for s (k = 3, 4, or 5) 
touch s', and the k— 1 lines do not by themselves form a polar (k— 1)- 
side , /Ac kth line either always touches s' or never touches s', according 
as I S8 . = 0 or I ss . ^ 0. 

Proof. Let P { = (£*,&> z<) (i = 1,2,..., k) be the vertices of a 
Ar-point polar for s'\ and let the points P x , P 2 **”» ^k- i* which do not 
constitute a polar ( k — l)-point, lie on s. Then there exist A x , A 2 ,..., X k 

such that k 

2' = 2 A iluxt+vyt+wzi)*; 
i= 1 


and, since (P lt P 2 ,...,P k -i) is not a polar (A;—l)-point, X k ^ 0. We 
therefore have 


A' = 2 \xf, 


B' = Z\yb 


C’ = Ihizl 


F' = 2 Klfi z i> G' = 2 H' = 2 


and hence 


fc fc 

/*,«' = .2 A t - (a, 6, c,/, (7, a 5 *i, Vi* Zi) 2 = Z *i S a- 


i *= 1 


i = l 


Now £ u = S 22 = ... = = 0, by hypothesis, and the con¬ 

dition I s g> == 0 therefore reduces simply to S kk = 0. This proves 
the first part of the theorem. 

The second part follows at once when we notice that the condition 


aA'+bB'+cC' + 2fF'-\-2gG'-\-2hH' = 0 


remains unaltered when the whole situation is dualized and, at the 
same time, 5 and s' exchange roles. 

We may remark, incidentally, that since the equation I 88 > = 0 
represents a projective relation between the two conics, if it holds 
in one coordinate representation ^2 it must hold in all. 
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definitions. A conic locus 5 and a conic envelope s' are said 
to be apolar if I s s . = 0. 

A conic k is said to be outpolar to a conic k' if k , regarded as a 
locus, is apolar to k' , regarded as an envelope; and in this case we 
say also that k' is inpolar to k. 

It is customary and often convenient to associate outpolarity 
and inpolarity separately with the two aspects of apolarity indi¬ 
cated in the first and second parts of Theorem 6. If we do this, the 
connexion between the two aspects—a fact of obvious geometrical 
importance—is that if k is outpolar to k', then k' is inpolar to k. 
The theorem (already proved by reciprocation in Chapter VI) 
that if s is harmonically circumscribed to s’ then s' is harmonically 
inscribed in s , is a special instance of this connexion. 

We may now summarize the geometrical interpretation of the 
relation of apolarity between proper conics as follows: If s is out¬ 
polar to s', it contains oo 1 3-points, oo 3 4-points, and oo 5 5-points, 
all polar for s'; and, since s' is then also inpolar to s, it contains 
co 1 3-sides, oo 3 4-sides, and oo 5 5-sides, all polar for s. 

Properties of the relation of apolarity 

(i) The first property of the relation I s s , = 0 that we should note 
is its linearity, both in the coefficients of the point-equation of s 
and also in the coefficients of the line-equation of s'. It follows at 
once from this that if s x and s 2 are each outpolar to s\ and s’ 2 then 
every conic of the pencil determined by s x and s 2 is outpolar to 
every conic of the range determined by s[ and s' 2 . 

Even more important is the fact that I 8S > = 0 is a general linear 
condition on the coefficients of the point-equation of s. When a 
conic s is made to pass through an assigned point of the plane, a 
condition of the form 

a xl+byl+czl+2fy 1 z 1 +2gz l x 1 +2hx 1 y 1 = 0 

is imposed upon the coefficients in its point-equation. But while 
this is a linear condition, it is not the most general linear condition 
that can be imposed, for the quantities x\, y\, z\, y 1 z 1 , z 1 x v x x y v 
are interconnected. Outpolarity to an assigned conic s' is, however, 
a general linear condition, since an arbitrary linear condition 

A'a + B'b+C'c+2F'f+2G'g+2H'h = 0 
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on a, 6, c,f , g , h can be interpreted as outpolarity to a conic envelope 


(A',B',C',F',G’ i H'l\u,v,w) 2 = 0. 

We can therefore assert straight away, for example, that there is a 
unique conic locus that is outpolar to five given linearly indepen¬ 
dent conic envelopes. If the conic loci of the plane are represented, 
as described on p. 106, by points of S b , the condition on a conic s 
of being outpolar to a fixed conic envelope becomes the condition 
on the corresponding point of S$ of lying in a fixed prime (i.e. jS 4 ). 

(ii) A conic locus s is outpolar to a point-pair (P, Q) if and only if 
P and Q are conjugate points for s. For we may choose the co¬ 
ordinate representation in such a way that the line-equation of the 
point-pair is vw = 0; and the condition I 9S > = 0 then reduces to 
f = 0, which is the condition for the points (0,1,0) and (0,0,1) 
to be conjugate for s. 

(iii) A conic locus 5 is outpolar to a repeated point (P, P) if and 
only if it passes through P. 

(iv) A line-pair ( p,q) is outpolar to a conic envelope s' if and 
only if p and q are conjugate lines for s' ; and a repeated line (p y p) 

is outpolar to s' if and only if p touches s'. 

(v) If two conic loci and s 2 , both outpolar for the same conic 
envelope s', meet in four distinct points, then these points form a 
polar 4-point for s'. For we can take three of the points and 
augment them to a polar 4-point for s’ , and, by Theorem 6, this 
additional point must then lie on both s x and s 2 . 

We see, then, that the relation of apolarity covers a number of 
the projective relations between two conics (one or both of which 
may be degenerate) which we have already learned to handle by 
more elementary methods, and in this way it proves to be a valuable 
unifying concept. In addition to this, however, it also admits of 
some striking euclidean interpretations; and to these we now turn. 


Apolarity in the euclidean plane 

theorem 7. A circle c is outpolar to a conic envelope s' if and only 
if it cuts the director circle of s' orthogonally. 

Proof. There exist circles outpolar to s', namely the circum- 
circles of triangles self-polar for s'. If c x and c 2 are any two such 
circles, every circle of the coaxal system (i.e. the pencil of circles) 
which they determine is also outpolar to s'. In particular, the two 
point-circles L , L' of the system are outpolar to s', and this means 
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that the pairs of lines ( LI, LJ) and (UI, L'J) are both conjugate 
for s'. Thus the tangents from L to s' are perpendicular, and so also 
are the tangents from L' . The director circle of s' therefore passes 
through L and L', and so belongs to the conjugate coaxal system. 
This means that the director circle is orthogonal to c lf and since 
Ci was any circle that is outpolar to s', the director circle of s' is 
orthogonal to every outpolar circle. 

To prove the converse part of the theorem we proceed as follows. 
Let c be a circle which cuts the director circle of s' orthogonally, and 
let an arbitrary diameter of c cut the director circle in L and L'. 
Then, by reversing the previous argument, we can show that the 
circles of the coaxal system with L, L' as its limiting points 
—of which c is one—are all outpolar to s'. 

corollary 1. If a triangle is self-polar for a conic s', its circum- 
circle cuts the director circle of s' orthogonally. 

corollary 2. If a triangle is circumscribed to a conic s', its polar 
circle cuts the director circle of s' orthogonally. 

corollary 3. If a circle is outpolar to a parabola, its centre lies 
on the directrix of the parabola. 

corollary 4. If a circle is outpolar to a rectangular hyperbola, 
it passes through the centre of the hyperbola, and conversely. 

corollary 5. A rectangular hyperbola is outpolar to a circle if 
and only if it passes through the centre of the circle. 

Corollary 5 is projectively equivalent to Corollary 4, the roles 
of the pairs of points in which the two conics cut the line at infinity 
merely being interchanged. 

A condition for six points to lie on a conic 

There is one further theorem which it is convenient to insert 
here although, strictly speaking, it has nothing to do with apolarity. 
It is concerned, however, with linear combinations of the squares 
of the equations of points or lines, and it gives useful criteria 
for six points to lie on a conic and for six lines to touch a conic. 

theorem 8 {SerreVs Theorem). If the equations 

Pi = uxi+vyi+wzi = 0 (i = 1, 2 ,..., 6) 
represent six points P { , a necessary and sufficient condition for the six 
points to lie on a conic is that the six polynomials P? in u, v, w should 
be linearly dependent. Dually, six lines p t = 0 are all tangents to a 
conic if and only if the polynomials p\ in x, y, z are linearly dependent. 
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Proof. The polynomials P? are linearly dependent if and only if 
there exist numbers A x , A 2 ,..., A 6 , not all zero, such that 


6 


ZA.Pf^O 

i -1 

identically in u, v, w, i.e. if and only if the following equations for 
A lt ...,A 6 are consistent: 

Z At x f ==: •••» ZAi2/< z i == ••• • 

i i 

A necessary and sufficient condition for this is 


~2 

x 2 


Vl Z l V'2 Z 2 


xl 


6 


y 6 2 s 


= 0 ; 


and this is just the familiar condition for the six points ( x iy y i) z { ) 
to lie on a conic. 

corollary 1 . If two triangles are self-polar for a conic , their six 
vertices lie on a conic. 

For if S = Pi+A 2 Pl+A 3 P 3 , 

and £ = A 4 P1+A 5 P§+A 6 P|, 

then A 1 Pf+A 2 Pl+A 3 PI-A 4 PS-A 5 P|-A 6 Pi = 0. 

We thus have an alternative proof of Theorem 22 of Chapter VI. 

corollary 2. If two triangles are both inscribed in a conic k, 
there exists a conic for which they are both self-polar. 

corollary 3. If a polar k x -point and a polar k 2 -pointfor a conic 
have k 1 -\-k 2 —Q points in common , then their six vertices lie on a conic. 


§ 3. The Theory of Invariants 

In the previous section we expressed in algebraic form I 8 8 . = 0 
a projective relation that may possibly hold between two conics, 
and we inferred (p. 187) that if the algebraic relation holds for the 
equations of 8 and s' in any one coordinate representation it must 
hold for the equations in every allowable representation. This 
suggests the possibility of a general algebraic investigation of 
invariant relations of this kind, of which the aim would be, on the 
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one hand, the systematic construction and classification of such 
relations and, on the other, their geometrical interpretation. 

We can only give here a very brief introduction to the subject. 
The algebra has been worked out fully in the classical theory of 
invariants, where a technique is developed for handling invariant 
algebraic relations symbolically; and for the full development we 
refer the reader who is interested to the following standard works— 
Grace and Young, Algebra of Invariants (Cambridge, 1903); 
Elliott, Algebra of Quantics (Oxford, 1895); WeitzenbOck, Invari- 
antentheorie (Groningen, 1923). 

The discriminant of a quadratic form 

As a first example of an invariant relation we may take the con¬ 
dition that a quadratic form should factorize. Consider the form 

S = (a,&,c,/,^ft$x,y, 2) 2 = x T Ax. 

The condition for the form to factorize, i.e. for the conic S = 0 
to be degenerate, is of course | A | = 0. If, now, we change the 
coordinates according to the scheme 

x = Px (|P|^0), 

S is transformed into the quadratic form 

S = x^P^APx = x^Ax, 

where A = P r AP. Clearly, then, |A| = |P| 2 .|A|; and the two 
discriminants |A | and |X| are either both zero or both non-zero, 
as we should expect. 

The typical features of this example, from the present point of 
view, are the following: 

(а) a geometrical condition is expressed by the vanishing of a 
certain polynomial in the coefficients of a form; 

( б ) when the variables in the form are subjected to a linear 
transformation, the value of the polynomial with the new 
coefficients substituted for the old is equal to the original 
value multiplied by a power of the determinant of the trans¬ 
formation. 

If we now replace the single form by two or more forms in the 
same set of variables, we have a useful indication of what may be 
looked for in. other cases. 



vm, §3 


THE THEORY OF INVARIANTS 


193 


Invariants of a pair of quadratic forms 
Let S = x r Ax and S' = x r A'x be two quadratic forms in 
x, y. z, which transform respectively into the forms S = x r Xx and 
S' = x r X'x. The general linear combination of S and S' may be 


written as 


S^ = A S+nS' = x r (AA-f pA')x, 


and this form transforms into 


= x r P r (AA+,xA')Px = x r (AX+ M X')x. 


It follows that 

|AX+/zA'| = |P| 2 . |AA+/zA'|, (1) 

and this holds for arbitrary values of A and /z, i.e. identically in 
A and /z. 

Now 


lAA-b/zA' 


A a-\-fia' AA-f/zA' A g-\-^g' 
AA 6 +/z 6 ' A/+/z/' 

A g+pg' Ac+/zc' 


= AA 3 +@A 2 /x -f- 0' A/z 2 -f-A'/z 3 > 


where A = |A|, A' = |A'|, and 0, 0' are certain intermediate 
expressions. We have in fact 


3A = aA+bB+cC+2fF+2gG+2hH, 


0 = a'A+b'B+c'C+2f'F+2g'G+WH, 

0' = aA'+bB'+cC' + 2fF' + 2gG'+2hH', 

3A' = a'A'+b'B'+c'C' + 2f'F'+2g'G'+2h'H'. 

Since (1) is an identity in A and /x, we have at once A = | P J 2 A, 
(5 = |p| 20 ; q' __ |p| 20 ' } A' = |P| 2 A'. Thus not only A and A', 
but also 0 and 0 ', which are mixed polynomials in the coefficients 
of S and S', transform in the special manner described in ( 6 ) on 
p. 192. They also have, as it happens, a geometrical interpretation 
as demanded by (a); for 0 and 0 ' are the expressions I s > 8 and I 8sr , 
and their vanishing means that the conic S = 0 is inpolar or out- 
polar to the conic S' = 0 as the case may be. 

The four expressions A, 0, 0', A' are the four fundamental 
invariants (or relative invariants) of S and S'. Each of them is 
homogeneous both in the coefficients of S and in the coefficients 
of S'; and since in each case the factor |P| occurs to the second 
power on the right-hand side of the equation giving the law of 
transformation, all four invariants are said to be of weight 2 . 

6304 o 
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More generally, we say that a polynomial 0(a, 6,..., h; a', 6',..., h') 
in the coefficients of S and S' is an invariant of weight w of the two 
quadratic forms if 


(i) O is homogeneous in a,b,...,h and in a',b',...,h', and 

(ii) <I>(d,&,..., Ti; a',b',...,K') = |P| w .O(a,6,..., h; a' ,b',...,h'). 


A polynomial in the four fundamental invariants, with constant 
coefficients, say 

4> = 2 A JW , s A*0*0''A'», 

p,q.r,8 

will satisfy (ii) if and only if it is homogeneous, of degree n say, in 
A, 0, 0', A'. When this is the case p-\-q-\-r-\-s = n for every term 
of the above expression, and clearly O = |P| 2n .O. The function <3> 
will not satisfy (i), however, unless 3p-|-2g-f-r (and consequently 
also g-f-2r-f-3s) is constant for all the terms. When this condition 
is not satisfied, we can write $ as a sum ^ °f proper invariants 
O t -, all of weight 2 n, by collecting together in one term O* all the 
terms of O for which Zp-\-2q-\-r has the same value. If $ satisfies 
(ii) but not (i), we call it a pseudo-invariant of S and S'; and any 
pseudo-invariant may thus be expressed as a sum of proper in¬ 
variants. 

We may now extend the concept of invariant by admitting not 
only polynomials <1> in the coefficients of S and S' but also rational 
functions <1>/ x F. If O and T* are invariant polynomials, of weights 
u\ and w 2 respectively, we say that the rational function is an 
invariant of weight w x —w 2 of S and S'. The weight of such an 
invariant (which must be integral) can be positive, negative, or 
zero. If it is zero, O/T* is called an absolute invariant. 


Invariants of a pair of conics 

The algebraic results just obtained may now be interpreted 
geomet rically in terms of the projective geometry of a pair of conics. 
Let us consider two given conics s and s', represented in some chosen 
representation & by point-equations S — 0 and S' = 0. It should 
be noted first of all that the conics are associated in this way, not 
with uniquely defined quadratic forms S and S', but with classes 
of forms (kS) and (k'S'), where k, k' are arbitrary constants. The 
projective properties of the pair of conics may be expected, there¬ 
fore, to be reflected in invariant properties of these two classes of 
forms. 
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The projective properties of the pair of conics are of two different 
kinds. In the first place we have projective relations of s to s', of 
which the relation of apolarity is typical; and in the second place, 
there are numerical invariants or geometrical moduli of the two 
conics, such as, for example, the cross ratio (or some symmetric 
function of the six cross ratios) of the range of four points cut on 
s by s'. 

The vanishing of any invariant of S and S' clearly corresponds 
to some projective relation between 5 and s', for since an invariant 
of 5 and S' is homogeneous in the coefficients of the two forms 
separately, it is also an invariant of kS and k'S' for arbitrary k 
and k'. No such meaning, nor indeed any meaning at all in terms 
of the two conics, attaches to the vanishing of a pseudo-invariant 
of S and S'. 

The numerical value of any absolute invariant of S and S' 
corresponds in a similar manner to a geometrical modulus of s 
and s', provided that numerator and denominator are of the same 
degree in the coefficients of S and also in the coefficients of S'. 

Applying these results to the known invariants of S and S', 
we have: 

theorem 9. Any algebraic equation F( A, 0,0', A') = 0 represents 
a projective relation between the conics S = 0 and S' = 0, provided 
that F is homogeneous separately in a,b,...,h and in a' ,b' ,...,h', or, 
what comes to the same thing, provided that F is {a) homogeneous in 
A, 0, 0', A', and ( 6 ) homogeneous also when weights 3, 2, 1, 0 are 
assigned to A, 0', 0', A'. 

Any rational function i^(A,0,0', A / )/G J (A,0,0 / , A') represents a 
projective modulus of the two conics provided that (a) numerator and 
denominator are of the same total degreedn A, 0, 0', A', and (b) they 
are both homogeneous and of the same degree in a, b,..., h and also in 
a',b',...,h'. 

The two simplest absolute invariants of s and s' are 

A0' 0 A'0 

“ — 0 2 > P — 0'2 > 

and it can be shown that any other absolute invariant which is 
derived from the four fundamental invariants is a rational function 
of a and fi, and also that any irreducible invariant relation (other 
than 0 = 0 or 0' = 0 ) derived in the same way can be expressed 
in the form «£(<*,/?) = 0, where <j> is a polynomial. All such relations 
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may therefore be regarded as algebraic relations between the two 
basic moduli of s and s'. The proof of these statements is left to 
the reader. It is worth noting, incidentally, that there appear to 
be no immediate geometrical interpretations, based on cross ratios, 
of a and p themselves, although many of the obvious moduli of 
8 and s' can be expressed easily enough in terms of these two. 


Examples of invariant relations 

We have now, in Theorem 9, the means at our disposal for con¬ 
structing infinitely many types of invariant relation between two 
conics s and s'. Unfortunately we have no systematic way of 
interpreting them geometrically, and we might be inclined to say 
that the algebra has suddenly out-distanced the geometry. What 
we can do, however, is to select those geometrical relationships 
between s and s' which interest us and try to express them, by a 
systematic procedure, in invariant algebraic form. The procedure 
is as follows. Having settled upon a geometrical relation, we take 
two conics s and s' which we assume to be connected by this relation 
only. We then choose a system of reference in which the conics have 
simple equations, compute for these equations the values of 
A, 0,0', A', and search for a relation between these quantities which 
satisfies the homogeneity conditions of Theorem 9. If the assumed 
geometrical relation between s and s' is in fact one which imposes 
only one condition on the coefficients, and if an invariant relation 
is found which is irreducible, then this latter is the required alge¬ 
braic equivalent of the original condition, valid in every coordinate 
system. The two examples which follow will make the procedure 
clear. 


Example 1. Let s be triangularly circumscribed to s'. In this case, by 

suitable choice of the frame of reference, the equations of s and s' can be 

taken to be 0 

s = 2/yz -f- 2gzx 2hxy = 0, 



x 2 + y t + z*—2yz—2zx—2xy 



respectively. Then the values of A, B,..., H are — / 2 , — g z , 
and those of A', B',..., H' are 0, 0, 0, 2, 2, 2; and hence 


—/»*, gh, hf,fg 


A = 2 fgh, 0 = -( f+g+h)\ 0' = 4 (f+g+h), A' = -4. 

The only relation between these quantities which is homogeneous both for 
weights 1, 1, 1, 1 and for weights 3, 2, 1, 0 of A, 0, 0', A' is 


0 ' a — 4A'0 = 0, 

i.e. P = I; and this is therefore the required invariant relation, valid for 
every frame of reference. 
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Example 2. Let s and s' be such that two of their common tangents intersect 
on a common chord. When this relation holds, the conics are projectively 
equivalent to a pair of equal circles; and their equations may be written 
non-homogeneously as X*-f-V s = 1 and (X —rf)* + Y’ 1 = 1. Then 

(a,6. h) = (1,1, -1,0,0,0), 

( a',b',...,h') = (1, l,d*— 1,0, —d,0), 

(.4,B,= (-1,-1, 1,0,0,0), 

= (d 2 — 1, — 1,1,0, rf, 0); 

and hence 

A = - 1, 0 = (f 3 — 3, 0' = d 2 — 3, A' = — 1. 

To pick out a relation between these quantities which satisfies the necessary 
homogeneity conditions, it is perhaps simplest to replace them by A = — Jc 3 , 
0 = (d»_3)fc*, 0' = (d 2 — 3)k, A' = — 1, and then to seek a homogeneous 
relation between these new values which is independent of k. In this way we 


obtain the relation 


A0' 3 -A'0 3 = 0, 


or, in terms of the absolute invariants, m = ft. 


The general theory of invariants 

It may be useful at this stage to refer to some more general con¬ 
cepts and results which throw light on what has been said so far, 
and to indicate very briefly the scope of the general theory of 
invariants. 

We need to define an invariant of a set of forms (i.e. homogeneous 
polynomials) in n+1 indeterminates x 0 ,...,x n , where the forms 
are not necessarily assumed to be of the same degree. Now a form 
of specified type is essentially an array of coefficients, ordered 
according to the terms to which they belong; and this is what 
Weitzenbock calls a tensor. We may regard the coefficients in the 
form as themselves indeterminates, treating the original x 0i ...,x n 
as auxiliary quantities which serve merely as a device for trans¬ 
forming the given form into another form of the same degree; for 
the original transformation x = Px induces a linear transformation 
of the coefficients of the form, and the coefficients in this trans¬ 
formation depend only upon the elements of the matrix P. To take 
a simple example, let S be the quadratic form x T Ax, i.e. 

i !><**<** k i = °ik)- 

i = 0 fc = 0 

This form defines the symmetric tensor {a ik ), and the induced linear 
transformation of the components is given by A = P T AP, i.e. 

A = p-irxp-i. 
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We may say then, in general terms, that every form S (with 
indeterminate coefficients) defines a tensor or array (a) of coeffi¬ 
cients, and that the group GL(n +1) of all non-singular linear 
transformations x = Px gives rise to a group G s of linear trans¬ 
formations of the array (a). An invariant of a set of forms & (1) ,..., S (r) 
may now be defined as a polynomial 0(a (1 \...,a (r) ) in all the coeffi¬ 
cients of all the forms which has the following properties: 

(i) it is homogeneous in the coefficients of each form separately; 

(ii) when £ (1) ,..., & (r) are transformed into <S (1) ,..., S (r) by any given 
transformation x = Px of x 0 ,...,x n then 

= ZO(a (1 >,...,a< r >), 

where A is a quantity which depends only on the matrix P. 

It may be proved algebraically| that if <!> is such an invariant 
then K — IPI 1 ", where w is a non-negative integer. O is accord¬ 
ingly referred to as an invariant of weight w of the r given forms. 
Similar definitions apply also to invariant rational functions O/'F. 

The fundamental theorem on invariants is the Basis Theorem,}: 
due N to Gordan. This asserts that if S (1 \... y S (r) are arbitrary forms 
of any assigned degrees in x 0 ,...,x ny then there exists a finite set of 
invariants I ly ... y I t , such that every invariant of the forms is expres¬ 
sible as a polynomial in I ly ...,I t . 

For a single quadratic form S in x, y, z y the invariant A is itself the 
basis. In the case of a pair of such forms, S and S', it can be shown§ 
that A, 0, O', A' form a basis; and this means that the invariants 
constructed from these, as described on p. 194, are all the in¬ 
variants of S and S'. 

We refer finally to the formal algebraic operation of polarization, 
which is a simple but extremely powerful instrument for deriving 
new invariants from those that are already known. The operation 
may be applied to any homogeneous polynomial <j>{a ly ..., a k ), of 
degree n, say, in a set of indeterminates a lt ...,a k , and it is defined 
as follows. We take a second set of k indeterminates, eq,...,«*> 
and then convert <j> into the polynomial 


1 

<f>*(a ly ...,a k ', a lt ...,a k ) = — 'S' 

n 

t=i 



t Grace and Young, p. 21; Weitzenbock, p. 11. 

% The original proof of Gordan, later simplified by Hilbert, is discussed by 
Weitzenbock, pp. 143-8. 

§ Weitzenbock, p. 61. 
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by means of the polarizing operator 

n = - > ai—. 

n ^ da { 

The usefulness of this operation in the theory of invariants arises 
from the fact—which the reader should have little difficulty in 
verifying—that if </> is an invariant of r forms of which one, say S , 
has a k as coefficients, and if S' is a new form derived from S 
by replacing the coefficients a ly ...,a k respectively by then 

<f>* is necessarily an invariant of the r +1 forms obtained by adding 
S' to the original set of r (or of the original set, if this already 
includes *S'). 

An example of this process lies ready to hand, for polarization of 
the invariant A of the quadratic form S(x, y , z) gives us the invariant 
$0 of the two forms S and S'. The invariant 0 is itself quadratic 
in a,6,...,h and linear in and if we now polarize 0 

(with respect to the pair of forms S, S') we change it into an in¬ 
variant that is linear in a,b,...,h and quadratic in a',6 ',..., h', 
namely O'. Finally, polarization of O' gives the invariant 3A'. 
From the single invariant A of S, therefore, we can obtain by suc¬ 
cessive polarization all the four fundamental invariants of S 
and S'. The same procedure also gives us a new invariant of 
three quadratic forms S, S' y S", obtained by polarizing 0 with 
respect to the pair of forms S, S". O is linear in the coefficients of 
each of the forms. 

Covariants and contravariants 

We have now seen how it is possible to define and manipulate 
algebraically the invariants of a set of forms, and we have also 
given some examples of the application of this general theory to the 
projective geometry of conics. In the applications so far envisaged, 
the conics have been regarded primarily as loci; but it would be a 
simple matter to give a dual treatment of properties of conic 
envelopes, simply by applying the same algebraic theory to 
quadratic forms in u, v, w instead of x, y, z. Unfortunately, how¬ 
ever, the self-duality of the projective plane, with properties of 
points and properties of lines symmetrically related to each other, 
cannot readily be exhibited by means of the theory of invariants, 
In applying this theory we have to begin by taking either point- 
coordinates or line-coordinates as the primary variables, and this 
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choice gives a bias to the whole of the subsequent development. 
If we regard x, y, z as primary, all the transformations a -> a of 
coefficients are defined in terms of the one basic transformation 

x = Px. 


This transformation of point-coordinates induces an associated 
transformation of line-coordinates, represented algebraically by 
the so-called contragredient transformation 

u = P ir u, 

but the elements p ik of P enter differently into the two equations, 
and in consequence the algebra fails to reflect the symmetry of the 
geometry. We do not wish, however, to go into this question here, 
but rather to look for a moment at a generalization of invariant 
theory that is possible in a different direction. 

In projective geometry we are often interested in studying not 
only properties of given figures but also new figures that are pro- 
jectively related to given ones, or possibly derivable from them by 
projective construction. The harmonic locus and harmonic en¬ 
velope of two conics, for instance, are cases in point. A derived 
figure of this kind will have an equation which involves point- 
coordinates or line-coordinates as well as the coefficients in the 
equations of the original figures, and this equation will of necessity 
be related in some invariant manner to the original equations. 
The question is how to exhibit algebraically the invariant relation 
—and this brings us to the notion of concomitants. 

Roughly speaking, a concomitant of a set of forms 


/S (1) (ar 0 ,..., x n ) y ... y S^(x 0f ..., x n ) 

is an ‘invariant’ which involves not only the coefficients in the 
S (i) but also point-coordinates and dual coordinates as well. It has 


the property that when the coefficients in the SS® are replaced by 
the corresponding coefficients in the 3®, and x 0 ,...,z n and u 0 ,...,u n 
by the quantities x 0> ...,x n and u 0 ,...,u n defined by the equations 
x := u = P -ir u, its value is unaltered except possibly for 
multiplication by some power of |P|. If the concomitant involves 

x o .^ but not , u 0 ,...,u n it is called a covariant of <S (1) ,..., S (r) ; and 

if it involves u 0 ,...,u n but not x Qy ...,x n it is called a contravariant . 
If it involves neither set of variables it is, of course, an invariant 
in the sense previously defined. 


In order to make these ideas more concrete let us now consider a 


single form 


S(x,y,z) = ( a,b,c,f,g,h§x,y,z ) 2 . 



VIII, §3 THE THEORY OF INVARIANTS 201 

The transformed coefficients are defined by the condition 

{d,b,c,f,(J,fi§x, f/,=) 2 = ( a,b y c,f,g,h§x,tj,z) 2 , 

and this means that S is itself a covariant of S of weight zero. 

We write the line-equation associated with the point-equation 
5 = 0 as 

2(w,r,u’) = {A,B, C,F , G,H$u,v,w) 2 = 0, 

or, in matrix notation, 

2 = | A |. u T A _1 u = 0. 

Then, if 2 denotes the form obtained by putting u, v, w and a, 6,..., h 
in place of u y v y w and a,b,... y h in 2, 

2 = | A |. u r A _1 u 

= |P | 2 . |A |. (P r u) 7 '(P r AP) _1 (P r u) 

= |P| 2 . |A|.u 7 ’A _1 u 
= |P| 2 .2; 

and 2 is therefore a contravariant of S of weight 2. 

If, now, we begin with two conics s, s', represented by point- 
equations S = 0, S' = 0, they serve to define a pencil of conics; 
and the general conic of this pencil has point-equation 

S+\S‘ = 0 

and line-equation 2-f 2AO-f A 2 2' = 0. 2 may be regarded as a 
quadratic form in a,b,...,h whose coefficients involve u y v,w t and 
O is obtained from this quadratic form by polarization with respect 
to a', 6',..., h\ If fixed values are given to u y v, w y the roots X ly A 2 
of the quadratic equation 2+2AO+A 2 2' — o are the parameters 
of the two conics of the pencil which touch the line {u,v y w)\ and 
since when the linear substitutions x = Px and u = P- ir u are 
made simultaneously the parameters of the conics which touch 
the line remain unaltered, the equations 2-f2AO-{-A 2 2 / = 0 and 
2-f 2AO+A 2 2' = 0 have the same roots. We have already shown, 
however, that 2 = |P| 2 2; and therefore = |Pl 2 ^—i.e. O is a 
contravariant of weight 2 of S and S'. Thus the line-equation 
<J) = 0 represents a conic envelope that is projectively related 
to s and s'. This envelope is actually the harmonic envelope of 
8 and s', as we may show by the following argument. 

Let ( u , v y w) be a line, selected once for all, and let the matrix 
|P| be chosen in such a way that the transformed coordinates 
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{u,v,w) of this line are (1,0,0). Then, in the new coordinate 
representation, the pairs of points of intersection of the line with 
s and s' are given by the equations 

by 2j r~Jyz-\-cz 2 = 0 = x, 

and b'y 2 +2fyz+cz 2 = 0 = x, 

respectively. The pairs are therefore harmonic if and only if 

6c'+6'c-2//' = 0, 

i.e. if and only if 0(1,0, 0) = 0; and, in view of the contravariance 
of O, this condition is equivalent to 0(w, v , w) = 0. 

By duality, the point-equation of the harmonic locus of s and s' 
is F = 0, where S-\-2fiF-\-^ 2 S' = 0 is the point-equation associ¬ 
ated with the line-equation E-b/zZ' = 0. 

W hat has been said on the preceding pages may serve as an intro¬ 
duction to the classical theory of invariants, with particular 
reference to its application to the projective geometry of conics. 
The theory admits of immediate extension to quadrics, and the 
invariants which play a central part there are analogous to those 
which we have met above. We shall not give details of this exten¬ 
sion, but refer the reader who is interested to Chapter VII of Todd, 

Projective and Analytical Geometry, where a full account is to be 
found. 


EXERCISES ON CHAPTER VIII 

1. Show that the equation of any (2, 2) algebraic correspondence between 
parameters 9 and 9' can be written in matrix form 0' r A0 = 0, where 6 and 
6' are the column-vectors whose components are 9 2 , 9, 1 and 9' 2 , 9\ 1 respec¬ 
tively, and A is a fixed 3x3 matrix. Show also that the correspondence is 
symmetrical if and only if A is a symmetric matrix. 

If A is symmetric, and 0 and 0' are interpreted as the coordinate vectors 
of points P, P of the conic x? = x 2 x 0 , show that P and P' are conjugate 
with respect to the conic x T Ax = 0. 

2. A triangle is circumscribed to a fixed conic s, and two of its vertices lie 
on another fixed conic s'. Show that the locus of the third vertex is a conic, 
and find the equation of this conic when the equations of s and s' are 

x 2 4 -y 2 + z* = 0 and ax 2 -f a + cz 2 = 0 

respectively, 

3. If the normals at points P, P' of a central conic meet in a point of the 
conic, different, in general, from P and P\ determine the nature of the 
correspondence between P and P', and prove that PP' envelops a conic. 
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4. A variable conic through three fixed points A, B, C meets a fixed come 
in P, Q, R, S. If PQ passes through a fixed point, prove that in general R 

envelops a conic inscribed in the triangle ABC. , 

5. The tangents to a conic t from a variable point P of a conic « ni« 
again at Q and R. Prove that QR envelops a come k, that k touches the 
second tangent to t from a point of contact of a with a common tangent of 
8 and t, and that k passes through the intersections of a and t. 

State the duals of these results. . , . Q1 . 

6. A variable chord PP' of a conic a envelops a second conic 5 and is such 
that P and P' are conjugate for a third conic s'. Show that s is *™**£ e * y 
circumscribed to if and only if s' is a line-pan, and that in this case s is a 

pair of tangents to s' whose intersection has the same polar for s as lor s . 

P Give a euchdean interpretation of this result when s' and s are a come and 

“tow thatthe harmonic envelope of two orthogonal circles consists 
of the two pencils of lines whose vert ices ore the centres of the circles. Show 
also that the harmonic locus is a pair of lines perpend.cular to the hne of 

C °7uA B. c, D are concyclic. show that the focus of the parabola which 
♦ v. a ft Fir CD DA is the foot of the perpendicular from the inter- 
“of BD and A 0 on to the line joining the other diagonal points of the 

quadrangle symme trical (2,2) algebraic correspondence 

on a conic k, prove that PQ touches a fined conic s and P, 0 are conjugate 

with respect to another fixed conic t. f , . r P q : t u s 

If T is the pole of PQ for k, prove that the pomt of contact of PQ with l a 

is the harmonic conjugate, with respect to P and Q, of the intersection 

P< 1 (Tlf thf Whies 0 and <j> are connected by a (2,2) algebraic correspon¬ 
dence show that the four critical values of 9 and the four critical values of ^ 
are homographically related when they are paired together suitably 

U. Two comcs l V are such that k is outpolar to k'. Prove that the 
points of contact of tangents to V from any point of k are conjugate with 

rCS l P 2 eC Show that a parabola is outpolar to a circle if and only if the diameter 
of the circle which is perpendicular to the axis of the parabola is divided 

^lS^Show^hift the harmonic locus of two conics « and s' is a rectangular 
hyperbola if and only if the director circle of s is outpolar to s . 

14 Being given a quadrilateral abed, prove that the orthocentres of the 
four triangles abc, abd, acd, bed and the circumcentre of the diagonal triangle 
of the quadrilateral lie on a line perpendicular to the hne joining the mi - 

points of the three diagonals. . , j • 

Show that two rectangular hyperbolas can be inscribed in the quadri¬ 
lateral, and that they intersect in the incentre and the three excentres oft 

d ‘ & l^If twTconi'cs k, k' have double contact and are each outpolar to the 
same conic t, prove that their chord of contact touches t. 
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16. Two conics s, s' touch a conic k at the same point A, and both are 
outpolar to k. Show that 8 and s' have three-point contact at A. 

If a conic is required to have three-point contact with k at A and also to 
be outpolar to k, show that it must break up into the common tangent at A 
and another line through A. 

17. Show that if a conic k is both outpolar and inpolar to a conic k' then 
it is also triangularly circumscribed to k'. 

18. A circle c, whose centre is C, is outpolar to a central conic k. If T 
is the point of contact of c with a common tangent to c and k , supposed 
distinct from the point of contact of this tangent with k, prove that CT lies 
along a principal axis of any conic that is outpolar to k and has three-point 
contact with c at T. 

19. If two of the common tangents of two conics divide a third common 
tangent harmonically, prove that they also divide the fourth common 
tangent harmonically. Show that, for two conics which are related in this 
way, A A' = 00'. Show, further, that two conics which are related in this 
way are also related in the dual way. 

20. If a conic 8 is quadrilaterally circumscribed to a conic s', show that 
their mutual invariants satisfy the relation 8AA' 2 —400'A'-f 0' 3 = 0. 

21. If two vertices of a triangle which is self-polar for the conic S = 0 
lie on the conic S' = 0, show that the locus of the third vertex is the conic 

OS- AS' = 0. 

22. Show that, with the usual notation, the point-equation of the har¬ 
monic envelope of the conics whose equations are S = 0 and S' = 0 is 

OS' + 0'S-2F = 0. 

23. Show that the polar reciprocal of 8 with respect to 8' has the covariant 
equation OS'—2F = 0. 



CHAPTER IX 

TRANSFORMATIONS OF THE PLANE 


§1. Plane Collineations 

We have seen already, in Chapter II, § 7, that a set of algebraic 

equations 2 _ . 

x\ = ^ a ik X k (* = 


which defines a non-singular Unear transformation, admits of two 
dis tinct geometrical interpretations. 

(i) as a transformation of coordinates from one projective 
system to another; 

(ii) as a projective transformation of points, referred to a fixe 
frame of reference. 

In the development of the formal theory we have concentrated so 
far upon the first interpretation, and have treated equations (1) as 
specifying the transformation from one allowable representation St 
toa second such representation St'. In the present chapter we shall 
turn to the second interpretation, and see how projective trans- 
formations of points—or collineations, as we shall now call them 

also have an important place in the formal system. 

Let 9T be allowable representations in two distinct projective 

planes S 2 , S 2 , and let 

x\ = 2 a ik X k (* = b 2) 


be a fixed transformation, making correspond to the poult x of 
S 2 the point x' of S',. Such a transformation wfil be caUed a 

collineation. . . . „ 

We may also consider self-collineations of the single plane £ 2 , 

obtained by letting S', coincide with S 2 . In this case it is usual to 

take the same representation as both St and 3t. 

If |A | ^ 0, the transformation x' = Ax has an inverse 



and every point of S’ 2 then arises from a unique point of S 2 . The 
collineation thus sets up a (1,1) correspondence between the two 
planes. Although singular collineations are not without geometnca 
interest and significance, it is desirable at this stage to avoid making 
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the theory more complicated than is absolutely necessary, and for 
this reason we shall confine ourselves exclusively to non-singular 
collineations. Whenever we use the word ‘ collineation* without 
qualification it is to be understood as meaning 'non.-singular col¬ 
lineation''. 

When a collineation m is represented by an equation x' = Ax, 
the matrix A defines the collineation uniquely, but the collineation 
only defines the matrix to within a scalar factor; i.e. Aj and A 2 
define the same collineation if and only if A 1 = AA 2 for some value 
of A. 

Collineations between S 2 and S 2 , as w r e have defined them, are 
the simplest generalization of homographic correspondences be¬ 
tween lines S x and S\ ; but they are not, as it happens, the only 
simple generalization that can usefully be considered. The trans¬ 
formation , , 

x 0 : : z 2 = aq x 2 : x 2 x 0 : x 0 x lf 

for example, is not a collineation; but it is algebraic, and it is 
(1, 1) everywhere except for points on the sides of the two 
reference triangles (cf. the characterization of homographies on 
p. 176). Transformations of this kind — to be considered in § 3— 
are said to be (1, 1) in general , i.e. except on certain specified 
curves. The principal geometric property that distinguishes 
collineations inside this wider class of transformations is that they 
transform lines into lines. 

To show’ this we consider a general collineation m, given by 


x->x' = Ax (|A| ^ 0). 
If the point x describes a fixed line u, then 


u 3 x = 0, 

u^A^x' = 0, 

u' r x' = 0, 


i.e. 


i.e. 


where u r = u^A 1 and hence u' = A 1T u. Thus the collineation 
transforms the line u, regarded as the locus of a variable point, 
into the line u', and the transformation x' = Ax of points into 
points induces the contragredient transformation iT = A- ir u of 
lines into lines. By duality, a transformation 

u' = Bu (|BJ ^ 0) 
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of lines into lines induces a transformation 

x' = B ir x 

of points into points; and so we have the important result: 

theorem 1 . Every collineation m is a self-dual transformation, 
which transforms points into points and lines into lines. It is repre¬ 
sented, in terms of arbitrary allowable representations It and A , by 

equations of the form 

x ' = Ax, u ' = A ir u (I A | 7^ 0), 

each of which determines the other. 

It follows, therefore, that a necessary condition for a (1, 1) 
correspondence between two planes to be a collineat.onis that it 
makes lines correspond to lines. To give an adequate discussion 
of the sufficiency of this condition would take us too far out of our 
way, but it is worth referring to a form of argument that has 
played an important part in the historical development of pro¬ 
jective geometry. This argument applies only to real P r °^' 
geometry, t and it does not belong to the systematic development 

of our present theory because it is not purel) a ge ra ^ c * , . 

(1,1) correspondence between two real planes S 2 an 2 
representable analytically by continuous functions and ^ch 
the further property of making lines correspond to lines, lhe 
in virtue of the quadrangle construction for harmonic conjugates, 
the range corresponding to any harmonic range is also harmo . 
If, now, we select three distinct points A, B, C, of a hne 
take them as reference points and unit point in a parametn 
representation of l, and if we take all points ofZ that can beobtam 
by repeated application of the quadrangle construction to t 
three Litial poffits or to points already const.-net,idhe seofaU 
these points (called a Mbbius net or net of'rationality) is simply 
the set of all points whose parameters are rational nombm Eve y 
point of the hne may then be obtained as the limit pomtofa 
sequence of points of the Mobius net. Now suppose a transforms 
l into V, and 4, B, C into 4', B’, C’. Then, by what we have said 
the parameter of any point P on l is equal to the parameter of the 

t Indeed lhe 

In the complex : iu complex conjugate. The transforms- 

SsTl) e -d H tratfo^Lnls into lines, but it is not a collineation. It does 
not, in fact, belong to the projective geometry of the complex plane. 
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corresponding point P' on V , referred to A', B' as reference points 
and C as unit point, and the cross ratio of any ordered set of four 
points of l is therefore equal to the cross ratio of the corresponding 
points of V . 

To complete the proof, we need only take an arbitrary representa¬ 
tion 3ft of S 2 , defined by X 0 , X lt X 2> E , and the particular repre¬ 
sentation 3ft of S 2 that is defined by the corresponding points 
X 0> X lt X 2 , E . Then, in virtue of the invariance of cross ratio, if 
(P, P') is a general pair of corresponding points, 


X 0 {E, P ; X lt X 2 } = X' 0 {E', P'; XI X' 2 }, etc. 

Thus the coordinates of P and P' are connected by the relation 

***0 • • ***2 = X 0 • *^1 • # 2 > 
and a is accordingly a collineation. 

We now return to the general collineation m, defined by the 
equation x = Ax. Let new coordinates be introduced in S 2 and 
S 2 by means of the transformations 


x = Px and x' = Ox'. 

Then, from the equation x' = Ax, we have 

Ox' = APx, 

ie - x' = Q^APx. 

Thus if the matrix of nr referred to 31 and 5?' is A, the matrix of the 

same collineation referred to the new representations & and M' 
is Q~*AP. 

If is distinct from S 2 , we can introduce new coordinates in S 2 
by the transformation 

x' = Ax' 

while retaining the original coordinates in S 2 . In this case the 
equation of vr reduces to 


x' = A-^AIx, 


In other words, by adapting the coordinate representations to a 
gi\ en co ineation between distinct planes we can arrange matters 
so that two points correspond if and only if they have the same 
coordinates. This is a consequence of the twofold interpretation 
of the algebraic transformation x' = Ax, to which we referred 
at the beginning of the chapter. 
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When S 2 coincides with S 2 , and the same representation & is 
used twice over, the reduction of the equation of m to the simple 
form x' = x is not possible. If & is changed to M by the trans¬ 
formation x = Px, the transformed equation of m is 

x' = P _1 APx. 

Thus the matrices which represent a given self-collineation of S 2 
in the different allowable representations are all similar. By 
choosing the representation (that is to say, the transforming matrix 
P) suitably, we can obtain any one of a set of similar matrices. In 
particular, we can obtain various simple canonical forms, as will 
be shown later in this section. The reduction of the equation of a 
self-collineation to canonical form should be compared with the 
corresponding reduction of the equation of a homographic corre¬ 
spondence between S x and itself. 

General properties of collineations 

Before going into the classification of the possible types of 
collineation, we shall first enumerate a few theorems that are 
valid for collineations in general. 

theorem 2. There is a unique collineation which transforms four 
given ‘points , no three of which are collinear, into four given points, no 
three of which are collinear. Dually, there is a unique collineation 
which transforms four given lines, no three of which are concurrent, 
into four given lines , no three of which are concurrent. 

This is, of course, Theorem 1 of the Appendix once again. 

theorem 3. If a collineation nr transforms two points P, Q, into 
P\ Q', then it transforms the line PQ into the line P'Q'. If vr trans¬ 
forms two lines p, q into p\ q', then it transforms the point pq into 

the point p'q 

theorem 4. A collineation vt transforms a variable point P of a 
fixed, line p into a variable point P’ of a second fixed line p’, and the 
ranges described by P and P’ are homographically related. 

Proof. If x = x™+0x <2) , then Ax = Ax (1) +0Ax< 2 >. 

corollary. If m is a collineation between S 2 dnd itself, and m is a 
self-corresponding line for m, every point P of m is transformed by 
w into another point P’ ofm, and (P) A(P'); « induces a homo- 

graphy on every self-corresponding line of the plane. 

Exercise. Dualize Theorem 4 and its corollary. 

P 


6304 
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Since a collineation is a linear transformation, it transforms any 
locus into a locus of the same order and any envelope into an en¬ 
velope of the same class. In particular, conics are transformed into 
conics. Quite generally, every projectively generated figure goes 
over into an equivalent projectively generated figure. 

If c, c are two curves which touch at P , two of the points of 
intersection of the curves coincide at P. After transformation, 
therefore, c and c' become two curves which intersect twice in the 
point -mP . This means that the collineation preserves tangency. 

Self-collineations of the plane 

W hen we restrict the theory of collineations to transformations 
of one plane into itself two important developments take place. 

(i) Two collineations w 1 and m 2 now have a product -m 2 which 

is also a collineation, and the matrix of m 2 vj x is the product A 2 A x 

of the matrices of m 2 and vj x . In fact the set of all (non-singular) 

self-collineations of S 2 is a group, isomorphic with the projective 
group PGL{ 2). 

(ii) If -nr is a self-collineation of S 2 there may possibly be united 
points, which are left invariant by nr. If nr is the identical trans¬ 
formation e, every point of S 2 is a united point; and whatever 
collineation is taken as -nr there is always at least one united point. 
\\ e shall find that the properties of nr and the canonical form of its 
equation are closely connected with the united points of nr, as was 
the case with homographies in Chapter III. 

( onsider a self-collineation vr of S 2 , with equation x' = Ax. 
If the coordinate vector x represents a united point of vr, then 
x = ^ x f° r some A, and therefore 

Ax = Ax. 

In order to determine x Q :x 1 \x 2 we have to solve the three equations 

2 

J>,*- M ik )x k = 0 (i = 0, 1,2), 

and this is only possible if \a rs —\8 rs \ = 0, i.e. |A— AI| = 0. In 

other words, A must be a characteristic root of the matrix A, and 

the coordinate vector x must be a characteristic vector corre¬ 
sponding to this root. 

To find the united points of nr, then, we first obtain the character¬ 
istic roots A 0 , Aj, A 2 by solving the cubic equation |A—AI| = 0. 
To each of these roots there corresponds at least one characteristic 
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vector x (or, more precisely, at least one set of proportional 
characteristic vectors), and every such vector gives the coordinates 
of a united point. The number of linearly independent vectors x 
which satisfy the equation 

Ax = A, x, 

where A,- is a given characteristic root of A, depends upon the rank 
of the matrix A—A,I. If this rank p[A—A,-I] is denoted by p(A f ), 
the number of linearly independent vectors is 3—p(A,). 

There is a well-known connexion between the rank p( A,) and the 
multiplicity of A,- as a characteristic root of A, given by the algebraic 
theorem: If A is an nxn matrix and p[A—A,-1] = n—p, then the 
multiplicity of A f as a characteristic root of A is at least p. In our 
special case, therefore, the multiplicity p(X i ) of A t - is not less than 
3—p(AJ, and so there are six cases which can arise. 

(i) A t - is a simple root. Then p = 1 , and p can only be 2. 

(ii) A,- is a double root. Then p = 2, and either (a) p = 2, or 

Wp= i. 

(iii) A t - is a triple root. There are then three possibilities: 
(a) p = 2, (6) p = 1, (c) p = 0. 

In cases (i), (iia), (iiia) there is only one linearly independent 
vector x, and A,- gives rise to an isolated united point. In cases 
(ii 6) and (iii 6) there are two independent vectors x, and A t - gives 
rise to a line of united points. Finally, in case (iii c) there are three 
independent vectors, and every point of the plane is a united point. 
In the last case, vx is the identical collineation c, and so we have 
only five non-trivial cases to consider. We shall now take these 
one by one. 

I. The general collineation 

In the general case, the characteristic roots A 0 , A lf A 2 of A are all 
different, and each is therefore a simple root. They give rise to 
three isolated united points, which are distinct since Ax = A 0 x 
and Ax = Aj x would give (A 0 —A 2 )x = 0,i.e. x = 0. Furthermore, 
the three united points are not collinear, for if they all belonged 
to a line l the collineation would induce on l a homography with 
three distinct united points (Theorems 3 and 4) and every point of 
l would then be self-corresponding. The united points may there¬ 
fore be taken as vertices of the triangle of reference, and when 
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this is done the equations of -nr assume the form 

Xq = OCqXq , 

Xi = 

x% — &2 X 2‘ 

Since the matrices A and P -1 AP have the same characteristic 
roots, cx 0 , oc v a 2 are proportional to A 0 , X v A 2 ; and we may accordingly 
write the equations of the general self-collineation of the plane 
in the canonical form 


x 

x 

X 


0 

9 

1 

/ 

2 




Ai 


l 2 X 2 


This form may be compared with the canonical equation 6' = kd 

for a homography with distinct 
united points. 

The collineation vs is completely 
characterized by its three united 
points and the ratios A 0 :A 1 :A 2 , and 
these ratios admit of a simple 
geometrical interpretation. Let 
P, P' be corresponding points, 
with coordinate vectors y, y' respectively. Then the equations 
of X 0 P and X 0 P' are 



x i - -x 2 = 0 and x 1 — ^x 2 = 0, 

V 2 2/2 

and the parameters of X 0 P and X 0 P' in their pencils are 

and 4 = 

2/2 2/2 ^2 2/2 

Thus X 0 P and X 0 P' are corresponding rays in a homography with 
* 0 * 1 , X 0 X 2 as united rays and X 1 /X 2 as modulus. The ratios 
between A 0 , X lf and A 2 may thus be interpreted geometrically as 
moduli of certain homographies, and they are therefore protectively 
invariant a result which can also be inferred algebraically from 
the theorem that similar matrices have the same characteristic 
roots. 

We see, then, that if (P, P') is any corresponding pair of -or, 
X 0 P and X 0 P' correspond in the homography just discussed and 
X x P and X x P' correspond similarly in a homography with united 
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rays X x X 2 , X 0 and modulus A 2 /A 0 ; and it follows at once that the 
point P' corresponding to any assigned point P can be found by 
geometrical construction. 

Exercise. If A and B are two fixed points in the plane, p and p' are 
variable rays through A which correspond in a homography vr lt and q and q' 
are variable rays through B which correspond in a homography m 2 , the ray 
AB being self-corresponding in both horaographies, show that the points 
pq and p'q > are connected by a collineation. 


II. The collineation with two united points 

If the characteristic roots of A are A 0 , A 0 , A 2 , and p[ A A 0 1] = 2, 
then tzr has only two united points. If these points are taken as 
X 0 and X 2 , the matrix of A may be written in the form 

/A 0 P 0\ 

0 A 0 0 . 

\ 0 y A J 

If P, P' are general corresponding points, with coordinate vectors 
y, y', the equations of X 0 P and P are 

V2„ nn A „ __ y2/i+A 2 y 2 


x 2 = — x x and x 2 = 
Vi 


Aq2/i 


and the equations of the homography vr 0 which relates them may 
be written as 

O' = — 0 -4- —, where 0 = —. 

A 0 A 0 yi 

Similarly the equation of the homography vr 2 which relates X 2 P 
and X 2 P f may be written as 

O' = 04-^-, where 6 = —. 

A 0 Vi 


Since AJA 0 ^ 1, the united rays 
of are x x = 0 and another 
line distinct from x Y = 0. If we 
take this other line as the side 
x 2 = 0 of the triangle of refer¬ 
ence, then y = 0. The united 
rays of Ttr 2 both coincide with 
the line = 0. 

We may look upon this type of collineation as a specialization of 
type I, in which two of the united points happen accidentally to 
coincide at X 0 , while their, join X 0 X x remains a determinate line. 
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By the above choice of the triangle of reference, the matrix A 
has been put in the form 

Mo P 0 \ 

0 A 0 0 , 

\ 0 0 A J 

and it can be simplified still further by suitable choice of the unit 
point. We have (0,1,0) -> (0, A 0 , 0), and if we choose the unit point 
so that the point vjX 1 has coordinates (1,A 0 ,0) we can make 
equal to 1. Then the equations of w assume the canonical form 

x'o = \Zo+ x v 




i> 





III. The collineation with one united point 

If the characteristic roots of A are A 0 , A 0 , A 0 , and p[A—A 0 1] = 2, 
vj has only one united point. This case arises from the previous 
one by further specialization. It leads to the canonical form 


z'o = 

x'i = X 0 Xi+x 2 , 




2* 


IV. The plane homology 

If the characteristic roots of A are A 0 , A 0> A 2 , andp[A—A 0 I] = 1, 
m has an isolated united point and a fine of united points. The 
isolated point cannot lie on the line of united points, as it would 
then arise from two distinct characteristic roots. 

If the isolated united point is taken as X 2 and two points of the 
line of united points as and X lt the equations of m may be 
written as , . 

A 0 a?i, 

A 2 x 2 . 

The same transformation of points is equally well given by 

*0 === 

X 1 = &1> 

*2 = kx 2 , 

where k = A 2 /A 0 , and we shall take this as the canonical form. 
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If P is the point (y 0 ,y v y 2 ), then the corresponding point P' is 
(y 0 ,t/i,fo/ 2 ), and X 2 P, X 2 P ' are the same line. This line X 2 PP' 
meets X 0 X 1 in the united point 
M y given by (2/ 0 >2 /i»°)» and 

{. X 2y M;P , P'} = k. 

P and P' therefore correspond in 
the homography on X 2 M which 
has united points X 2 , M and 
modulus k. 

The collineation may accord¬ 
ingly be characterized geometri¬ 
cally as follows: Let P be a general point of the plane, and let X 2 P 
meet X 0 X 1 in M. Then P' is the unique point such that (i) P' 

lies on X 2 M y and (ii) {X 2 , M ; P, P'} = k. 

In this case ra is said to be a plane homology with X 2 as vertex, 
X 0 X x as axis , and k as modulus. The vertex, axis, and modulus are 
sufficient to determine it completely. In the special case in which 
the modulus £ is —1, m is called a harmonic homology. It is then 

involutory, i.e. vj 2 = e. 

V. The special plane homology 

If the characteristic roots of A are A 0 , A 0 , A 0 , and 

p[A—A 0 I] = 1, 

•nr has a Une of united points and no other united point. A collinea¬ 
tion of this type, called a special homology , may be looked upon as 
arising from the general homology by the accidental incidence of 
the vertex with the axis. For suppose we take two of the united 
points as X 0 and X lt and an arbitrary point which is not collinear 
with them as X 2 . Then the equations of m may be written 

Xq — AqXq “1"®02*^2> 

x'i = A 0 a: 1 -|-a 1 2^2> 

x’ 2 = A 0 x 2 , 

or, alternatively, 

Xq = Xq ~\~aX 2 , 

x[ = x x +bx 2 y 

' %2 == ^ 2 * 

If P is the point (y a ,y v y t ), P’ is (yo+o-y^yi+by^y.), and PP' 
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therefore passes through the point {ay 2 , by 2 ,0), i.e. the fixed united 
point (a, b, 0). This point is the vertex of the special homology. 

The homography induced on any fine through the vertex has 
coincident united points, and there is therefore no modulus in this 
case. The collineation may be defined geometrically by means of 
its axis a, its vertex A, and one general corresponding pair (-FJ,, P > 0 ). 
The point P' corresponding to any given point P is found by 
joining PP 0 to meet a in M , and then joining MP’ 0 to meet AP in P'. 



Exercise. Prove this construction. 

Real collineations 

When the ground field is the field of real numbers every collinea¬ 
tion has a matrix whose elements are all real, and the characteristic 
roots of this matrix are either (a) all real, or (6) one real and two 
conjugate complex. In case (6) the characteristic roots, and hence 
also the associated united points, are necessarily distinct; and of 
these points one is real, while the remaining two, being conjugate 
complex points, are joined by a real self-corresponding line. 
The coordinates (x,y,z) of the conjugate complex united points 
can be changed by a real transformation into (1, i, 0) and (1, — i, 0) 
respectively, and hence any real collineation of type (6) is pro- 
jectively equivalent to a collineation which leaves invariant the 
absolute points /, J and one real (finite) point. 

We consider now various elementary euclidean transformations 
of the extended euclidean plane, with the object of characterizing 
them projectively as collineations of the real projective plane. 

A translation is a special homology with the line at infinity i as 
axis. For if the vertex V of such a homology is (o, 6,0), the equa¬ 
tions of the homology are of the form 

x' = x +az, 

V ' = V+bz, 

z ' = 2 , 

and these represent a general translation. 
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Aradial expansion or dilatation (in an obviously extended sense) 
from a centre O is a homology with O as vertex and i as axis. If the 
homology is harmonic, the collineation reduces to reflection in the 
point O. From this can easily be deduced (by Menelaus s Theorem, 
for example) the projective theorem that if two (real) homologies 
Tl , r 2 have the same axis a and distinct vertices 0 lt 0 2 , then r,^ 
is in general a third homology whose axis is a and whose vertex is 
some point 0 3 of 0 2 ; but it may reduce (if the moduli of t x and 
r 2 are reciprocal) to a special homology whose vertex is at the point 

of intersection of O x 0 2 with a. 

A rotation about a centre 0 is a collineation with O, I, J as united 
points and with characteristic roots in the ratios lie 1 : e~ l , where 
6 is real. In fact the equations of the most general real collinea¬ 
tion with O, /, J as united points can be written in the form 

x' == c(x cos0+t/sin0), 
y' = c(—x sin 0+y cos 9), 

z' = 

where c is real and positive. (Compare Theorem 17 of Chapter IV.) 
The characteristic roots are 1, ce‘», ce-«, and the collineation is a 
rotation if c = 1. If c ^ 1, the collineation is a combination of a 
rotation and a radial expansion from O; and every real collineation 
of the type (6) referred to above is projectively equivalent to such 

a collineation. . . 

Reflection in a line a is a harmonic homology whose axis is a 

and whose vertex is the point at infinity in the perpendicular 
direction. More generally, a homology whose axis is a and whose 
vertex is the point at infinity in the direction of some other line d 

is a rabatment on a in the direction of d. 

The above analysis provides a basis for the projective generaliza¬ 
tion of many theorems of euclidean geometry. We see, for instance, 
how our almost intuitive perception and use of the symmetry of a 
euclidean figure, or of similitude between figures, can be translated 
into statements concerning the existence of certain collineations 
which transform a projective figure into itself, or one such figure 

into another. 

[Exercises 

1. Interpreting the plane collineation -nr as a transformation of lines into 
lines, work out the details of the dual classification of collineations into 
five types. Show that the types of collineation obtained are the same as 
before, and that each type is self-dual. 
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2. Deduce the self-duality of the five types of collineation algebraically 
from the fact that if nr is given by x' = Ax, nr -1 is given by u = A r u'. 

3. nr is a collineation of the plane with itself, (A, A") and (B, B') are 
fixed corresponding pairs, and (P,P') is a variable corresponding pair; 
and nr is resolved into the pair of homographies 

A(P) A A'(P'), B(P) A B'(P'), 

with A'B' corresponding to AB in each of them. Show how the united 
points of nr may be found as points of intersection of two conics, one through 
A and A' and the other through B and B'. Examine further how these 
conics are related when nr is one of the special collineations. 

4. By reversing the order of the argument used in the previous question, 
show how any two conics may be used to define a collineation. 


Cyclic collineations 

If nr is a self-collineation of the plane and P is any point, we may 
construct the sequence of points: P, nrP, nr 2 P,... . We may also 
extend the sequence backwards, so that we have 


...nr 2 P ) vj~ 1 P, P > rcrP,nT 2 P i ... . 

There are now two possibilities: (i) all the points of the sequence 
are distinct, and (ii) some point occurs twice in the sequence. In the 
latter case, the sequence consists of a finite cycle of points, say 
^o> P r -i> recurring again and again, 


... P r -2> ^r-l> Pqj • • •» P r ~ 1> 



> 


i.e. vj m P — P^, where p is the residue of m modulo r. 

The points nr m P may recur either because P is a special point 
for nr or because the collineation nr is itself special. The first 
alternative occurs, for example, when P is a united point of nr; 
and then the cycle generated by P consists of one term only. If> 
on the other hand, we take as nr a harmonic homology, every 
point of the plane is either a united point or else generates a cycle 
of two points. If nr is such that a general point of the plane generates 
a cycle of length r, we say that nr is cyclic with period r. A cyclic 
collineation of period 2—a harmonic homology for instance—is 
said to be involutory. 


theorem 5. If a collineation nr has two involutory pairs of corre¬ 
sponding points which do not lie on the same line it is a harmonic 
homology. 


Proof. Let (P, P'), ( Q, Q') be involutory pairs of nr, lying on lines 
p, q which meet in A . Then, since P and P' transform into P' and P, 
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p is a self-corresponding line. Similarly q is self-corresponding, and 
A is therefore a self-corresponding point. Now nr induces on p a 
homography with an involutory pair (P>P )» i- e - an * nv0 ution. 



The united points of this involution are A and another point M. 
If N is defined similarly on QQ', then 

{A,M; P,P'} = {A,N; Q,Q’} = -1. 

and the ranges (A.M.P.P') and 

Thus MN passes through the common point T of PQ and fJf/ 
T^nt PO and P'Q' are transformed into each other by -nr, and 1 is 

therefore self-corresponding. The line MN now contains three 
distinct united points M, N, T, of or. and the homography induced 
on it by «■ is consequently the identical homography Every point 
of MN is therefore a united point of w, and m is a homology wit h this 
Une as axis and A as vertex. Since {A,M\ P, P } - 1, the 

homology is harmonic. 

corollary. The only kind of involutory plane collineation is the 
harmonic homology . 

theorem 6. If a collineation has one cyclic triad of non-colhnear 
points, it is a cyclic collineation of period 3. 

Proof Let -or be a collineation with a cyclic triad (P 0 ,P„P 2 ) 
of non-collinear points. The collineation must have at least one 
united point, M say; and M cannot lie on a side of the triangle 
ppp for if it were to lie on P 0 P lt this line P 0 M = P, M would be 

self-corresponding, and P, could not transform into P, But the 
collineation xtr 3 now has the four pairs (P Q ,P 0 )> 

IM M) in common with c, and so, by Theorem 2, -nr 3 — c. 

If Po P\ is taken as triangle of reference and M as unit point, 

the equations of td- are 
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The united points of nr are M and the two points (l,a>, o> 2 ) and 

A special case of such a collineation is a rotation through an angle 
27 t/ 3 in the euclidean plane. 

If a collineation nr has a cyclic tetrad (P 0 , P x , P 2 , P 3 ), forming the 
vertices of a proper quadrangle, it necessarily has three isolated 
united points. In order to show this let us suppose that the figure 
is labelled in the manner indicated. 



Since P 0 P 2 and P x P 3 are transformed into each other, Z is a united 
point. Also, X and Y are transformed into each other, and XY is 
therefore a united line. The points U and V in which this line is 
met by P x P 3 and P 0 P 2 are transformed into each other. The homo- 
graphy induced on XT is therefore an involution with (X, Y) and 
(t/, V) as two pairs, and the united points of this involution are the 
remaining united points of nr. 

If XYZ is taken as triangle of reference and P 0 as unit point, the 
coordinates of the four points P f are all of the form (1, ±1, ±1), 
and the equations of nr are 



It may be seen from these equations that nr is cyclic of period 4. 
This could be inferred, of course, by an argument similar to that 
used in proving Theorem 6. 

theorem 7. If P 0 PiP 2 P 3 P 4 is a given proper pentagon in the 
euclidean plane , there exists a collineation nr with (P 0 , P v P 2 , P 3 , P 4 ) 
as a cyclic pentad if and only if the given pentagon is protectively 
equivalent to a regular pentagon. 

Proof, (i) Suppose the given pentagon can be transformed 
projectively into a regular pentagon by a collineation a. Then a 
rotation through 27r/5 about the circumcentre of the regular 
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pentagon is a collineation to' with the vertices of the regular 
pentagon as a cyclic pentad. The collineation m = rVa is 
then cyclic of period 5, since to 5 = ct“*ot' 5 ct = t, and it transforms 

(P„, P x , P 3 , P t ) into (P„ P„ P 3 , P 4 , P 0 ). 

(ii) Suppose, conversely, that to is a collineation with 

(P 0 , P 3 , P 2 , P 3 , P<) 

as a cyclic pentad. If it is the unique conic through the five points, 
to transforms k into itself and induces a homography on it;t and 
since the homography is cyclic it has distinct united points M, N. 
These points are then united points of to, and the pole of MN with 
respect to k is also a united point of to. If, now, a is a collineation 
which transforms M, N into /, J, the pentagon is transformed by <r 
into a pentagon inscribed in a circle; and since this cyclic pentagon 
is transformed into itself by the rotation ama- 1 , which is cyclic of 
period 5, it is regular. 


Colllneations which leave a conic invariant 

The set of all self-collineations of the plane is a group, and the 
set of all those collineations which have a given set of invariants is, 
of course, a subgroup of this group. We have already seen, for 
instance, that those collineations of the euclidean plane which leave 
invariant a finite point 0 and the two absolute points /, J make 
up the group generated by the radial expansions and rotations about 
O We now come to another important type of subgroup of the 
full group of self-collineations of S 2 , the group of collineations 

which leave a fixed conic invariant. . 

Let it be a fixed proper conic, and let to be a collineation which 

transforms k 0 into itself. If V is a fixed point of k 0 and P a variable 

point of k 0 , transformed respectively into V' and P , then 

(P) AF(P) AF'(P') A(P')- 

The points P and P' are thus related by a homography m 0 on k Q , 

subordinate to the collineation tjt. 

Not only is uniquely determined by tit, but conversely w is the 

only collineation which transforms k 0 into itself and induces m 0 
on it. For if is given and P 0 , P l9 P 2 , P 3 are four points of k 0t no 
three of these points and no three of the points w 0 P Qi nr 0 P lt ' nr o ^ 2 , 
<m 0 P 3 can be collinear; and tzr is uniquely determined by the four 
corresponding pairs (P it *r 0 P<). We shall now show that there is a 

| See the section immediately below for the proof of this. 
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simple algebraic connexion between the equation of m and that 

Of TIT Q . 


theorem 8. If k 0 is the conic x 0 :x 1 :x 2 = 9 2 :9: 1, and vt 0 is a 
homography on k 0 whose equation is 9' = (a0-f £)/(y0-j-8), the matrix 
equation 


h x '}\ = ( a 

\Xi X 2 J \y 



x i\l« y\ 

xj \p s; 


defines a collineaticm ttt which transforms k 0 into itself and induces 
the homography ttt 0 on it. 


Proof. When we multiply out the product of the three matrices 
on the right-hand side we find that the given matrix equation is 
equivalent to the three equations 


x o = <* 2 *o4- 

x i = a y*o+( aS H-£y)*i+£S* 2 > 

X 2 — y 2x o+ 2ySx 1 -f-8 2 ar 2 , 

and it therefore defines a collineation m (necessarily non-singular). 
By taking determinants of both sides of the original matrix 
equation we see immediately that vr leaves k 0 invariant. 

Now the general point (6 2 ,9, 1) of & 0 is transformed by vt 0 into 
the point (M+£) 2 , (a0+/S)( y 0+8), (y^+5) 2 ), i.e. 

{ot 2 9 2 -\-2a^9-{-ft 2 , <xy9 2 +(<xS+py)9+08, y*9 2 +2yS9+$ 2 ), 

and this is the point into which it is transformed by w. The theorem 
is therefore completely proved. 

There are two types of collineation which can transform a given 

conic Ar 0 into itself, corresponding to the cases in which the united 

points of the induced homography are distinct and coincident 
respectively. 

(i) Let xz7 0 have distinct united points. If we take these points 
as X 0 , X 2 , and the pole of X 0 X 2 as X lt then, since the tangents 
at X 0 and X 2 transform into themselves, X x is also a united point 
of -nr. The equations of m are then of the form 


where a is arbitrary. 



*o ol 2 x 2 } 


In the particular case in which a = — 1, xcr 0 is an involution with 
vertex X x and tu is the harmonic homology with X x as vertex and 
X Q X 2 as axis. 
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(ii) If nr 0 has coincident united points at X 0 , the equation of 
xjt 0 is O' = 0-\-oc and the equations of m are 

z'o = Zo+SaXj-f ol z x 2 , 

x’i = ax 2 , 

4 = * 2 - 

The characteristic equation is (1—A) 3 = 0; and there is only one 
characteristic root 1, with p[A —I] = 2 (unless a. = 0). Thus, 
unless ur 0 is the identical homography, w has only one united 
point, namely X 0 . 

The above collineations admit of non-euclidean interpretation 
when k 0 is taken as absolute conic (cf. p. 97). 

Homologies which transform one conic into another 

We have seen that there exist collineations, and indeed even 
harmonic homologies, which transform any given proper conic 
into itself. In this section we shall examine the possibility of trans¬ 
forming one given conic into another by a suitably chosen homo¬ 
logy. It is convenient to begin with the converse problem of seeing 
how a given conic behaves when it is transformed by a given 

homology. 

Let Ik be a given conic and m a non-special homology whose 
vertex A does not lie on k and whose axis a does not touch k. The 



homology transforms k into another proper conic k', which passes 
through the points in which k is met by a and which touches the 
tangents from A to k. The chords of contact UV and U’V of 
these tangents with the two conics meet in a point T of a. 
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Exercise. How are the above conclusions modified (a) when -nr is a 
special homology, and (6) when k passes through A, or touches a, or does 
both at once ? 

We can now turn to our original problem of determining m when 
k and k' are given, and we have the following existence theorem. 

theorem 9. If k and k' are two proper conics of general position 
there exist twelve homologies each of which transforms k into k'. 

Proof. We first prove that if UU' and VV (figure as on p. 223) are 
two common tangents of k and k ', meeting in A , then the chords of 
contact UV and U'V' are concurrent with two of the six common 
chords of k and k'. 

Let UV , U'V meet in T. Then A and T are conjugate points for 
both conics. If, further, UV' , U'V meet in X , AX is the harmonic 
conjugate of A T with respect to AU, A V , and is therefore the polar 
of T for each conic. Now the conics of the pencil determined by 
k and k' cut an involution on AX, with united points M, N, and 
these points are then conjugate for every conic of the pencil. TMN 
is therefore a common self-polar triangle for k and k' , and it is 
consequently the diagonal triangle of the quadrangle formed by 
the four common points of the conics. Thus two of the common 
chords of k and k' pass through each vertex of the triangle, and in 
particular two of them pass through T. 

The homology -nr with A as vertex, one of these two common 
chords as axis a, and (17, U') as a corresponding pair, clearly 
transforms k into a conic which touches AU and AV at U' and V 
respectively and which passes through two of the common points 
of k and k' , i.e. into the conic k'. Since there are six possible choices 
of A, and for each of these there are two choices of a, we have in all 
twelve homologies which transform k into k'. 

Exercises 

(i) Examine the special cases which arise when the common points of 
k and k' are not all distinct. 

(ii) Obtain euclidean specializations of the various results by taking A 
or a at infinity. 


§ 2. Plane Correlations 

The collineation, as we have seen in § 1, is a linear transformation 
of points into points and lines into lines, and it has the property of 
transforming every figure into a projectively equivalent figure, 
leaving all its projective properties invariant. We now turn to a 
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different kind of transformation which, instead of leaving pro¬ 
jective properties unaltered, systematically dualizes them. This 
transformation is known as the correlation. 

definition. A correlation is a transformation of the points of 
a plane & into the lines of a plane S' 2 which is represented, in terms 
of arbitrary allowable representations & and of the two planes, 
by an equation of the form 

u' = Ax. 

In what follows we shall assume always that | A | # 0, so that by 
‘correlation’ we shall always mean ‘non-singular correlation’. Lee 

us consider, then, the correlation k given by 

x-> u' = Ax (|A| ^ 0). 

To any point P of S 2 corresponds a unique line p' = «P of S 2 , and 
conversely, any line p' of S 2 arises from a unique point P = « p 

If p describes a line p of S 2 , whose equation is u T x = 0, then p 
envelops the point P' of S t whose equation is u T A 'u' = 0, re the 
point x' = A- ir u. We say then that k carries p into P ; and tins 
means that the original point-line correlation carries with it an 
associated! line-point correlation, given by 

u -> x' = A- ir u. 

Both correlations are uniquely reversible, and each determines the 
other (cf. Theorem 1). We shall regard them as aspects of the same 
duality correspondence between S 2 and S 2 , and the essential con¬ 
nexion between them may be expressed by saying that if a point 
and a line are incident in S 2 then the corresponding line and point 

are incident in S' 2 . 

We say that a point P of S 2 is conjugate , with respect to k, to 
a point P‘ of S 2 if P’ lies on the line p = kP corresponding to P 
—which implies also that P lies on the line p = K ~'P' corresponding 
to P'. When this is the case, the coordinate vectors x, x' of P, P 
are connected by the bilinear relation 

W(x,x') = x r A r x' = x' r Ax = 0; 

and if either P or P' is fixed, this relation gives the equation of the 
corresponding line kP or k~'P'. The relation lf(x, x') = 0 thus 
completely defines k. 

+ This associated correlation is called by Hodge and Pedoe the ‘dual correla¬ 
tion’ belonging to k. See Methods of Algebraic Geometry, p. 365. 

6304 Q 
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In the same way, two lines p , p of S 2 , S' 2 are said to be conjugate 
if each passes through the point corresponding to the other; and, 
if this is so, their coordinate vectors are connected by the bilinear 
relation n(u _ u<) = u t A -i u ' = u t A -it u = 0, 


which likewise defines k completely. 

Up to this point we have treated S 2 and S 2 as distinct planes, 
and for the sake of clarity we shall continue to preserve the formal 
distinction as far as possible, even when S 2 is superimposed on S 2 . 
When S 2 and S 2 are actually distinct, however, there is very little 
to be said, for in this case we are able to apply a transformation 
of coordinates x = Ax to S 2 while leaving the representation 
of S 2 unaltered. The equations of k then reduce to 



and the conjugacy relations become 


TF(x, x') = x 0 x' Q +x v x x + x 2 x z = 0 

and H(u, u') = u Q u 0 -^-u 1 u' 1 -\-u 2 u 2 = 0. 

We assume, therefore, from now on that S 2 and S 2 are coincident, 
and that the same coordinate representation is used for both of 
them. In this case three topics of considerable interest present 
themselves for discussion: 

(i) the collineation /< 2 , obtained by applying k twice over; 

(ii) the coincidence locus W and the coincidence envelope £i, 
i.e. the locus of a variable point P which lies on the corre¬ 
sponding line kP and the envelope of a variable line p which 
passes through the corresponding point t<p; 

(iii) the classification of correlations, and the canonical forms to 
which their equations may be reduced. 

We shall not attempt here to deal in detail with all the problems 
which arise, and we refer the reader to Hodge and Pedoe, Methods 
of Algebraic Geometry , for a full discussion. 

Let us consider first of all the way in which a correlation k defines 
a collineation k 2 . The correlation transforms points into lines and 
lines into points according to the equations 

x —> u # = Ax, u—> x' = A~ ir u. 
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If, now, we apply k twice in succession, every point x is transformed 
into a point x' and every line u into a line u", where 


x* = A~ 17 V = A 1T Ax 
and iT = Ax' = AA“ ir u. 


But these are just the equations of a collineation 

x -> x* = Bx, u -* iT = B _ir u, 

which is non-singular since |B| = |A- ir A| = 1; and we naturally 
denote this collineation by k 2 . 

More generally, any two correlations k v k 2 , with matrices A 1? A 2 , 
define a collineation k 2 k x whose matrix is A^^Aj. We may say, 
therefore, that although the self-correlations of the plane clearly 
do not form a group, the set of all (non-singular) collineations and 
correlations together is a group of transformations of the plane 
into itself. The identity element of the group is the collineation e 
given by 


x = x, 


u 


u = u; 


and the set of all collineations is a subgroup of the full group. 
We see here how desirable it is to treat the plane as a single self¬ 
dual system, made up of oo 2 points and oo 2 lines at the same time. 

We now turn back once again to the general correlation k, given 
by iT = Ax, x' = A _i:r u, in order to investigate the properties 
of its coincidence conics W and ft. A point P belongs to W if it lies 
on its corresponding line p' = kP , i.e. if it is self-conjugate for k , 
and the algebraic condition for this is simply 

W = W (x, x) = x T Ax = 0. 

W = 0 is therefore the equation of the coincidence locus of k. 
The same conic is also the coincidence locus of #c _1 , for this corre¬ 
lation is given by x' u = A r x', and its matrix is therefore A T . 

In the same way, the equation of the common coincidence en¬ 
velope of k and k ~ 1 is seen to be 

Q = Q(u, u) = u^A^u = 0. 

If, now, P is a point of IT, the two lines kP and k~ y P both pass 
through P, and it follows that both these lines are tangents to D. 
Thus if P lies on W the tangents from P to ft are kP and k~ 1 P\ 
and dually, if p touches the points of intersection of p with W 
are Kp and K _ 1 p. 

In the special case in which the matrix A is symmetric, W and 
Q are the same proper conic k t regarded on the one hand as a locus 
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and on the other as an envelope. The correlation k is then simply 
the polarity defined by k, i.e. the correspondence of pole and polar 
with respect to this conic, and it is self-inverse. In general, however, 
when A is not symmetric, the two coincidence conics are distinct 
proper conics, but they are related in a remarkably simple manner. 

theorem 10. The two coincidence conics of a general self-correla¬ 
tion k of the plane have double contact. 

Proof. We assume that k is general in the sense that W and Q 
are distinct proper conics. If P is a variable point of \V, kP is one 
of the tangents from P to £1, and k 2 P is then the second point of 
intersection of kP with W . Thus the collineation k 2 transforms W 
into itself, and it therefore induces a homography on it (p. 221). 
Since P and k 2 P correspond in this homography on W y their join 
envelops a conic having double contact with W (Chapter VI, 
Theorem 18); but this join is a variable tangent to D, and the 
theorem is therefore proved. 

Suppose we choose the triangle of reference in such a way that 
X 0 and X 2 are the points of contact of W and H, and X x is the com¬ 
mon pole of the line X 2 X 0 . Then clearly both k and * _1 transform 
the points X 0 , X lf X 2 respectively into the lines X 0 X lt X 2 X 0 , 
X x X 2 . The matrix of k is therefore of the form 

/0 0 a\ 

0 b o), 

\c 0 0/ 

and we may, without loss of generality, represent k by the equations 

, , 1 

Wq QX Oy Xq — ^2* 

Cl 

u'i = x lt and x\ = u x , (A) 

, , 1 

W2 CX o Xt£ — — ^0* 

C 


The corresponding coincidence conics then have equations 


W = x \-\-{a+c)x 2 x 0 = 0, 


a = ul + (^-\-^u 2 u 0 = 0; 



and since, by suitable choice of the triangle of reference and the 
constants a and c, the equations of any two proper conics with 
double contact can be represented by equations (B), it follows that 
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equations (A) represent a general correlation k. Jt is easily verified 
that the correlation k given by (A) and its inverse k ~ 1 are the only 
correlations whose coincidence conics are given by (B). Equations 
(A), then , < 7 ire the canonical form to which the equations of a general 
self-correlation of the plane can be reduced. 

The collineation which is the square of the correlation k defined 
by (A) is now easily obtained. When we apply k twice over, the 
point is first transformed into the line (ax 2 , x v cx 0 ) } and this 

line is then transformed into the point ^a* 0 , x v ^ a* 2 j. Thus the 
equations of the collineation are 





It follows immediately that this collineation leaves the coincidence 
conics W and Q invariant. We can infer also from the form of the 
equations of k 2 that only a collineation whose characteristic roots are 
in geometrical progression can be expressed as the square of a corre¬ 
lation. 

We may note, in conclusion, a euclidean specialization of the 
general correlation which is not without interest. If W is a circle 
whose centre is O, then the polar line of a point P with respect to W 
is obtained by drawing through the inverse point P* a line perpen¬ 
dicular to OP*. If we generalize this procedure by drawing always 
through P* a line p a making a constant angle a (in the positive 
sense) with OP*, we may call p a the polar at angle a of P for the 
circle. It is easy to show then that the correspondence P -> p a 
is a correlation, projectively equivalent for general a to the general 
correlation, whose coincidence conics are the circle \V and a con¬ 
centric circle D.. For a = \tt or a = — \tt the correlation is sym¬ 
metrical, and is simply the polarity defined by W. 

The reader should follow out, in this concrete case, the general 
properties of correlations that we have outlined above. 

Our treatment of correlations in this chapter has been essentially 
algebraic, but in the older books on projective geometry such 
transformations were often introduced in a more geometrical 
manner. The polarity determined by a conic k is still sometimes 
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referred to as reciprocation with respect to k, and this usage recalls 
an interesting chapter in the history of projective geometry. In 
the first major treatise on projective geometry—Poncelet’s Traite 
des proprietes projectiles des figures, published in 1822—there is an 
important section on the ‘transformation by reciprocal polars’. 
Poncelet did not know of the principle of duality, but he saw that 
reciprocation provided a method of passing from any projective 
theorem involving points and lines to an equivalent theorem in¬ 
volving lines and points; and so he prepared the way for the eventual 
formulation, by Gergonne and Steiner in 1832, of the general 
principle of duality. 


§ 3. Cremona Transformations 

The transformations we have considered so far have all been 
linear, and for this reason they can be handled conveniently by the 
well-known methods of linear algebra and, in particular, by 
matrices. A more general class of transformations—of one plane 
into another or, more generally, of one algebraic manifold into 
another—consists of those algebraic transformations which are 
merely (1, 1), except possibly at special points. These are the so- 
called birational transformations, which are of fundamental impor¬ 
tance in the more advanced parts of the geometry of algebraic 
manifolds. To treat them in a purely algebraic manner we would 
need more elaborate algebraic technique than is presupposed in 
this book, namely the theory of polynomials, and in this section, 
therefore, we shall only attempt to indicate one direction in which 
the notion of collineation can be generalized. 

A rational transformation of a plane into another plane, or into 
itself, is a transformation which can be represented by equations 

of the form = (£ = 0 , 1 , 2), ( 1 ) 

where the are homogeneous polynomials of the same degree 
77i ^ 1 in x 0 , x lt x 2 . In matrix notation we may write 

Ay = %(x). (!') 

If the equations admit of rational solution in the form 

= Vi(yo> 2/i. 2 / 2 ) (* = 1 , 2 )> (2) 

i.e. = yj(y), ( 2 ') 


( 1 ) 

( 2 ) 

( 2 ') 


where the 77 1 - are polynomials of the same degree n ^ 1 in y 0 , y x , y 2 , we 
say that the transformation is birational. Any such transformation 
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of one plane into another, or into itself, is called a Cremona 
transformation. 

The simplest example of a Cremona transformation—excluding 
the collineation, which is to be regarded in this connexion as 
trivial—is the so-called reciprocal transformation 


Vo * Vl * Vl — X 1 X 2 * *** 2*^0 • -** 0 * 1 . 


or, as it is usually written, 

Vo • Vi • 2/2 = 


1 



1 



1 



The inverse of this transformation is of exactly the same form. 
We have already encountered the reciprocal transformation of a 
plane into itself, in geometrical guise, when considering the corre¬ 
spondence between points P and P* which are conjugate for all 
the conics of a general pencil (p. 164); and the correspondence 
between harmonic pole and polar with respect to a triangle was 
seen on p. 78 to be a point-line transformation that admits of 
equations of the same reciprocal form. 

Returning to the general Cremona transformation to of a plane 
p into a plane cr, given by equations of the form 

Ay* = &(*o> x i> (* = o, l, 2), (i) 


where z 0 , x lt x 2 and y 0 , y lt y 2 are coordinates in p y o respectively, we 
note that the solved equations 

— rjiiy o* 2/i> V 2 ) — 0> 1, 2) (2) 

represent the Cremona transformation to— 1 of cr into p. 

A general line of p, whose equation is 

u 0 x 0 +u l x 1 -\-u 2 x 2 = 0, 

corresponds to the curve in cr whose equation is 

u 0 r) 0 {y 0 ,y v y 2 )+'u 1 'n 1 {y 0 ,y 1 ,y 2 )+u 2 r] 2 (y 0y y 1 ,y 2 ) = 0, 

i.e. u r q(y) = 0. 

When u Q , u lt u 2 are allowed to vary, we obtain the complete system 
of oo 2 lines in p and, corresponding to them, a linear net or oo 2 linear 
system of curves in cr. Thus the transformation m carries the lines of 
p into the curves of a linear net (rj) in a; and , in the same way , the inverse 
transformation to — 1 carries the lines of a into the curves of a linear 
net (f) in p. 
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Since the correspondence set up by m is (1,1), except at special 
points, and since two lines in p have a unique point in common, 
the net of curves ( 77 ) is homaloidal ; that is to say, two general curves 
of the net have one and only one free point of intersection (not 
common to all curves of the net). For a similar reason, the net (£) 
is also homaloidal. 

A Cremona transformation, as we have remarked, may have 
exceptional points, for which the transformed point is not uniquely 
defined. Indeed, unless the transformation is a collineation there 
must be exceptional points. For, if the polynomials are not all 
linear, the order of a general f-curve will be greater than 1 ; and the 
net (£) can only be homaloidal if the curves have fixed points in 
common, i.e. if the polynomials f 0 , £ ly vanish simultaneously for 
at least one non-zero vector x. If A is a base point of the net (f)— 
i.e. a point common to all the curves of the net—the ratios of the 
coordinates of the transformed point xvA are indeterminate. We 
may say that the base points of (f) are fundamental for w, and 
similarly that those of ( 77 ) are fundamental for nr" 1 . The existence 
of fundamental points is thus characteristic of non-trivial Cremona 
transformations. 

A general line of p and a general £-curve transform respectively 
into a general 77 -curve and a general line in a, and the number of 
points of intersection remains invariant. It follows, therefore, 
that the ^-curves and the 77 -curves are of the same order. This 
common order is called the order of the Cremona transformation. 

When a Cremona transformation xzr is given, the associated net 
(£) is uniquely determined as the system of curves obtained by 
applying the transformation -nr -1 to the lines of the plane a\ but we 
are not able to assert that, conversely, xn- is uniquely determined 
by the net of curves. The net defined by the three curves 


ii(x 0 ,x ly x 2 ) = 0 


may, in fact, be defined equally well by any triad of curves 

£•(*<>» *i» *2) = 0 (* = °> !> 2 )> 


where the £'• are three linearly independent linear combinations 
of the £ t -. In other words, if we replace equation (1') by the new 
equation y __ 

= A5(x) (IA| * 0 ), 
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we shall obtain a Cremona transformation m' with the same 
generating net (£) as td*. We thus arrive at the theorem. 

THEOREM 11. Two Cremona transformations w, m ' have the same 
generating net (£) if and only if 

XU - tl) Q W y 

where rrr 0 is a eollineation. 

From this point onwards we shall confine our attention to 
Cremona transformations of order 2, which we call quadratic trans¬ 
formations. For any such transformation, (f) and (tj) must both 
be homaloidal nets of conics, i.e. systems of conics through three 
fixed points; and we shall consider only cases in which the base 
points in question are distinct. We shall assume finally, for the 
sake of simplicity, that the x-plane p and the y-plane a are the 
same, and that x and y are coordinate vectors referred to the same 

representation zft. 

Suppose, then, that f 0 , f lf £ 2 are three quadratic forms in x 0 , x ly x 2 , 
which all vanish simultaneously at three non-collinear base points 
X 0 , X v Xo. W T e may take these points as reference points, and the 

net (£) then has the equation 

A 0 *1 *2 -f \ X 2 *o+*2 *o x i = 

One transformation based on this net is the reciprocal transforma- 

^° n y 0 : y x : y 2 = x i x 2 : x 2 x o : x o x i> 

and hence, by Theorem 11, any quadratic transformation with three 
distinct fundamental points is of the form *x 0 tit, where vrisa reciprocal 
transformation and w - 0 is a eollineation. In view of this fact, we can 
limit our discussion to the reciprocal transformation itself. 

Let us consider, therefore, the reciprocal transformation m just 
defined. Clearly, the correspondence which it sets up is involutory. 
It is (1, 1) in general, but we observe that (i) if x is at a fundamental 
point it has no transform, and (ii) the points of X x X 2 , except for 
X 1 and X 2 , all transform into the same point X 0 , and similarly for 
the points of X 2 X 0 and X 0 X j_. The three lines X^X^ X 2 X Qf 
X 0 X x , which join the fundamental points in pairs, are called 

fundamental lines of -nr. 

If the point x approaches the fundamental point X 0 along a 
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specified curve, we may write,! in terms of a parameter t, 

xJxq = A t+o(t) f x 2 /x 0 = pt+o(t), 

where A and p are constants. Then 

2 /o : 2 /i ’* 2/2 = A pt 2 +o(t 2 ) : pt+o(t) : A*+o(*), 

and in the limit, as t approaches zero, the point y approaches a 
determinate point (0,/z,A) of X x X 2 . 

Conversely it is simple to show that if a variable point approaches 
any assigned point of X 1 X 2} other than X 1 or X 2 , then its transform 
approaches X 0 in a definite ‘direction’. Thus we have the following 
important property of vr. 

theorem 12. If X 0 , X lt X 2 are the fundamental points of a reci¬ 
procal transformation m, then to points in the first neighbourhood of 
X { ( i.e . directions of approach to X ( ) there correspond homographically 
the individual points of the opposite fundamental line; and , conversely , 
to points (other than fundamental points) of a fundamental line there 
correspond the related directions of approach to the opposite funda¬ 
mental point. 

We leave the reader to supply the modifications required in 
regard to directions of approach to fundamental points along 
fundamental lines. 

In considering the transformation of curves by -nr, we exclude 
altogether the fundamental lines. That is to say, we investigate 
only proper transforms of curves, i.e. the actual loci of y correspond¬ 
ing to loci described by x, disregarding any factors in the equation 
of a transformed curve which represent fundamental lines. In 
this sense, a line which does not pass through any fundamental 
point transforms into a conic through X 0 , X v X 2 , and conversely, 
a conic through these three points transforms into a line. A line 
through a fundamental point, however, yields another line through 
the same fundamental point. The equation Xx l +px 2 = 0> for 
instance, leads to yo{hy 2 -\-py 1 ) = 0; and the transformed line 
meets X 1 X 2 in the point corresponding to the direction of the 
original line at X 0 . 

Consider now the transform of a general curve C n , of order n, 
which does not pass through X 0 , X v or X 2 . Since C n meets a general 
f-conic in 2 n points, the transformed curve meets a general line in 

f Wo introduce non-algebraic notions her© for simplicity, but the develop¬ 
ments of modem algebra in fact make it possible to handle the problem by purely 
algebraic means. 
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2n points, and it is therefore of order 2 n . But C n meets each funda¬ 
mental line in n points, and so its transform passes times through 
each fundamental point, i.e. it has an n-fold point at each of 
X 0 , X v X 2 . We say that the transform is a curve of type 

c*»(x;,Xf,X 5 ). 

If it happens that two of the points of intersection of C n with 
X x X 2 coincide, two of the nodal tangents of the transformed curve 
at X 0 clearly coincide also. 

Now suppose that C n passes simply through X 0 , but not at all 
through X x or X 2 . Then a general f-conic cuts C n in the fixed 
point X 0 and in 2?i — 1 free points, and the transformed curve is of 
order 2n— 1. This curve now passes only n— 1 times through X 1 
and X 2 , although it still passes n times through X 0 , and it is in fact 

of type C^-'fXS,XJ- 1 , XJ* 1 ). 

In the general case, in which C n has assigned multiplicities at 
the fundamental points of the quadratic transformation, we can 
readily establish the nature of the transformed curve by con¬ 
sidering what happens to the equation of C n when the appropriate 
substitution is made. In this way we obtain the following compre¬ 
hensive theorem. 

THEOREM 13. If C" is a curve of type C"(Xg«, X?», X?) y its proper 
transform, by vj is a curve of type 

£Zn- a«-ai-a l (X”- 0 ‘i- 0[ », X AS"* 0 -* 1 )- 

Proof. Let the equation of C n be f(x 0 ,x lt x t ) = 0 , where 
f(x 0y x ly x 2 ) is a polynomial of degree n which does not have x 0 , x ly 
or x 2 as a factor. Then the equation of the transformed curve is 

obtained from the equation 


f(x 1 x 2 ,x 2 x 0y x 0 xi) — 0 

by dropping all factors which are powers of x 0 , x ly or x 2 . 

Since C n has an a 0 -fold point at A 0 , we may write 

f(x Qy x i,x 2 ) = xJ-° to 'M ao (x 1 ,x 2 )+a:5- ao - 1 w ao+1 (x 1 , x 2 ) + ...-\-u n (x ly x 2 ) y 

where u t (x Xy x 2 ) is homogeneous of degree i in x x and z 2 together 
{i = a 0 ,...,w) and neither u ao (x ly x 2 ) nor u n (x ly x 2 ) vanishes identi¬ 
cally. It is immediately evident that the polynomial 


f{x x x 2i x 2 x 0y x 0 x x ) 

contains the factor x 0 to the power a 0 exactly ; and so, by symmetry, 
we have f(x 1 x 2y x 2 x 0 ,x 0 x 1 ) = x^x^^x^g{x Qy x ly x 2 ) y 
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where g(x 0 ,x 1 ,x 2 ) is a polynomial, of degree 2 n —a 0 —aq—a 2 , which 
has no factor x i (i = 0,1, 2). 

Furthermore, the degree of g(x 0 , x lt x 2 ) in x 0 is clearly n—a 0 , and 
the multiplicity of X 0 as a point of the transformed curve is there¬ 
fore (2 n —a 0 —oq— a 2 )—( n — a o)> i- e * n — a i— a 2 * By symmetry, 
then, the curve has the stated multiplicities at X 0 , X v X 2 \ and this 
completes the proof of the theorem. 

By applying Theorem 13 to various simple curves we are now 
able to write down a large number of interesting results, of which 
those given immediately below are typical. The reader will find 
it a useful exercise to verify each of the statements from first 
principles, by direct substitution in the equation of the curve, 
and also to show that the converse of each statement is valid. 

(i) A conic through X 0 and X 1 (but not through X 2 ) becomes a 
conic through X 0 and X 1 . 

(ii) A conic through X 0 only becomes a cubic which passes 
simply through X l and X 2 and has a nodef at X 0 . 

(iii) A general conic becomes a quartic with nodes at X 0 , X v 
and «X” 2 . 

(iv) A conic inscribed in the triangle X 0 X x X 2 becomes a quartic 
with cuspsf at X 0 , X lt and X 2 . 

(v) A cubic through X 0 and X 1 becomes a quartic which passes 
simply through X 2 and has nodes at X 0 and X v 

The reader will now have no difficulty in seeing how to derive 
many properties of nodal cubics and trinodal quartics from known 
properties of conics by applying a quadratic transformation. 

To conclude this section, we may point out that the reader already 
knows one special type of quadratic transformation, namely inver¬ 
sion with respect to a circle in the euclidean plane. This symmetrical 
transformation of the plane into itself has an abundance of striking 
applications, many of which will already be familiar. 

To see how inversion fits into the general scheme, we first form 
the equations, in homogeneous rectangular cartesian coordinates 
x, y, z, of the reciprocal transformations whose fundamental points 
are the origin O and the absolute points /, J. Clearly the equations 

x*-iy' _ cl x' — iy' a , _ 1 

a x+iy 1 a ~ x—iy * z 

| Nodes and cusps are double points with distinct and coincident nodal 
tangents respectively. 
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define such a transformation for any non-zero value of a ; and 
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these 


equations reduce to 


x' ahx 
P " * a +t/ 2 ’ 



apyz 

x*+y*' 


If we now superimpose on this transformation the collineation 







we obtain the equations 

s' .a*zx jT _ flV 

P ~ x 2 -f2/ 2 ’ 2 ' * 2 +2/ 2 ’ 

which represent inversion with respect to the cii cle X + J a 
We have, therefore, the theorem: 

theorem 14. Inversion is a quadratic transformation, with the 
centre of inversion O and the absolute points I, J as fun , men 
points. It can be generated by a reciprocal transformation based on 
O, J, J, followed by reflection in a line through O (a collineation whic 

leaves O invariant and interchanges 1 and J). 

The homaloidal net (f) belonging to the quadratic transformation 
is the net of all circles through O. These circles invert, as we know, 
into the lines of the plane. Also, from the first of the five properties 
of quadratic transformations fisted on p. 236, we see at once that 
circles not through O transform into circles. 


EXERCISES ON CHAPTER IX 

1. The coordinates being cartesian find the 

lineation that leaves the three points (2,0), ( » , x ■ 

and transforms the point (0,0) into the point at infinity on the A-ax.s. 

2. Find all the united points of the collmeations 


(i) 

(ii) 

(hi) 

(iv) 


a' 


y 

y' 

y' 

y' 


z' = 3x—2z : 3 y : x—y; 
z' = x :z:y; 
z' = y+z : z+x : x+y; 

.z'= y :-x+ 2 y :- 2 x+ 2 y+z. 

Find'also, J each case, the equations of the corresponding line-line trans- 

f °“that (ii) is a harmonic homology, (iii) is a homology of modulus - 2, 
and (iv) is a special homology. Find the vertex of (iv). 
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3. Show that the equations of any homology (general or special) whose 
vertex is ( X,Y , Z) and whose axis is l = ux -f vy -f %uz = 0 are of the form 

x': i/ : z' = px+Xl : py + Yl : pz + Zl, 
where p is a constant. 

Show also that the homology is special if uX + vY -\-wZ = 0, and that if 
it is not special its modulus is (uX-\-vY-\-wZ-\-p)fp. 

4. Prove that any collineation which leaves invariant the reference point 
Z and the reference line XY has equations of the form 

x' : y' : z' = ax + by \ cx + dy : z, 

where ad —be ^ 0; and prove that this collineation is a homology, with 
vertex on XY and axis through Z, if (a — 1 )(d— 1) = 6c. Show also that the 
collineation is a harmonic homology which interchanges X and Y if 

a = d = be—1 = 0. 

If vj is the collineation 

x' : y' : z' = X x x : A 2 y : z, 

where A X A 2 = 1, prove that vj can be expressed, in infinitely many ways, as 
the product t 2 t x of two harmonic homologies t x , r 2 which interchange X 
and Y. Interpret this result in the special case in which vj, r x , t 2 are all 
real collineations and X , Y are the absolute points. 

5. The equations in non-homogeneous coordinates of two collineations 
a and r are 

X' = X/Y t Y' = 1/Y, and X' = 1 /X, Y' = -Y/X 
respectively. Show that a 2 = r 2 = e, where e is the identical transformation, 
and that a and r generate the group of six collineations whose members are 

€p (7p Tp CTTp *TCJp CJTCT• 

Discuss the character of these collineations, and show that if n is any odd 
integer the curve X n — Y n = 1 is left invariant by every transformation 
of the group. 

6. Show that a (1, 1) correspondence between points P, P' of the plane 
is a collineation if it carries lines into lines in such a way that P and P' 
always describe homographic ranges on corresponding lines. 

7. A, B, A', B' are four fixed points and l is a fixed line through the inter¬ 
section of AB and A'B and a transformation P —> P' is defined by the 
condition that PA, P'A' meet on l and PB, P'B' also meet on l. Show 
that when P describes a line P' also describes a line. 

Find the self-corresponding points of the transformation. 

8. Show, in each of the following cases, that the correspondence between 
P and P' is a collineation, and discuss in each caso the united points and the 
geometrical character of the transformation. 

(i) the pairs of tangents from P and P' to a fixed conic k meet a fixed line 
a (not a tangent to k) in the same pair of points; 

(ii) the pairs of tangents from P and P' to two given conics k and k' 
respectively meet a given common tangent of k and k' in the same 
pair of points; 

(iii) P and P' are poles of the same line with respect to two given conics 
k and k'. 

State also, in each of the three cases, the corresponding dual result. 
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9. A % B being a given pair of points and a, b a given pair of lines, both of 
general position, a correspondence between points P, P' of the plane is 
determined by the condition that AP , BP' meet on a and AP , BP meet 
on 6. Show that the correspondence is a collineation, and find its simplest 
equations, using the triangle formed by a, b, and A B as triangle of reference. 
Investigate the united points of the collineation. 

10. Show that, in the euclidean plane, the product of two radial expan¬ 
sions is either a radial expansion or a translation, distinguishing between 
the two cases. Under what condition is the product a reflection in a fixed 
point? 

State the general projective theorems which correspond to these results, 
and prove that two homologies with the same axis cannot commute with 
each other unless they are both special or both have the same vertex. 

11. Show that the circles which are transformed into circles by a given 
general collineation of the euclidean plane form a coaxal system. 

If a coaxal system (c) is transformed into itself by a plane collineation m f 
which transforms neither of the absolute points into an absolute point, 
prove that m is either (i) a harmonic homology with one limiting point as 
vertex and a line through the other as axis, or (ii) one or other of two collinea- 
tions whose squares are each the reflection in the line of centres of (c). 

12. If two plane collineations m, a satisfy the condition mo = am, 
prove that o transforms any united point of m into another, or the same, 
united point of m. 

If m has only three united points A, B, C, prove that for o to commute 
with m, it is necessary and sufficient that either a has A, B, C as united 
points or each of m, o is cyclic of period three and each permutes the united 
points of the other cyclically. 

13. A variable line p meets a fixed conic A: in U , V , and the lines joining 
U, V to a fixed point A, not on k, meet k again in points U', V' whose join 
is p'. Prove that p, p' correspond in a harmonic homology with A as vertex 

and the polar line of A with respect to A: as axis. 

If m A , ms are the two harmonic homologies derived as above from differ¬ 
ent points A, B and the same conic k, find the united points of the collineation 
m A mi j, and prove that this collineation is also a harmonic homology if 
A, B are conjugate points for k. 

14. Two chords A B, CD of a conic k meet in O. Prove that there are four 
collineations each of which leaves O and k invariant and transforms the line 
AB into CD. Show that two of these collineations are harmonic homologies 
whose axes meet in O, and that if m lr m 2 are the other two then m 2 m x 


is a harmonic homology with vertex O. 

15. Two conics k t k' touch at O, meet in two further points A , B, and have 
two further common tangents u, v. Show that there exist two homologies, 
one with O as vertex and A B as axis and the other with uv as vertex and the 
common tangent at O as axis, which transform k into k . Obtain simple 
euclidean cases of these results. 


16. Show that if there exists a special homology which transforms a conic 
k into a conic k' (these two conics having four distinct common points), 
then there exists also a harmonic homology which transforms k into k . 
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Show also that in this case k and k' are projectively equivalent to a pair 
of equal circles. 

17. If A:' is the transform of a conic k by a special homology zcr, describe 
the relation of k' to k when (i) k is of general position, (ii) k passes through 
the vertex of -nr, (iii) k touches the axis of m, (iv) k touches the axis at the 
vertex. 

If two conics have their asymptotes parallel and possess a pair of parallel 
common tangents, prove that one of them can be obtained from the other 
by means of a translation. 

18. Show that a general plane collineation does not leave any conic 
invariant, but that if the characteristic roots of the matrix of the collineation 
are in geometric progression the collineation leaves invariant every conic of a 
simply infinite family. 

19. Show that any (2, 2) algebraic correspondence on a conic is associated 
with a unique correlation of the plane, the two points corresponding to any 
point P of the conic being those in which the conic is met by the line into 
which P is transformed by the correlation. (Cf. Chapter VIII, Exercise 1.) 

20. If m 0 is a non-involutory homographic correspondence between points 
P, P' on a conic k, show that the line PP' corresponds to P in a fixed correla¬ 
tion with k as coincidence locus. If the joins of two pairs P Jt P[ and P 2 , Pa 
meet in T , show that P[ P 2 is the line corresponding to T in the correlation 
in question. 

21. If k is the conic whose equation is x 2 y 2 z 2 = 0 , write down the equa¬ 
tions of the general correlation whose coincidence locus is k. Find the 
associated coincidence envelope k\ and verify that k and k' have double 
contact. 

22. If a rotation through a fixed angle a about a fixed point O carries any 
point P into a point P', and the polar of P' with respect to a fixed circle of 
centre O is p, show that the correspondence P — > p is a correlation; and 
investigate its coincidence locus and envelope. 

If a is a right angle, show that the correlation is special, having the line 
at infinity counted twice as its coincidence locus and the point O counted 
twice as its coincidence envelope. 

23. Four circles c x , c 2 , c 3 , c 4 cut at O, and c* cuts Cj a second time at P;y. 
Show that the pairs of lines which join O to opposite pairs of points Py 
are in involution. 

Show that a second involution has the tangents at O to c lt c 2 , c 3 as mates 
of the lines OP 23 , OP 31 , OP 12 respectively. 

24. Show that the three cuspidal tangents of a tricuspidal quartic curve 
meet in a point, and that the curve has a unique double tangent, which is 
the harmonic polar of the point of concurrence in question with respect to 
the triangle whose vertices are the cusps. 

25. Show that a circular cubic curve (i.e. a cubic through the absolute 
points) which also possesses a node has two systems of bitangent circles, 
and that the circle through the node and the points of contact of any one of 
these circles touches one or other of two fixed lines at the node. 

26. Show that a nodal cubic curve is of class four, and prove that it has 
three points of inflexion, which are collinear. 
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PROJECTIVE GEOMETRY OF THREE 

DIMENSIONS 

If we give n the value 3 in the general definition at the beginning 
of Chapter III, we obtain formal definitions of three-dimensional 
projective space S 3 and projective geometry of three dimensions. 
The projective properties of S 3 can then all be deduced from the 
fundamental definition of a three-dimensional projective domain, 
for the most part by methods of linear algebra, but in the present 
chapter we do not propose to go into all the details of this develop¬ 
ment. Many of the subsidiary definitions and the enunciations and 
proofs of theorems are strictly analogous to those already given 
for S 2 in Chapter IV, and the reader can easily supply them for 
himself. We shall accordingly pass quickly over this part of the 
theory, merely calling attention to certain features that arise for 
the first time when the number of dimensions attains the value 3. 

S 3 is much richer in projective properties than S lf or even S 2 , 
and by the time we are ready to study so complex a geometrical 
system we must be able to think in geometrical rather than algebraic 
terms. In the informal treatment of projective geometry outlined 
in Part I we relied upon geometrical intuition in the naive sense. 
Then, as we began the formal deductive treatment of the same 
subject in the early chapters of Part II, we found it necessary to 
proceed slowly and cautiously by small algebraic steps. Now we 
can begin to detach ourselves from the details of the algebra, 
making use once more of geometrical intuition, but this time less 
naively. We have seen how projective geometry can be provided 
with a solid algebraic foundation, and we know how to build it up 
in this way, but we do not now need always to be conscious of the 
presence of the algebra. We are free, in fact, to think geometrically 
once again, going back to algebraic symbols only when added 
precision has to be given to geometrical notions. 

§ 1. The Construction and General Properties 

. of the System 

Let us now summarize the essential steps in the construction of a 
formal system of three-dimensional projective geometry. 

The points of S 3 are represented, in any allowable representation 

6304 R 
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0} y by tetrads of homogeneous coordinates (x 0 ,z 1 ,x 2 ,x 3 ) belonging 
to the ground field K (which we take once again to be the complex 
field); and the different allowable representations are connected 
by the complete group of non-singular linear transformations with 
coefficients in K. Thus the transformation from one allowable 
representation to another may be written as 

x'i = Z a ik x k (* = 0,1,2, 3), 

A: = 0 

or x' = Ax, 

where |a rs | = |A| # 0 . 


Linear dependence of points 

As in Chapter IV, any relation of linear dependence between 
vectors in V A {K) may be carried over to the points that are repre¬ 
sented by these vectors in a given representation More precisely, 
a point P is said to be linearly dependent on a set of points 


P P 
* 1 ) * 



if a coordinate vector representing P in some representation 01 is 
linearly dependent on coordinate vectors representing 
in If the relation holds between vectors in ^ it also holds 
between the corresponding vectors in every other allowable 
representation, and linear dependence is therefore an intrinsic 
property of points. 

Now suppose X 0 , X lt X 2 , X 3 , E are five given points of S 3 , no 
four of which are linearly dependent. Then, by Theorem 1 of the 
Appendix, there exists a unique allowable representation 0t in 
which the five points have respectively the coordinates (1,0, 0, 0), 
(0,1,0, 0), (0, 0,1,0), (0, 0, 0,1), (1,1,1,1). We call X 0 , X lt X 2 , X 3 

the reference points of 3$ y or the vertices of the tetrahedron of 
reference, and E the unit point. Specifying the reference points 
and the unit point is, as a rule, the most convenient way of fixing 
a representation of S 3 . We shall now assume that this has been 
done, so that we have a definite representation 0? to work with. 

Let P ly P 2 , P 3 be three given points, represented by coordinate 
vectors x (1) , x (2) , x (3) respectively. These vectors may be taken as 
columns of a 4 x 3 matrix (# ( r s) ), an d the rank p of this matrix has a 
simple interpretation, for the three points are linearly independent 
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if and only if p = 3. If this condition is satisfied, the three sets of 
coordinates satisfy one and (effectively) only one linear equation 

= o, 

i = 0 

and all the points whose coordinates satisfy this equation, and 
only these points, are linearly dependent on P lt P 2 , P 3 . We call the 
set of all such points the plane determined by P x , P 2 , and P 3 . It 
follows at once that a plane is determined by any three of its points, 
provided only that they are linearly independent. Four points are 
said to be coplanar if they belong to a common plane; and this is 
the case if and only if the determinant of their coordinates is zero. 

Exercise. Write down the equation of the plane determined by the 
points P,, P 2 , P 3 above. 

Now consider a pair of given points P x> P 2 , with coordinate 
vectors x (1) , x (2) . The points are linearly independent if and only if 
the 4x2 matrix (r ( r s) ) is of rank 2; and in this case their coordinates 
satisfy two (and not more than two) linearly independent linear 
equations 3 

i *i = °. 

1 = 0 

The points which are linearly dependent on P x and P 2 are the points 
whose coordinates satisfy these two equations simultaneously, 
and these points are said to make up the line determined by P x 
and P 2 . Every point of the line is said to be collinear with P x and P 2 ; 
and, of course, the roles of P 1 and P 2 may be taken over by any two 
linearly independent points of the line. 

Relations of incidence 

A point P is incident with (or belongs to) a plane when its 
coordinates satisfy the equation of the plane, and it is incident with 
a line when its coordinates simultaneously satisfy the two equations 
of the line. We thus have the two fundamental incidence relations 

3 3 3 

2 U{ Xi = 0 and ]£ u i x i = 0 = 2 v t x o 

i=0 i=0 i=0 

and from these relations numerous incidence properties of planes 
and lines follow at once by the theory of linear equations. Thus a 
line either has a unique point in common with a plane or it lies 
wholly in the plane. Two distinct planes have a unique line in 
common. Three distinct planes have either a single point or a line 
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in common. Two lines either lie in a common plane, when they also 
have a unique common point, or they neither lie in a common plane 
nor possess a common point; and in the latter case the lines are 
said to be skew. 

Exercise. Prove that through a given point which does not lie on either 
of two given skew lines there is a unique transversal line which meets both 
of the skew lines. 


The representation of planes and lines 

A plane may be represented algebraically in two different ways. 

(i) If the plane is determined, as above, by three points P 1# P 2 , ^3> 
a general point P in it has a coordinate vector 

x = A x x (1 >-|-A 2 x (2) q-A 3 x (3) ; 

and so we have a parametric representation of the plane by a triad 
of homogeneous parameters (A x , A 2 , A 3 ). 

(ii) Alternatively, the plane may be represented by an equation 

3 

2>i*i = o. 

i = 0 

This equation is determined by its coefficients, which may be taken 
as a tetrad of homogeneous plane-coordinates of the plane. If the 
column-vector with components ( u 0 ,u ly u 2 ,u 3 ) is denoted by u, 
the equation of the plane may be expressed in terms of the inner 
product of the vectors u and x: 

(u, x) = u r x = 0. 

A line is fixed by any two of its points P lt P 2 ; and the equation 
x = A x x (1) +A 2 x (2) , which gives the coordinate vector of a general 
point of the line, leads at once to the homogeneous parametric 
representation of the line by the pair of parameters (Aj,A 2 ). 

Line-coordinates 

Not only the points and the planes of S 3 but also the lines may be 
represented by suitably chosen sets of homogeneous coordinates; 
and this representation is of some interest because it is different in 
kind from any that we have met so far. The coordinates of a line, 
as will shortly appear, form a redundant set and are connected 
by an identical relation. 

Let p be a general line of space. The line may be fixed by any 
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two of its points—say the points P ^ and P 2 » whose coordinate 
vectors in the representation & are x (1) and x (2) . If we now put 

Pit = (i i,j = 0,..., 3) 

we obtain a set of numbers which can function as coordinates of 
the line p. There are sixteen of the p ijy but, since they are clearly 
the elements of a skew-symmetric 4x4 matrix (i.e. p j{ is always 
equal to — p i$ ) their number reduces effectively to six. So we 
arrive at the set of six numbers 

2*23’2 , 31>2 J 12’2 ? 01»2 , 02> 2*03 

which we take to be components of the coordinate vector p of p. 

The fundamental property of these line-coordinates is that their 
ratios are independent of the choice of the two points P ly P > on p\ 
i.e. they are a unique set of coordinates of p. To see this it is only 
necessary to observe that if 

x<« = Ax ( 1 ) -f/xx (2) 

and x (2) = A'x0>+m'** 

then = (Xp—X , p)p iJ . 

In this way every line yields a well-defined set of ratios 

2*23 • 2*31 * Pl2 * 2*01 • P02 * 2*03* 

The converse of this statement, on the other hand, that is to say the 
statement that every such set of ratios arises from some line of 
space, cannot possibly be true. There are co 6 sets of ratios of the 
p. jy but since a line is uniquely determined by the points in which 
it meets two fixed planes there are only oo 4 lines. The coordinates 
of every line must therefore be connected by one and the same 
identical relation, which reduces their effective number to four; 
and this relation is not hard to discover. Expanding the vanishing 
determinant 

~<n ~(i) r (n ~<n 

4 2 > 4 2 > 4 2) 

4 ” 4 l> * 2 ° 4 X) 

x {2) x (2) x (2) 

in terms of the first two rows, we obtain the identity 

flj jp — Poi P23~^~Po2Pzi +2^03 Pl2 ~ 

and this quadratic relation holds between the coordinates p {j of 
every line. The six numbers p {j , connected by the relation Q pp = 0, 
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are usually referred to as the Grassmann (or Pliicker) coordinates 
of the line p. 

Instead of defining the coordinates of a line in terms of the point- 
coordinates of two points on the line we could equally well begin 
with the plane-coordinates of two planes through the line, and this 
dual procedure leads to the introduction of the dual coordinates 

tt i7 = uWu'V-uWuW (i,j = 0,..., 3). 

The same line p now has two distinct representations, by vectors 
p and 7t respectively, but it is easy to show that they come ulti¬ 
mately to the same thing. The points x (1) , x (2) both lie in each of 
the planes u (1) , u (2) , and from the equations 

v S, 1 ) x < q ) -f- u i 1 )j ru ( 2 ) x { 2 ) + W3 1 } = 0, 

^o 2) ^o 1) + w i 2) * c i 1) 4-^2 2) * r 2 1) +' w 3 2) - r 3 1) = b 
we have, by eliminating rCo 1 *, 

7r 0l a;( l 1) + 7r 02 a: 2 1) + 7, '03 :r( 3 1> = °’ 

Similarly n 0l ar ( 2 2 ) + 7 r 03 z ( 3 2) = 0, 

and from these two equations 


77 


01 


77 


02 


77 


03 


Viz Vz\ V 12 

The two sets of coordinates are therefore connected by the relations 


^01 * 7r 02 * n 0Z ’ 7r 23 * ^31 • 7r 12 — VlZ • Vzi • V 12 * Voi * Voi * VoZ' 

We shall not make very much use of line-coordinates until we 
take up the systematic study of line-geometry in Chapter XV, 
but before leaving the subject at this stage it is worth while obtain¬ 
ing the condition for two lines to intersect. 

Let p , q be two lines in space, determined by the pairs of points 
Pi, P 2 and Q lt Q 2 respectively. The lines intersect if and only if the 
four points P x , P 2 , Q lf Q 2 are coplanar, and a necessary and sufficient 
condition for this is 


7.(1) 

X 0 

~<1) 

X 1 

r (l) 

x 2 

4” 

= 0, 

x i> 2) 

~(2) 

X 1 

rr (2 > 

X 2 

4 2) 


y ( o l) 

2/i 1 ’ 

l/P 

4 l) 


*/i) 2) 

y'P 

vP 

Vz Z) 



where x (1) , x (2) , y* 1 ’, y< 2) are coordinate vectors of P lt P 2 , Q i> Qi- 
Expanding the determinant in terms of its first two rows enables 
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us to write the condition in terms of line-coordinates in the form 

2Q pq = I>0l5 , 23+i ) 02 5 r 31+i ) 03 9l2+l ) 23 5 r 01+/ ) 31<702d-7>l2 9 , 03 = 

Q pq being derived from the quadratic form Q pp by the process of 
polarization. 

Subordinate projective geometries 

We now consider again the parametric representation of the 
plane P X P 2 P 3 . The numbers (A 1? A 2 , A 3 ) may be regarded as co¬ 
ordinates of a general point P in the plane; and since choosing three 
other points Q lt <? 2 , <? 3 to fix the plane amounts to applying a non¬ 
singular linear transformation to these coordinates, the piojecti\e 
geometry of S 3 induces a subordinate projective geometry of two 
dimensions in the plane. This is true of every plane in S 3 , and in the 
same wav a one-dimensional projective geometry is induced on 
every fine of S 3 . When looked at from this point of view, a plane is 
often referred to as a plane field (set of ce 2 points with the structure 
of an S 2 ) and the line as a range of points. An important special 
case of "the above hierarchy of projective geometries (which, in 
virtue of the freedom of choice of is not really special at all) 
is the following. The vertices X lt X 2 , X 3 of the tetrahedron of 
reference determine a plane, the face of the tetrahedron opposite to 
X 0 . A general point of this plane has coordinates (0, x v .r 2 , a' 3 ), and 
x lt x 2> x 3 may be identified with the A 1? A 2 , A 3 of the preceding theory. 
We then have an allowable representation of the plane field deter¬ 
mined by the plane X l X 2 X 3 , the reference points being X lt X 2 , X 3 
and the unit point the point (0,1,1,1) common to the plane and 
the line X 0 E. This point is the subordinate unit point E 0 of the 
face X x X 2 X 3 of the tetrahedron of reference. 

A general point of the line X 2 X 3 is (0, 0 ,x 2 i x 3 )\ and x 2 ,x 3 are 
coordinates in an allowable representation of this line, the reference 
points being X 2 , X 3> and the unit point the point (0, 0,1,1) m which 
X 2 X 3 is met by X 1 E 0 . This point is the subordinate unit point E 01 
of the edge X 2 X 3 of the tetrahedron of reference. 

We can treat the one-dimensional projective geometry of X 2 X 3 
either as subordinate directly to the geometry of S 3 or as subordinate 
to the two-dimensional geometry of X x X 2 X 3 which is itself sub¬ 
ordinate to the geometry of S 3 , but in the end the choice of point of 
view is seen to make no difference. We do not need, therefore, to 
keep the original three-dimensional geometry separate from its 
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various subordinate geometries, and we shall think of the full 
three-dimensional geometry of S 3 as comprising all the projective 
properties of S 3 itself and of its linear subspaces. 



Consider, for example, the line determined by two points P x , P 2 - 
A general point of the line may be represented, using a non- 
homogeneous parameter 6, by the vector x = x (1) -f-0x (2) . Then 6 
is a projective parameter on the line, and the cross ratio of two 
pairs of points may be expressed as usual in terms of the parameters 
of the points. In this way the cross ratio of two pairs of points on a 
line enters into the projective geometry of S 3 . 

The principle of duality 

The fundamental incidence relation between a point and a 
plane, expressed in the equation 

3 

2 u^i = 0 , 
i = 0 

involves point-coordinates and plane-coordinates symmetrically. 
This, together with the fact that a non-singular linear transforma¬ 
tion of point-coordinates induces a transformation of plane- 
coordinates of the same type, gives rise to a principle of duality in 
space. Duality is rather more complicated in space than in the plane 
since, in addition to points and planes, which are dual to each other, 
we now have an intermediate class of self-dual entities—the lines 
of space. The principle of duality may be stated formally as follows: 

If T is any theorem, valid in three-dimensional projective geo¬ 
metry, the theorem T' that is obtained from T by changing the word 
‘ point ’ into the word 'plane', and vice versa, throughout the enuncia¬ 
tion, and making the appropriate linguistic adjustments, is also valid 
in the same geometry. 
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To every kind of submanifold of S 3 corresponds a dual manifold, 
and this is true in particular of the range of points and the plane field. 

The range of points is the set of oo 1 points which lie on a fixed 
line, the axis of the range, and the dual manifold consists of the co 1 
planes which pass through a fixed line. These planes are said to 
form a pencil of planes with the given line as axis. Two planes 
TTj, 7 T 2 , with coordinate vectors u (1) , u (2) , determine a unique pencil, a 
general plane of which is given by u = u«>+ 0 u<»; and <9 is a pro¬ 
jective parameter for the pencil, connected in the usual way with 
cross ratio. The cross ratio {ttj, tt 2 ; tt 3 , ttJ of two ordered pairs of 
planes of the same pencil is defined as the dual of the cross ratio 
{P 1 ,P 2 ; Pa.PJ for points of a range. It may be verified directly, 
and we shall also prove below (corollary to Theorem 4) that the 
cross ratio { Wl ,w a ; n 3 ,nj is equal to the cross ratio of the pairs of 
points intercepted on any transversal. In this way we have a 
fundamental connexion between the range and the pencil. 

A plane field consists in the first instance of the set of oo 2 points 
of a given plane, and to these points we may add the co 2 lines of the 
plane in order to make up the complete two-dimensional projective 
domain. The space-dual of the plane field is the star of planes and 
lines , the system of oo 2 planes and co 2 lines that pass through a fixed 
point, the vertex of the star. Three linearly independent planes 
determine a star, a general plane of which is represented by a co¬ 
ordinate vector of the form u = A, u<”+A 2 u< 2 >+A 3 u«. Two p anes 
of the star intersect in a unique line of the star, and all those planes 
which pass through the line form a pencil of planes in the star. 

Some important incidence theorems 

We are now in a position to prove a number of incidence theorems 

which hold in S 3 . 

THEOREM 1. Let A o, A lt A 2 , a 3 be four points which form the 
vertices of a tetrahedron , and- let P be a point which does not he on any 
of the faces of the tetrahedron. Let A t P meet the opposite fate in 
p. u = 0> l, 2, 3) and let Pi be the harmonic polar of P t with respect 
to the triangle whose vertices are the vertices of the tetrahedron other 
than A t . Then the four lines Pi lie in a plane. 

Proof Take the given tetrahedron as tetrahedron of reference, 
and P as the point (f 0 , f x> fj- Then P 0 is the point (0, £ lf f* f 3 >; 
and in the subordinate geometry of the plane A x A 2 A 3 the equation 
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of the harmonic polar p Q of this point with respect to the triangle 
of reference is 


^ + . f» = 0 

£i €2 g 3 


Thus p 0 , regarded as a line of S 3 , has equations 


. *2 , ^_3_ 0 _ :r 

fi + f, + 6" °’ 

and every point of it lies in the plane 


1 J 3 _ o 

fa + & 

Since this plane has a symmetric equation, it contains all four 
lines p { . 

The plane 7 r which contains all the lines p t is called the harmonic 
polar plane of P with respect to the given tetrahedron, and P is 
called the harmonic pole of 7 r. Since the harmonic polar plane of the 
point (£ 0 , ( 2 * £ 3 ) the plane (l/£ 0 , 1 /fj, l/£ 2 , l/£ 3 ) we see that, in 

particular, the unit point and the unit plane are harmonic pole 
and polar with respect to the tetrahedron of reference. 

Exercise. \Y ith the notation of Theorem 1, show that if P projects from 
the edge A 0 A X into the point P 0l of the opposite edge A 2 A 3 (that is to say, 
the piano A 0 A l P meets A 2 A 3 in P 01 ), and P' 0 , is the harmonic conjugate 
of P ol with respect to A 2 and A 3 , then P' 0l and the five similar points P' t j 
all lie in 7 r. 


theorem 2. If two tetrahedra correspond to each other in such a 
way that the lines joining corresponding vertices pass through a 
common point, then the lines of intersection of corresponding faces lie 
in a common plane , and conversely. 


Proof. Take one of the tetrahedra as tetrahedron of reference 
X 0 X 1 X 2 X 3 , and the point of concurrence of the joins as unit 
point E. If the vertices Y ^ Y lt Y 2 , Y 3 of the other tetrahedron have 
coordinate vectors y<°>, y<« y< 2 >, yW we have, using an obvious 
notation, 

y <P) = e +A p X<*> (p = 0, 1,2, 3) 


and hence 


yO»_y«l) = ^ X <*»—\ Q X<«>. 

Yq therefore meets X p X q in the point P pq given by X p x. (p) — X q x (<7) , 

and this point lies in the plane 7 r represented by the symmetric 
equation 3 , 

Y 1 x, = 0 . 
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Since the planes X, X, and Y p Y Q Y, both contain the three points 
p p p which all lie in it, they meet in a line of tt; and this 
proveTthe direct theorem. The converse follows by duality. 

Remark. Two tetrahedra related as in Theorem 2 are said to be 
in perspective from the vertex E, and being in perspective is 
accordingly a self-dual relationship. Theorem 2 may be compared 

with Theorem 7 of Chapter IV. 

THEOREM 3 (Desargues's Theorem). If two triangles in S 3 corre¬ 
spond in such a way that the lines joining correspondi ng tertices are 
concurrent, then corresponding pairs of sides intersect and the three 
points of intersection are collinear. Conversely, if 
correspond in such a way that the three pairs of 

intersect in collinear points, then the lines joining corresponding ter- 



r» f T f tlip trianeles lie in a common plane, the theorem 

J2JL— 1 of Ch.pt.rIV, w. th-rete. .«PP«» 

AV. with AA BBC CC ... 

, ? % hen since SB' and CC' meet, the points B, B , 
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common point of intersection of the three pairs of lines, and is com¬ 
mon to AA' } BB', and CC'. 

Remarks 

(i) Theorem 3 can be proved algebraically by an argument similar 
to that already used in proving Theorem 2. We have preferred to 
gi\ e a different proof in order to show how, as soon as a few basic 
incidence theorems are known, other theorems may be inferred 
by a more geometrical mode of argument. 

(ii) Desargues s Theorem and its converse are not dual to each 
other in space, as they are in the plane. The proper three-dimen¬ 
sional analogue of Theorem 7 of Chapter IV is not Theorem 3 
but Theorem 2. 

(iii) Desargues s Theorem for coplanar triangles may be deduced 
from the theorem for non-coplanar triangles by constructing a 
third triangle, in a new plane, which is in perspective with each of 
the given triangles. The reader should do this. 

Homographic ranges and pencils 

In Chapter III we gave a detailed account of the formal theory 
of homographic correspondences, and in Chapter IV we saw how to 
a Pply this theory to concrete correspondences between ranges and 
pencils in S 2 . Homographies are in fact possible whenever there 
are one-dimensional forms, i.e. systems of oo 1 geometrical entities 
with the structure of an S Y . In three-dimensional space we already 
a\ e three kinds of one-dimensional form—the range of points, the 
pencil of planes, and the plane pencil of lines—and any two forms, 
whether of the same kind or of different kinds, may be put in homo- 
grap ic correspondence. A (1,1) correspondence between two 
one mensional forms is homographic if, when a projective 
parameter is introduced for each form, the parameters of corre- 
spondmg elements are connected by a fixed bilinear equation 

/)/ Old-\-ft . 

6 - y9 ^ 0 ). 

We now state the basic theorems on homographies in S 3> leaving 
the proofs to the reader whenever they are sufficiently simple. 

theorem 4. If a and b are fixed skew lines , then the correspondence 
between a variable point P of a and the plane bP of the pencil with 
axis b is homographic; in symbols , (P) a b(P). 
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corollary. *4 pencil of planes cuts homographic ranges on any 
two transversals. 

Remark. From this theorem we can deduce at once that the 
cross ratio of two ordered pairs of planes of a pencil is equal to the 
cross ratio of the pairs of points intercepted on an arbitrary trans¬ 
versal. This is the important result alluded to on p. 249. 

THEOREM 5. If P is a variable point of a fixed line a and B is a 
fixed point that does not lie on a, then the lines BP form a pencil of 
lines, and B(P)7 k(P). Dually, if n is a variable plane through a 
fixed line aandfi is a fixed plane that does not pass through a, then the 
lines fin form a pencil of lines, and A (w). 

theorem 6. If P and Q are variable points of t wo fixed lines a and 
b, and P and Q correspond in a given homography vr, then it is possible 
to find two fixed points V, W and a fixed line c such that, for every 
corresponding pair (P, Q), VP and W Q meet in a point R of c. 



Proof. Select three corresponding pairs {P v Qi), (-ft, Q 2 ), and 
(ft,0 3 ), and take a point V arbitrarily on P l Q 1 . Then V ft and 
VP 3 are coplanar with Q v and a transversal R x R 2 R 3 ca,n be found 
as shown, with R x coincident with Q v Since Q 2 Q 3 and R 2 R 3 are 
coplanar, Q 2 R 2 and Q 3 R 3 are also coplanar and meet m W , say. 
If we now take R 2 R z as the line c, the requirements of the theorem 
are satisfied; for the product of the perspectivity between (P) and 
t R ) with vertex V and the perspectivity between (R) and (Q )I with 
vertex IF is a homography with three pairs in common with m. 

theorem 7. Every homographic correspondence between two one¬ 
dimensional forms in S 3 can be generated by a finite sequence of opera¬ 
tions of projection and section. 
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Collinear plane fields and stars 

In addition to the three kinds of one-dimensional form just 
discussed, S 3 also contains two important kinds of two-dimensional 
form, or system of co 2 geometrical entities with the structure of 
an S 2 —namely the plane field and the star—and the analogue 
for such systems of the homographic correspondence between 
one-dimensional forms is, of course, the collineation. A (1,1) 
correspondence between two two-dimensional forms is a collinea¬ 
tion if, when an allowable representation is chosen for each form, 
the parameters of corresponding elements are connected by fixed 
equations of the form 

= 2 «<k 4 (* = 1,2,3), 

* = i 

where |a rs | ^ 0. When two two-dimensional forms correspond in 
this way they are said to be collinear. 

\\ e shall meet important applications of collinear stars in 
Chapter XII in connexion with the twisted cubic curve and cubic 
surface. 

§2. Affine and Euclidean Geometry of Three 

Dimensions 

Just as we were able to construct abstract models of two- 

dimensional affine and euclidean geometry by singling out certain 

geometrical entities in the projective plane and endowing them with 

recognizable individuality, so in a similar manner we can arrive 

at abstract models of affine and euclidean geometry of three 
dimensions. 

We begin with real projective space S 3 (R) and adjoin to it ideal 
complex points, and then we single out a real plane t, to be called 
the plane at infinity. To this plane, which is now regarded as an 
ideal plane, not properly belonging to the space, is assigned the 
invariable equation z 0 = 0. Thus we obtain affine space with its 
associated class (£# A ) of allowable coordinate representations. In 
each of these representations the actual points of the space are in 
one-one correspondence with the triads (X lt X 2 , X 3 ) of real numbers. 

Two planes of affine space are said to be parallel if and only if 
they meet in a line of i; and a line is said to be parallel to a plane 
or to another line if it meets it in a point of i. We can also define the 
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mid-point of a finite segment AB in the usual way, as the harmonic 
conjugate with respect to A and B of the point at infinity on the 
line AB. 

The affine geometry of space induces a subordinate affine geo¬ 
metry in every plane and on every line. If tt is a given plane, the 
line at infinity in tt is the line m, and if / is a given line the point at 
infinity on l is the point li. 

By selecting a virtual conic in i and calling it the absolute 
conic , we can pass from affine space to (similarity) euclidean space. 
If we require Cl to have the equations 

x\+xl+xl = o = x 0 


in every allowable representation, we obtain the class of euclidean 

representations {@ E ). . 

The tangent planes from any line l to Cl are called the isotropic 

planes through l, and the cone which joins any point P to fi is 

called the isotropic cone at P. 

Two planes are perpendicular if they are harmonic with respect 
to the isotropic planes through their line of intersection—in other 
words, if they meet i in a pair of fines conjugate for Cl. Two fines 
(whether they intersect or not) are perpendicular if they meet i 

in a pair of points conjugate for Cl. 

The euclidean geometry of space induces a subordinate euclidean 

geometry in every (actual) plane. If tt is a gi\ en plane, the absolute 

points in tt are the conjugate complex points in which the fine at 

infinity in the plane meets the virtual conic Cl. 

Cl may be regarded as a disk quadric (see p. 265), and this suggests 
the possibility of passing from euclidean to non-euclidean geometry 
by replacing this disk quadric by a proper absolute quadric. This 

topic will be taken up in Chapter XIV. 


THEOREM 8. If @ A is any one allowable representation of affine 
space , then the whole class (0J of allowable representaticms consists 
of all those representaticms which can be derived from by applying 
a transformation of the form 


X\ = 2 b ik X k -\-Ci (i — 1»2,3), 

k-1 

where the coefficients are arbitrary real numbers , subject to the con 
dition |6 rg | ^ 0. 
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theorem 9. If is any one allowable representation of euclidean 
space , then the whole class (& E ) of allowable representations consists 
of all those representations which can be derived from by applying 
a transformation of the form 

Xi = c l e ik X k -\-a { ( i = 1, 2, 3), 

k= 1 

where a 1? a 2 , a 3 , c are arbitrary real numbers, with c > 0, and ( e r8 ) 
is any orthogonal matrix. 


Proof. If (X lt X 2 , X 3 ) and {X\, X 2 , X 3 ) are allowable coordinates 
in two representations & E and ^ E , then 

X'i=i b ik X k +c s (I = 1,2,3). 

fc=i 


But, since Q. has the same equations in &% E and & E , 


.1 X't^h 2 Xt+R, 


where R involves only terms of degree lower than the second, 
direct substitution, therefore, 



=i (i b tk x k y. (i) 

i=l t=l v fc=i > 

i. e . h s tj x { Xj = I (| b tk x k ) (2 b im x m ) 

^212 b ik b im x k x m 

k m i 

= ^{^b kt b ki )x t X t , 

by changing the dummy suffixes. Therefore 

X b kit>kj = h*ij 1,2,3). 

But in virtue of (1), h is positive, and we may write h = c 2 , where c 
is real. Then the last equation may be written in matrix form as 

B T B = c 2 I, 

and therefore B = cE, where E r E = I, i.e. where Eis an orthogonal 
matrix. 

Thus the transformation from & E to &' E is of the required form. 
The constants a x , a 2 , a 3 y c may be any real numbers, but we must 
restrict the sign of c if each transformation is to appear only once 
in the whole set. 
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Remarks 

(i) The euclidean transformations 

X'i = c J e tkXk+ a i 

A* = 1 


(t = 1,2,3) 


form a group, the euclidean group in three dimensions. 

(ii) In ordinary euclidean space, an allowable frame of reference 
is simply a rectangular coordinate system. A euclidean transforma¬ 
tion can be interpreted as the transformation from one such 

coordinate system to another. 

(iii) In the interpretation just mentioned, the columns ot b 
are the direction cosines of the new axes with respect to the old. 
The relation E T E = I gives the familiar orthogonality relations 


(i,i= 1,2,3) 

fc = l 

for the direction cosines of three mutually perpendicular lines, 

(iv) Since E r E = I we have, on taking determinants, 

|E|* = 1- 

Thus IE | = 1 or -1. |E| = 1 gives a proper orthogonal trans- 
formation and |E| = —1 an improper one. In the second case 
there is a reflection, and the axes are changed from right-handed 

to left-handed or vice versa. 


EXERCISES ON CHAPTER X 

LS r, ,h, pl.M-Aaliion. of the F..,r »erti»» of ,h. t.lr.h«te«, 
of point-equations and pairs of plane-equations for the six edges, (in) the 
equation of a general plane through the vertex X 0 and that of a general plan 
through the edge X 0 X V and (iv) pairs of equations which represent a 

general line through X 0 and a general line in the face A x A 2 A 3 . 

8 Find also the line-coordinates of the six edges of the tetrahedron of 

2. If XYZT is the tetrahedron of reference, E is the unit point (1,1,1,1), 
and P is the point (a,b,c,d), prove that: 

(i) the equations of the line TP are x/a = y\b — zjc; 

(ii) the equation of the plane ZTP is x/a = y/b ; 

(iii) the projection of PE from T on to the plane XYZ is the line 

(b—c)x + (c—a)y + (a—b)z = 0 = t; 

S 


6304 
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(iv) a general point of the transversal from P to XY and ZT is (a, b, Ac, Ad); 

(v) if EP meets the unit plane (1, 1, 1, 1) in M, and the harmonic con¬ 
jugate of P with respect to E and M is P', then the coordinates of P' 
are ( — a-f 6 + c + d, a — 6 + c-f-d, a-f-6 — c + d, a-f6-fc —d); 

(vi) the equation of the locus of a variable point which is such that the 
transversal from it to XY and ZT meets EP is 

(z — t)(bx—ay) — (x—y){dz — ct) — 0 . 

3. If f(x lt x 2 ,x 3 ) and g(x 2 ,x 3 ) are homogeneous polynomials, show that 
the equation f(x lf x 2 , x 3 ) = 0 represents a cone with vertex X 0 and the 
equation g(x 2 ,x 3 ) = 0 represents a set of planes through X 0 X l . 

Show also that the equation of any cone with vertex at the point of 
intersection of the three general planes 7r t = 0 (i = 1,2, 3) is of the form 

E(tT i* TT 2 , TT 3 ) = 0 . 

4. A surface <f>, whose equation is f(x 0 ,x lt x 2 ,x 3 ) = 0, is met by the plane 
77 = u 0 x 0 -^-u l x l +u 2 x 2 + u 3 x 3 = 0 in a curve c. Show that the equation 
of the cone which projects c from the point (y 0 ,y lt y 2 ,y 3 ) is 

f(Xo7T v — y 0 7T, X l 7T v — y l 7T, X 2 TT y — y 2 TC , X 3 TTy ^3 TT) = 0, 

where = w o Vo + “1 !/i + u 2 y 2 + u 3 y 3 . 

5. Show that the three planes 

3x-3y-\-z—5t = 0, 

5-r-f 3 y—5z + t = 0, 

3x + 3y—4z + 2t = 0 

meet in a line. 

bind the harmonic conjugate of the third plane with respect to the 
first two. 

Find also, in parametric form, the coordinates of a general point of the 
common line of intersection of the planes. 

6. If XYZT is the tetrahedron of reference, and X', Y', Z\ T' are four 
points whose coordinate vectors are the columns of a non-singular skew- 
symmetric matiyx, show that the tetrahedron X'Y'Z'T' is both inscribed in 
and circumscribed about XYZT. 

7. Show that the curve whose parametric equations are 

x :y : z : t = a/(9-a ): b/(0-b ); c/(0-c): d/(0-d) 

passes through the reference points X, Y, Z, T, the unit point, and the 
point (a, 6, c, d); and that it is met by any general plane in three points. 

Find the equations of the four cones which project the curve from the 
points X, 1 , Z, T, and show that the complete intersection of any two of 
these cones consists of the curve and one edge of the tetrahedron of reference. 

8. Show that the curve whose parametric equations are 

x:y:z:t = 9 2 :0 : l : 02_ 0+1 

is a conic, namely the section of the cone y 2 = zx by the plane 

x—y + z—t = 0 . 
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Exhibit in a similar way, as the section of a cone by a plane, the conic 
whose parametric equations are 

x:y :z:t - 0 2 +l :0-l :6 2 -\ :0 8 + 30. 

9. Three points *4, B, C lie on a line k, and D is any point not on k. A 
variable line Z, which does not meet k, is such that the cross ratio Z{A, B; C, D) 
has a given constant value. Show that Z meets a fixed line through D. 

10 A BCD is a given tetrahedron and A', B', C' are three given points, 
none of which lies in a face of A BCD. Show that in general it is impossible 
to find a point D\ not on a face of A BCD, such that D'A' meets DA, D'B 
meets DB, and D'C meets DC; but that if A', B', C' are so related that one 
such point D' exists, then there is an infinity of such points, all on a straight 
line. Show also that in this case the triangles ABC and A"B”C' are in 
perspective, A", B\ C being the projections of A', B', C' from D' on to the 

plane ABC. . .. 

11 Two triads of points in space, ( A , B, C) and {A , B , C ), are in per¬ 
spective from a point D"; BC', B'C meet in A", CA', C'A meet in B", and 
AB', A'B meet in C\ Prove that AA", BB", CC" meet in a point D , and 

that 4'A*. B'B", C'C" meet in a point D. 

Show that any two of the tetrahedra A BCD, A'B'CD', A'B*CD" are 
in perspective in four ways, the centres of perspective being the vertices of 

the third tetrahedron. 

12 Two given planes a, a' meet in a line Z, and a collineation between 
P in a and P' in a' is such that no point of l is invariant. Show that a 
coordinate representation of space can be chosen in such a way that the 
coordinates of u general pair of corresponding points P, P are (A./z.v.O) 

“show a£o that if m is such that l is a self-corresponding line and the two 
united points M, N of the homography induced on it by m are distinct, then 
all the joins PP’ of corresponding pairs for m meet two fixed lines, one 

through M and the other through N. 

13 Show that the points P. P‘ in which two given general planes c, a 

are met by the transversal lines of two given skew lines correspond in a 
quadratic Cremona transformation of a into a'. Find simple equations for a 
transformation so generated, and investigate the fundamental pornts in 
a and a'. [Hint. Let the skew lines meet a in A. B and a in A , B , and let 
AB. A'B' meet the line a/3 in C\ C. Take (A.B, C) as reference triad in a 

and (A', B', C') as reference triad in a'.] 

14 The volume V of a tetrahedron in affine space, whose vertices are the 

■ ta ,v v ZMi = 1,2,3,4), is defined by the formula 6 V = 1|. 

Ihow t^at the vie of V depends on the particular choice of the affine 
coordinate system, but that the ratio of the volumes of any two tetrahedra 

is an affine invariant. .. 

15. Show that, in affine space, the equations of any two skew lines may 

be taken to be X = 0 = Z — c, F = 0= Z-fc 


if the coordinate system is chosen suitably. 

Investigate the locus of the mid-point of a variable transversal of two 

given skew lines which is parallel to a given plane. 
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16. If x, y, z, t are homogeneous cartesian coordinates, show that the line 
which contains the finite point ( a,b,c , 1) and the point at infinity ( l,m,n,Q) 
may be written in the form ( x—at)/l = ( y—bt)/m = ( z—ct)/n . 

Show that this line and the line given by 

(x-a't)ll' = (y-b't)lm' = ( z-c't)/n' 

intersect if and only if ^ (a — a')(mn'—m'n) = 0, and that the lines are 
parallel if l\m\n = 

Show also that if the coordinates are rectangular, so that the absolute 
conic ft is given by x 2 -f y 2 -\-z 2 = 0 = t, the condition for the lines to be 
perpendicular is ZZ'-f mm' + nn' = 0. 

If the lines meet the plane at infinity in A, A', and the pole of A A' for ft 
is B, show that the transversal of the lines which passes through B is their 
common perpendicular; and find the equations of this transversal. 

17. The common perpendicular transversal of a variable generator of the 
right circular cone X 2 +Y 2 = Z 2 and the line X— 1 = 0 = Y meets the 
generator in P. Investigate the locus of P on the cone. 

18. If 1,1 are given skew lines in euclidean space, show how it is possible, 
by taking their common perpendicular transversal as Z- axis, to define a 
rectangular coordinate system in which the equations of the two lines are 
Y mX = 0 = Z c and Y-\-mX = 0 = Z-\-c respectively. 

A point moves in such a way that the line joining the feet of the perpen¬ 
diculars from it to two given non-intersecting lines subtends a right angle 
at a fixed point. Prove that its locus is a hyperbolic cylinder whose generating 
lines are perpendicular to each of the given lines. 

19. If two pairs of opposite edges of a tetrahedron are perpendicular, 
then so are the third pair. Show that this result can be regarded as a corollary 
to Hesse’s Theorem (Chapter VI, Theorem 24). 

20. Show that the altitudes of a tetrahedron ABCD from the vertices 
A and B intersect if and only if the edges A B and CD are perpendicular. 

21. If 0, ©!, 0 2 , 0 3 are four real quadratic polynomials in 9, of which 
three are linearly independent, show that the curve whose parametric equa¬ 
tions in rectangular cartesian coordinates are X = 0J0, Y = 0 2 /0, Z = 0 3 /0 
is a conic; and find conditions for the conic to be (a) an ellipse, or a hyperbola, 
or a parabola, (6) a rectangular hyperbola, and (c) a circle. 

Show how to find the plane of the conic, its asymptotes (if real), and its 
centre. 

22. A system of homogeneous coordinates x, y, z, t in euclidean space is 
said to be tetrahedral if the unit point is the centroid of the tetrahedron of 
reference. Show that for such a system the plane at infinity is the unit plane. 

Show that the tetrahedral coordinates x, y, z, * of a point P are proportional 
to the volumes of the tetrahedra PYZT, PXZT, PXYT, PXYZ, the 
volumes being given suitable signs. 

23. A point P moves in such a way that the feet of the perpendiculars 
from it on to the faces of a tetrahedron ABCD are coplanar. Show that it 
describes a cubic surface whose equation, in any system of homogeneous 
coordinates for which ABCD is the tetrahedron of reference, is of the form 
a/x + bly + clz + djt = 0, where a, 6, c, d are constants. 
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24. A wire bent in the form of an ellipse rests on a horizontal plane 7 r, 
with its own plane vertical and its axes respectively horizontal and vertical; 
and a point-source of light is placed at a point P. Find the locus of P when 
the shadow cast by the wire on tt is (a) a parabola, and (6) a rectangular 
hyperbola. 

Show that in every horizontal plane above the wire there are two positions 
of P for which the shadow is circular, and find the locus of these points as 
the horizontal plane varies. 



CHAPTER XI 

THE QUADRIC 

In the projective plane the simplest locus that we can consider, 
apart from the straight line, is the conic locus, and we have already 
seen how to establish its projective properties. In three-dimensional 
projectiv e space, on the other hand, where a point has three degrees 
of freedom, there are two essentially different kinds of locus to be 
considered; and we have two particular loci, each of which is in its 
way a proper space-analogue of the conic, namely the quadric 
surface and the twisted cubic curve. 

A surface is the locus of a variable point of space which has two 
degrees of freedom, and it may be defined by imposing a single 
analytical condition on a general point. If this condition takes the 
form of a quadratic equation S(x 0t x lt x 2t x 3 ) = 0, the surface is a 
quadric surface; and it is then clearly analogous to the conic defined 
by the equation S{x 0 ,x v x 2 ) = 0 in S 2 . 

A curve , on the other hand, is the locus of a variable point of space 
v hich has one degree of freedom, and it may be defined analytically 
by taking as coordinates of the variable point four functions of a 
single parameter. In particular, the equations 

x 0 : x x : x 2 : x 3 = 0 3 :d 2 :d: 1 

define a curve known as the twisted cubic ; and this space curve is 
analogous to the conic given by the canonical representation 

x 0 :x 1 :x 2 = 6 2 :6 :1. 

In the next three chapters we shall develop the projective geo¬ 
metry of the quadric and twisted cubic, discussing the quadric 
in this chapter and the next but one, and the twisted cubic in 
Chapter XII. The two manifolds are, however, closely connected 
with each other, and we shall not attempt to maintain a rigid 
separation. 

§ 1. The Quadric Locus and Quadric Envelope 

definition. An algebraic surface of order n in S 3 is the totality of 
points whose coordinates in some assigned allowable representation 

satisfy a fixed homogeneous equation of the nth degree: 

/(*o> #i> x 2 , xf) = 0. 
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Dually, an algebraic envelope of class n in S 3 is the totality of planes 
whose coordinates satisfy a fixed homogeneous equation of the ttth 
degree: (j)(u 0 ,u l ,u 2 ,u 3 ) — 0. 

The surface or envelope is said to be irreducible if the polynomial 
/ or (f> is irreducible over the ground field K. 

An algebraic surface of order 2 is called a quadric surface or 
quadric locus, and an algebraic envelope of class 2 is called a quadric 
envelope. 

The equation of the general quadric locus may be written in 
either of the forms 


3 3 

S(x 0 ,x ly : r 2 ,.r 3 ) = 2 2 a ik x i x k = 0 

i = o k - 0 


and 


S(x) = x 2 'Ax = 0, 


where the matrix A = (ar„) may be taken, without loss of generality, 
to be symmetric. 

The equation of the general quadric envelope may be written in 
the corresponding forms 


3 3 

’Z{u 0 ,u l ,u 2 ,u 3 ) = 2 2 A ik U iU k = 0 

i - 0 k 0 


and S(u) == u 7 ’2lu = 0. 

The equation S = 0 contains ten essentially different terms, four 
involving the squares x\ and six involving the products x i Xj , and 
there are accordingly nine effective coefficients. This gives us the 
important result: 

THEOREM 1. There is a unique quadric locus which passes through 
nine given points of general position; and dually , there is a unique 
quadric envelope which contains nine given planes of general position. 

Since the equation of the quadric locus is of similar algebraic form 
to that of the conic locus, many of the theorems established in 
Chapter V remain valid, possibly with trifling modification, for 
quadrics, and in many cases it will be sufficient to restate the 
results without proof. Thus, for instance, we have the following 
theorem on the projective invariance of the rank of the matrix A. 

theorem 2. If the equation of a quadric locus S, referred to some 
allowable representation is x 7 Ax = 0, the rank p[A] is a projective 
characteristic of S. 

The number p[ A] is called the rank of the quadric locus, and we 
denote it by r. The introduction of the concept of rank makes 
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possible a projective classification of the various types of quadric 
locus, with a dual classification of quadric envelopes. 


Rank 

Quadric locus 

Quadric envelope 

4 

Proper quadric locus 

Proper quadric envelope 

3 

Proper quadric cone 

Disk quadric 

2 

Pair of distinct planes 

Pair of distinct points 

1 

Repeated plane 

Repeated point 


This classification may be derived, in the following way, from 
Theorem 2 of the Appendix. According to this theorem it is 
possible, by selecting the representation 2% suitably, to put the 
equation of any given quadric locus S into the form 

2 d i x i = o> 

t=>0 

where r is the rank of S and each of the coefficients d i is 1 or —1. 

If the ground field K is the complex field, all the d i may be made 
equal to 1. 

Let us now consider the possibilities that arise. 

Case 1: r = 4. 

The equation of S is 

dzxl+d x x\+d 2 x\+d 3 x\ = 0 . 

This is the general case, and we shall not discuss it at this stage. 

Case 2: r = 3. 

The equation of S is 

d 0 xl+d x xl+d 2 x l = 0 . 

The point X 3 , given by (0, 0,0,1), lies on the surface; and if P is any 
other point of S, every point of the line X 3 P is a point of S. 
The surface is accordingly generated by lines through X 3 , and we 
call it a quadric cone with vertex X 3 . It is sometimes called a proper 
cone, to distinguish it from the more special types of quadric which 
follow. The section of S by the plane X 0 X x X 2 is the conic 

d o x o-\~ d i x i+d 2 xl = 0 = :r 3 , 

and the cone is generated by the lines which join X 3 to the points 
of this conic. 
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Case 3: r = 2. 

The equation of S is d Q xl-\-d x x\ = 0, and this may be factorized 
as follows: 

{\/(^o) ar O + V( d l)Xi}{y/'{d 0 )x 0 yj( d^)X^\ = 0. 

The surface is therefore a pair of planes which meet in the line X 2 X 3 . 

Case 4 : r — 1. 

The equation is d Q x% = 0, and this represents the plane X 1 X 2 X 3 
taken twice. 

We say the quadric lopus is proper when r = 4 and degenerate 
when r < 4. The reasons for this terminology will become clear 
below; but it should be noted that the terms ‘proper’ and ‘irredu¬ 
cible’ are not equivalent for quadrics, as they are for conics. The 
cone, corresponding to r = 3, is irreducible, but it is not a proper 
quadric locus. 

The classification of quadric envelopes is dual to the classification 
just considered, and the only type that requires separate discussion 
is the disk quadric , the dual of the proper cone. The reduced 
equation of this envelope is 

d 0 ul+d l ul+d 2 ul = 0 . 

The plane £ 3 , given by (0, 0, 0,1), belongs to the envelope; and if 7r 
is any other plane of the envelope, every plane through the line 
£ 3 t r also belongs' to it. The planes of the envelope thus form a 
system of pencils of planes with axes in the fixed plane 

If, now, 77 has plane-coordinates (u 0 , u v u 2 , u 3 ), the line-coordi¬ 
nates in £3 of the line g 3 n are ( u 0 , u x , u 2 ) and the envelope of the lines 
£377 is therefore the conic d 0 ul~\-d l u\+d 2 u\ — 0 in £,. The planes 
of the quadric envelope are thus all the planes through all the 
tangents to this conic—oo 1 pencils each of oc 1 planes, giving co 2 
planes in all. This is the reason for the name ‘disk quadric’. The 
reader may visualize the system by thinking of the tangent planes 

V2 V2 £2 

to the ellipsoid —4- — + -9 = 1 and letting c tend to zero. 

a 2 b i c* 

The Joachimsthal theory 

The polar properties of the quadric, like those of the conic, follow 
readily from Joachimsthal’s equation 

S uv +26S uz +d*S 2Z = 0 , 

and since the formal algebra is identical with that in § 4 of Chapter 
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V, except that the summations are now from 0 to 3 instead of from 
0 to 2, we shall not repeat the details. 

Two points Q and B, with coordinate vectors y and z respectively, 
are said to be conjugate points with respect to the quadric locus S 
if they are harmonic with respect to the two points A v A 2 in w’hich 
QB meets S , and the analytical condition for conjugacy is there¬ 
fore S uz = 0. 

II Q is a fixed point, the locus of a variable point of space that is 
conjugate to Q is the plane S tJ = 0 , and this is called the polar 
plane of Q with respect to S. 

Now r suppose Q is a point of S, and B is a point, distinct from Q , 
that is conjugate to Q. Then one of the points A lt A., coincides 
with Q, and, since the pairs (A lt A 2 ) and {Q, B) are harmonic, 
the second of these points also coincides with Q. Thus any line 
which joins a point Q of S to a conjugate point meets S in points 
which coincide at Q. It is therefore a tangent line to S at Q, and the 
polar plane of Q is the tangent plane at Q , generated by all the 
tangent lines at this point. 

If Q does not lie on S, the tangent lines through Q generate a 

quadric cone, the enveloping cone 
or tangent cane with vertex Q ; and 
the equation of this cone is 

Sl-ss uu = 0 . 

6 

The tangent lines which generate 
the cone all touch S at points lying 
in the polar plane y of Q. The 
plane y cuts S in a conic, and the 
enveloping cone has ring contact 
with S along this conic. 
th eorem 3. If the rank of S is 4, then the totality of tangent planes 
of S is a quadric envelope £. If the equation of S is 

2 ji a ik x i x k = 0 , 

the equation of S is ^2 A ik u t u k = 0, 

i k 

U'here A ik is the cofactor of a ik in the determinant \a r3 \. 

Proof. As for Theorem 9 of Chapter V. 

The properties of the general quadric envelope may be inferred 

from the properties of the general quadric locus by the principle 
of duality. 



XI, §1 QUADRIC LOCUS AND QUADRIC ENVELOPE 267 

Let I be a general quadric envelope. Two planes y and p are 
said to be conjugate planes with respect to £ if they are harmonic 
with respect to the two planes of £ which pass through the line yp. 
The condition for conjugacy is accordingly £ VUJ = 0. 

Every plane y has a pole , a point which is common to all planes 
conjugate to y, and the pole of the plane v is the point £ t , = 0. 

A line t is called a tangent line of £ if the two planes of the envelope 
which pass through it coincide. The line of intersection of a plane y 
of £ with any conjugate plane is necessarily a tangent line of £, 
and the pole of y is the point of concurrence of all those tangent 
lines of £ which lie in y. Such a point is said to be a point of the 
envelope £ (dual to a tangent plane of S). 

If y does not belong to £, the tangent lines of £ which lie in y 
envelop a conic in y. The equation of this conic, regarded as a disk 

quadric, is SJ—£2 ro = 0. 

If finally the rank of £ is 4 , the points of £, as just defined, are 
the points of a quadric locus S ; and if the equation of £ is 


that of S is 


= 0 

t k 

ii a ik x i x k =°> 

i k 


where the a ik are cofactors in \A rs \. 

Here, then, we have the fundamental polar properties of the 
quadric locus and quadric envelope. They are valid without 
restriction for proper quadrics, but in the case of degenerate 
quadrics they may need suitable modification. We leave it to the 
reader to supply the necessary qualifications, guided by what he 
already knows of the geometry of quadrics from a more elementary 
treatment and also by the analogy with Chapter V. 

Like the proper conic, the proper quadric is best looked upon as 
a single self-dual figure, comprising both a quadric locus and a 
quadric envelope. This is made clear by the following theorems, 
which correspond to Theorems 15 and 16 of Chapter V. 

theorem 4 . If S is a proper quadric locus and £ is the associated 
envelope , then £ is a proper quadric envelope. Furthermore , the 
quadric locus associated with the envelope £ is the original locus S. 

theorem 5. If S is a proper quadric locus and £ is the associated 
envelope, then a plane n is the polar plane of a point P with respect 
to S if and only if P is the pole of n with respect to £. 
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In virtue of these theorems, we may take S and 2 together as 
a proper quadric ip. This quadric determines a single polarity of 
space, the (1,1) correspondence between points and planes given 
by u = Ax, x = A~ 1 u. The quadric has both a point-equation 

S = ZZ,a ik XiX k = 0 

i k 

and a plane-equation 

S = 22 A tk u,u k = 0, 

i k 

each of which determines the other. 

Exercise. Show that, with the two definitions of tangent given above, 

/ is a tangent line of »S if and only if it is a tangent line of £. 

Theorem 4 holds only for proper quadrics, and a degenerate 
quadric locus does not necessarily define an associated quadric 
envelope at all. Let us consider first the case of a proper cone S, 
with vertex I . At any point of S, other than V, we have a uniquely 
defined tangent plane, generated by the plane pencil of tangent 
lines through the point; but every such tangent plane touches 
the cone at all points of a generator, instead of at a unique point 
as in the case of the proper quadric. Every line through V is, in a 
sense, to be regarded as a tangent line to S at V, since it cuts S in 
two coincident points there, and every plane through V is made up 
of tangent lines and counts as a tangent plane. Thus the tangent 
planes to S are all the planes through the vertex V. This fits in 
with the fact that if we try to derive a plane-equation from 

-Mi x\+d 2 x\ = 0 

by taking cofactors, we get simply 

d^d^d^u^ === 0 , 

i.e. the plane-equation of the point V taken twice. 

Nevertheless, we often find it convenient to distinguish between 
an arbitrary plane through V and a proper tangent plane to the 
cone, which touches it along a generator. The proper tangent planes 
form an co 1 system only, and this sytem is not, strictly speaking, a 
surface (regarded as the envelope of its oo 2 tangent planes) but a 
new geometrical entity known as a developable. A developable 
may be defined as the dual of a curve in space. 

Consider, in fact, any space curve c, other than a straight line. 
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At every point of c (with the exception of singular points, which 
we need not consider in this connexion) there is a unique tangent 
line, or line which meets the curve in two coincident points; and 
every plane through the tangent line is a tangent plane. Thus c 
has oo 1 tangent lines and oo 2 tangent planes, and the tangent planes 
form oo 1 pencils of planes with the tangent lines as axes. The dual 
of the curve c is a developable 8 , which has co 1 planes, co 1 generating 
lines (one in each plane) and oo 2 points, which form co 1 ranges on 
the generating lines as axes. If, now, c is a plane curve, all its 
tangent lines lie in a plane; and the dual developable therefore 
has the property that all its generating lines pass through a point. 

Thus the space dual of a plane curve is a cone. 

The quadric cone and the conic are dual to each other in space 

in two distinct ways. 

(i) The cone is a quadric locus of rank 3, consisting of co 2 points 
lying on oo 1 generating lines. Dually, the conic is a quadric 
envelope of rank 3 (disk quadric) consisting of oo 2 planes 

passing through co 1 tangent lines. 

(ii) The cone is a developable of class 2 . It consists of oo 1 (proper) 
tangent planes, two of which pass through a general line 
through the vertex. Dually, the conic is a plane curve of 
order 2. It consists of oo 1 points, two of which lie on a 
general line in its plane. The conic is a quadratic locus in 
a plane field, whereas the cone is a quadratic envelope in a 
star; and they are thus dual to each other. 

If a quadric locus is of rank 2, it breaks up into a pair of planes. 
The equation of the locus may be put in the form d 0 x%+d x x\ = 0; 
and since all the cofactors in the matrix of the quadric are zero 
we cannot obtain any envelope at all by the usual algebraic pro¬ 
cedure. We can show, however, by a different kind of argument 
(p. 278 below) that the quadric breaks up, as an envelope, into two 
points which lie on the line of intersection of the two planes. This 
type of degenerate quadric may accordingly be called a bifocal 
plane-pair. It can degenerate still further, since either the two 
planes, or the two points, or both, may be coincident. 

Example. To find the point-equations of a conic when the plane-equation 

is given, and vice versa. 

Suppose we are given the plane equation 

2ul-\-5v^ + ^u 2 u 0 -{-2u 0 tc i -4u l u s + Qu 2 u s = 0 . ( 1 ) 


i 
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( 0 0 2 1 \, 

0 2 0 — 2 \ 

2 0 0 3 I 

1 -2 3 5/ 



Since the original matrix is of rank 3, equation (1) represents a disk quadric 
or conic. We require to find two point-equations which represent surfaces 
whose complete intersection is the conic, and a convenient pair of surfaces 
is the plane of the conic and the cone which joins it to a vertex of the 
tetrahedron of reference. 

The plane of the conic is the polar plane of any general point of space, X 0 
for example. It is therefore the plane (— 18, 12, — 6, 12), i.e. ( — 3, 2, — 1, 2). 

In the star with vertex X 3 , the plane-equation of the enveloping cone with 
vertex X 3 is obtained by putting u 3 = 0 in (1), and is therefore 

2u\ + 4u 2 u Q = 0, 
u\-\-2u 2 u Q = 0; 

and the associated point-equation is 


x? + 2* 2 x 0 = 0. 

Thus a pair of point-equations of the given conic is 

3x0-2*!+^-2*3 = 0 = x\ + 2 x 2 x 0 . (2) 

We may note, incidentally, that the quadratic equation whose matrix is 
the matrix of cofactors is 


9*2 + 4 x? + *2 + 4*2 - 4 *, * 2 + 6*2 * 0 - 12 * 0 *! - 12 * 0 * 3 + 8 x t x 3 - 4 * 2 * 3 = 0, 
ie - ( 3*0 — 2*! + *2 — 2*3 ) 2 = 0. 

This represents the plane of the conic taken twice, in accordance with what 
we said above in connexion with the plane-equation of the proper cone. 

Now suppose, conversely, that we are given a pair of point-equations (2), 
representing a conic, and we wish to find the plane-equation of the conic, 
regarded as a disk quadric. 

If 7r * s an y tangent plane, it meets the plane of the conic in a tangent line 
to the conic; and the plane joining this line to X 3 must be a proper tangent 
plane to the cone *i + 2* 2 * 0 = 0. Its coordinates must therefore satisfy the 
equation u\-\-2u 2 u Q = 0. Now if ^r is the plane (w 0 , u lt u 2 , u 3 ), a general 
plane through the line in which it meets the plane of the conic is 

3x 0 — 2x l +x 2 — 2 x 3 -\-\(u 0 x q + u 1 x 1 -\-u 2 x 2 -\-u 3 x 3 ) = 0. 

For this plane to pass through X 3 , - 2+A u 3 = 0. The value of A is therefore 
2/u 3 , and the equation of the plane is 


(2u 0 + 3u 3 )* 0 + (2u 1 — 2 u 3 )* 1 + ( 2 u 2 + w 3 )*2 = 0 . 

The coefficients, v 0 , v 2 say, in this equation must satisfy v\-\-2v 3 v (i 

and hence .. 

M u i-u 3 ) 2 + 2(2u 0 + 3u 3 )(2u 2 + u 3 ) = 0 , 

i.e. 4ui + 1 (h*2 + 8u 2 w 0 + 4u 0 u 3 — 8iq w 3 +12u a u 3 = 0, 

i- e - 2u^ + 5u 3 + 4u 2 Uq + 2uq ■m 3 — 4tq u 3 + &u 2 u 3 = 0; 



and this is the original equation (1). 
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Polar lines with respect to a quadric 

Every proper quadric determines a polarity of space, which 
transforms points into planes and planes into points, and we may 
ask what effect this transformation has upon the lines of space. 
A line may be treated either as the axis of a range of points or as the 
axis of a pencil of planes ; and with either interpretation it is found 
to transform into another line—its polar line with respect to the 

quadric. 

theorem 6. If ip is a proper quadric and l is a given line, the polar 
planes of all points of l pass through a second line V and the poles of 
all planes through l lie on V. The relation between l and V is sym¬ 
metrical. 

Proof. Let x (1) , x (2) represent two points Q v Q 2 of l, with polar 
planes u (1) , u (2) respectively. Then the polar plane of the general 
point x (1) +Ax (2) of l is u (1) +Au< 2 >, and the polar planes therefore 

form a pencil of planes, with axis l', say. 

If tt is any plane through l, it may be fixed by Q lf Q 2 and a point 
R not on l. Then the pole of tt with respect to 0 is the common 
point of the polar planes of Q v Q 2 , P; and since two of these polar 

planes pass through l, the pole of n lies on l. 

The relation between l and V is symmetrical because it amounts 
simply to the conjugacy of every point of l with every point of l' 

with respect to «/». 

COROLLARY. The polar line V is the line of intersection of the tangent 
planes at the two points in which ip is cut by l, and it is also the line 
which joins the points of contact of the two tangent planes of 0 which 

pass through l. 

In general, a line and its polar line with respect to a quadric 0 
are skew. If l and l' meet, in a point P, say, then the polar plane 
of P passes through both lines, and therefore through P. This 
means that P is a point of </r, the plane of l and l' is the tangent plane 

at P, and l and V are tangent lines at P. 

If l coincides with its polar line, then the polar plane of every 
point of l passes through the point, and l therefore lies wholly on 

the quadric. 

If l and m are two lines, so related that l meets m , the polar line 
of TO, then TO meets V, the polar line of /; and in this case l and to 
are said to be conjugate lines with respect to f Their two polar 
lines V, m' are then also conjugate lines. 
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Self-polar tetrahedra 

Consider a proper quadric tp. If A is a general point of space, it 
has a polar plane a with respect to tp; and if B is a general point of a, 
its polar plane ft passes through A. If C is a general point of the 
line a£, its polar plane y passes through A and B, and cuts aft 
in a unique point D. Then A BCD is a self-polar tetrahedron for tp, 
and it has the following properties: (i) every vertex is the pole of 
the opposite face; (ii) any two vertices are conjugate points for tp , 
and any two faces are conjugate planes; (iii) any pair of opposite 
edges are polar lines. There are oo 6 self-polar tetrahedra for any 
proper quadric tp. 

Exercises 

(i) What becomes of the relation between a point and its polar plane or 
a piano and its pole if the quadric is degenerate ? Discuss all possible cases. 

(ii) What self-polar tetrahedra exist for each of the types of degenerate 
quadric ? 

(iii) How must the tetrahedron of reference be related to a quadric locus 
in order that the equation of the locus may reduce to the form 

2 d s x\ = 0 ? 


§ 2. Plane Sections and Generators 

Since every quadric is an algebraic surface of the second order, 
it is met by any plane in an algebraic plane curve of the second 
order, i.e. a conic. 

Consider a proper quadric ip and a plane tt. We may suppose 
that the coordinate system is chosen in such a way that the equa¬ 
tions of 7 r and ip are 

*o =0 


and 


3 3 

.2 .2 a ik x i = o. 


i=0k =0 

Then the curve of section is given by 

3 3 

2 ,2 a ik*iX k = o = x 0 , 

i = l fc=»i 

and it is therefore a conic in n which is degenerate if and only if 


a 


ii 


a 


12 


a 


13 

23 


a 21 ®22 a 
^31 a 32 ®33 


= 0, 
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i.e. ,4oo = 0. We thus have the theorem: 

theorem 7. Every plane section of a quadric locus is a conic locus. 
If the quadric is proper , the conic is degenerate if and only if the plane 
is a tangent plane of the quadric. 

theorem 8 . Through every point of a proper quadric there pass 
two distinct lines which lie wholly on the surface. 

Proof. Let P be a point of a proper quadric 0. Then the tangent 
plane tt at P cuts 0 in a line-pair, and since every line in n which 
passes through P cuts 0 in coincident points at P, P is a double 
point of the line-pair. Further, the lines of the pair are distinct; 
for if they were coincident, n would be the tangent plane to 0 at 
every point of the repeated line, and this is impossible since tt has 
a unique pole with respect to the proper quadric 0. 

Remarks 

(i) The two lines in which 0 is met by the tangent plane at P 
are called the generating lines or generators through P. 

(ii) If 0 is a proper cone, a plane tt meets it in a proper conic, a 
pair of distinct lines, or a repeated line according as it is a plane 
which does not pass through the vertex of 0, a plane which passes 
through the vertex but is not a proper tangent plane, or a proper 

tangent plane. 

THEOREM 9. The generators of a proper quadric 0 form two systems , 
and one generator of each system passes through any assigned point 
of 0. Any two generators of the same system are skew to each other , 
whereas two generators which are not of the same system necessarily 

intersect. 

Proof. Choose a fixed point P 0 arbitrarily on 0. Then there are 
two generators through P 0 , which we may call u 0 and v 0 . If Q is 
any point of u 0 there are two generators 
through Q, u 0 itself and another genera¬ 
tor v. The lines v and v 0 are skew, since 
otherwise their plane would meet 0 in a 
cubic curve made up of v, v 0 , and u 0 . 

Thus v is a generator of 0 which meets 
u 0 but not v 0 , and we call it the v-genera- 
tor through Q. In just the same way we can define a w-generator, 
which meets v 0 but not u 0 , through every point of v 0 . There are 
thus two systems of generators on 0—the ^-generators and the 

v-generators. 

5304 
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If P is any point of xp which does not lie on u 0 or v 0 , the tangent 
plane at P cuts xp in the pair of generators through P; and since this 
plane cuts u 0 and r 0 each in a point of xp, one of the generators 
through P is a ^-generator and the other is a t’-generator. The two 
systems therefore include all the generators of xp. 

Two generators of the same system are necessarily skew, since 
if they met we would have a cubic section of xp as above. 

Finally, let u 1 , i\ be any two generators, one of which belongs 
to each system, and let R be any point of i\. Then the plane Ru x 



cuts ip in a conic, which must break 
up into u x and another line. This 
residual line is a generator; and since 
it meets u 1 it is the t’-generator 
through R, i.e. the generator v v The 
conic of section is therefore the line- 
pair {u ly Vj), and hence u v v x are inter¬ 
secting lines. 


corollary . A generator of a proper quadric xp is a self-dual entity. 
Its points all lie on xp, and planes through it all touch xp. 

We remarked on p. 267 that a proper quadric xp may be thought 
of indifferently as the locus of a variable point or as the envelope 
of a \ ariable plane; and we see now that, by virtue of Theorem 9, 
the same manifold may equally well be treated as a ruled surface , 
swept out by a variable line. The proper quadric may thus be 
regarded as (i) a quadric locus , or assemblage of co 2 points; or 
(ii) a quadric envelope, or assemblage of oo 2 planes; or (iii) a regulus, 
or assemblage of oo 1 lines. 


The same quadric can be generated as a regulus in two distinct 
wa\s. Alternatively we can say that it gives rise to two comple¬ 
mentary reguli, each of which determines the other as the set of all 
its transversals. Since each regulus comprises oo 1 generating lines, 
we obtain oo 2 line-pairs by taking one generator from each regulus; 

and m this way we obtain once again the oo 2 points and the oo 2 
planes of xp. 


A quadiic is uniquely determined by nine general points (or 
nine general planes), and this suggests that three generators may 
suffice to determine a quadric. More precisely, there is a unique 
quadric which has three given mutually skew lines as generators of the 
same system. For, if we take three points on each of the lines, 
there is a unique quadric xp which contains the nine points; and sin 
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each of the given lines meets this quadric in three points it lies 
wholly on it. The quadric must be proper, since neither the cone 
nor the plane-pair can contain three mutually skew lines. 

If the given lines are v v v 2 , v 3 , a unique transversal can be 
drawn to i\ and v 2 from any point of i' 3 . In this way we obtain co 1 
lines, which each meet 0 in three points, i.e. the lines of the regulus 
complementary to the regulus which contains v v v 2 , and ty, and we 
can now construct this first regulus by selecting three lines of the 
second one and drawing transversals to them. In this way we are 
able to construct the generating lines, and hence the points and 
planes, of the quadric determined by v v v 2 , and v 3 . 

The canonical equation of the quadric 

By using two pairs of generators of a proper quadric 0 to define 
the tetrahedron of reference, we obtain a simple representation of 
the quadric, analogous in many 
respects to the canonical repre¬ 
sentation x\ = x 2 x Q of the proper 
conic. 

If we take two generators u lt u 2 
and two other generators v lt v 2 as 
pairs of opposite edges of the 
tetrahedron of reference, as in¬ 
dicated, and a general point of 0 
as unit point E , the point equation of 0 becomes 

x x x 2 —x 0 x 3 = 0. 

The associated plane-equation is 

u l u 2 —u 0 u 3 = 0. 

If we now put x 1 = 0z 3 , *2 — 0*3> then 

*0*3 = *1*2 = ^ X 3* 

i.e. *0 = H* 3. 

and so we have the parametric representation 

*o • *i • * 2 " *3 = 6(f>:0:<l>: 1. 

This may be called the canonical parametric representation of the 
proper quadric locus. 
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The points of«/» for which 9 has the fixed value 9 0 are the points 
whose coordinates satisfy simultaneously the two equations 

x 0 —d 0 x 2 — 0 and x 1 —9 0 x 3 = 0. 

They are therefore the points of a certain line; and since the co¬ 
ordinates of every point of this line satisfy the equation 

X 1 X 2 X 0 X 3 = 

the line is a generator of ip. Thus the equations 9 = constant and 
<P = constant give the two systems of generators of ip. The w-generators 
are given by <p = constant, and the v-generators by 9 = constant. 

As 9 0 takes different values, the planes x 0 — 9 0 x 2 = 0 and 
a ’i — &o x 3 = 0 describe homographic pencils with axes X x X 3 and 
A 0 X 2 respectively. Thus the v-generators of ip are the lines of 
intersection of two homographic pencils of planes with axes u x 
and u 2 . Since u x and u 2 can be any two w-generators, we have 
proved the theorem: 

theorem 10. Every proper quadric ip may be generated as the locus 
of the line of intersection of corresponding planes of two related pencils, 
and the axes of the pencils can be any two non-intersecting generators 
of ip. Dually, i p may be generated as the locus of the line which joins 
corresponding points of two related ranges, and the axes of the ranges 
can be any two non-intersecting generators of ip. 

corollary. The u-generators of \p cut homographic ranges on 
any two v-generators. 

The corollary may be proved independently as follows. Let 
v i> v 2 fixed r-generators, cut by a variable w-generator u in P lt P 2 . 
I'hen the polar plane of P x is the plane v x u , i.e. the plane v x P 2 > 
and hence (P t ) a v x {P 2 ) a (P 2 ). 

We now give the converse of Theorem 10. 

theorem 11 . The ruled surface generated by the line of intersection 
of corresponding planes of two homographically related pencils, whose 
axes are skew lines v t , v 2 , is a proper quadric; and v x , v 2 belong to the 
complementary regulus. Dually, the ruled surface generated by the 
line which johis corresponding points of two homographically related 
ranges, whose axes are skew lines v x , v 2 , is a proper quadric; and 
v v v 2 belong to the complementary regulus. 

Proof. As for Theorem 12 of Chapter VI. 
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We now have a projective generation of the quadric determined 
by three mutually skew lines (p. 274). Let t\, v 2 , v 3 be three such 
lines. Then, if P is a variable point of t> 3 , 

v x {P) A (P) A v 2 {P)\ 

and since the planes P and v 2 P intersect in a line that meets 
v v v 2 , and v 3 , the quadric generated by these two homographic 

pencils is the quadric defined by v lt v 2 , and v 3 . 

The degenerate quadrics, as well as the proper quadric, can be 
generated projectively by means of homographically related pencils 
of planes. Suppose, first of all, that we take two homographically 
related pencils of planes with intersecting axes a, b. If the axes 
meet in V, every two corresponding planes intersect in a line through 
F, and the lines of intersection generate a cone with vertex V. 
Since the homographic pencils of planes cut a general fixed plane a 
in homographic pencils of lines A{P) t B(P) y the section of the cone 
by this fixed plane is a conic; and the cone is therefore a quadric 

cone. 



Now suppose we take two pencils of planes whose axes are skew 
but which are related by a degenerate homography, that is to say 


a correspondence 


- yfl+S’ 


for which a8—= 0, i.e. a correspondence (d—k){d' — k') = 0. 
Then to all the planes of the first pencil correspond the same fixed 
plane 7 r' 0 of the second, and to all the planes of the second pencil 
correspond the same fixed plane tt 0 of the first. The assemblage 
of lines of intersection thus becomes two plane pencils of lines, 
one in tt 0 and one in tt^. The vertices A, B of these pencils he on 
the line of intersection of 77 0 and 7r' 0 ; and the quadric generated by 
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the two homographic pencils is a bifocal plane-pair (p. 269). The 
second system of generators is derived in a similar way from a 
degenerate homographic corre¬ 
spondence between pencilsof planes 

with two lines of the first system 

%/ 

as axes, 7r 0 and ttJ, again being the 
special planes. These generators 
also form two plane pencils, but 
they lie in the opposite planes to 
the first pair of pencils, thus: 

regulus I: a pencil in n 0 with vertex A + a pencil in tt' 0 with 
vertex B\ 

regulus II: a pencil in t r 0 with vertex B - f- a pencil in tt' q with 
vertex A. 

If the axes of the pencils are coplanar, and their plane assumes 
the roles of both tt 0 and 7rJ,, the quadric is still more special, as its 
two planes now coincide. 

§3. Projection of a Quadric on to a Plane 

In the geometry of the conic, as the reader will remember, many 
remarkable properties follow from one theorem of fundamental 
importance, which states that the projective geometry of the 
plane induces a one-dimensional projective geometry on any 
proper conic; and this theorem depends essentially on the fact 
that the points of the conic subtend homographic pencils at any 
two fixed points of the curve. Unfortunately, as we can easily 
show, the points of a proper quadric do not subtend collinear stars 
at two fixed points V v V 2 of the surface. For, if P is a variable 
point of </», the ray V 2 P describes a quadric cone when V Y P describes 
a general plane through V lf so that the stars described by the rays 
V x P and V 2 P cannot be collinearly related. It follows that the 
projective geometry of S 3 does not induce a two-dimensional pro¬ 
jective geometry on ip. 

We can, however, project a quadric ifr from any fixed point V 
of itself on to a plane tt which does not pass through V; and in this 
projection the correspondence between a point P of 0 and its 
projection P' on tt is (1,1) in general. More precisely, if P does not 
fall at V, then it projects into a unique point P', and if P' is any 
point of tt which does not lie in the tangent plane to 0 at V, then P' 
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is the projection of a unique point P of 0. The plane representation 
of «/r obtained in this way is of great importance, since it enables, 
us to study all the curves which lie on 0, and the relations which 
exist between them, by studying the plane curves into which they 
project. We propose therefore to examine the representation in 
sufficient detail to show how it may be used for this purpose. 

Before discussing the geometrical properties of the projection 
we shall first obtain its equations in a simple form. Let the equation 
of 0 be taken in canonical form 

with V as the reference point X 3 = (0,0,0,1) and n as the plane 
x = 0 The projection of any point P = (x 0 ,x v x 2 ,x 3 ), other than 
V itself, is then the point P' ee (x 0 ,x v x 2 ,0). It is evident also 
that any point (x 0 ,x v x 2 ,0), for which x 0 ^ 0, is the projection of 
the unique point (* 0 , * lf **/*„) of We have here the required 

algebraic representation of the transformation. 

In order to use the projection, it is essential to realize that it has 
exceptional elements, and to understand the role which they 
play. These elements are related in a simple way to the vertex V, 

as we shall now show. . , 

Let a be the tangent plane to 0 at V, meeting tt in a line a, and 

let u 0 , Vq be the two generators of 0 through V. Then u 0> v 0 meet tt 

in two points U 0 , V 0 , which lie on o. 

The point V of 0 has itself no single corresponding point in tt, 

but points of 0 in its ‘first neighbourhood’—by which we under¬ 
stand directions through V in the tangent plane a—project into the 
individual points of a. This means that if P describes a path on 0, 
which passes through V in the direction of the tangent fine t, then 
the path described by P' passes through that point of a which 
corresponds to t\ and conversely, if T is any point of a, other than 
U 0 and V 0 , then as P' describes a path in tt, distinct from a, passing 
through T, P describes a path on 0 that passes through V in the 

direction t corresponding to T. . 

Furthermore, all the points of u 0 project into the same point U 0 , 

and all the points of v 0 into F 0 ; but here again we have a state of 

affairs similar to that just described, in that directions through 

f/ 0 correspond to the individual points of u 0 , and directions through 

V 0 to the individual points of r 0 . To see this, we observe that a 

variable point K of u 0 is homographically related to the tangent 
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plane k to ip at this point, and hence to the line k through U 0 in 
which 77 is met by k; and if P describes a general path passing 
through K, then P' describes a path passing through U 0 in the 
direction of k. 

The above results may easily be verified algebraically by the 
method used in Chapter IX in the discussion of the reciprocal 
transformation. We may accordingly formulate the following 
theorem. 

theorem 12. Any proper quadric ip may be represented biration- 
ally on a plane tt by projecting it from a point V of itself. This repre¬ 
sentation is ( 1 , 1 ) in general; but the neighbourhood of V on ip is 
represented homographically on a line a of n, and the generators of 
ip through V project respectively into two points U Qy V 0 of a , whose 
neighbourhoods in tt correspond homographically to the generators in 
question. 

We note particularly the following facts. 

(i) If c is a curve on \p and c' is its projection in 77, then every 
intersection of c' with a which is not at U 0 or V 0 corresponds to a 
branch of c at V. Intersections of c' with a at U 0 and V 0 correspond 
to intersections of c with u 0 and v 0 respectively. 

(ii) If c does not pass through V, then c' meets a only at U 0 and 
V Q \ and if c meets u 0 and v 0 respectively in sets of a and £ distinct 
points, remote from V, then c' passes a times through U 0 and /? 
times through V 0 . 

(iii) If ci, c 2 are two curves in 77, passing through U 0 (or V 0 ), then 
intersections of c\ with c 2 at U 0 (or V 0 ) do not represent intersections 
of the corresponding curves c 1 and c 2 on ip. The only exception is 
when a branch of c x touches a branch of c 2 at U 0 (or V 0 ). 

Properties of the plane representation of the proper quadric 

Since the ^-generators of \p all meet v Qy their projections all pass 
through V Q . Thus the two systems of generators of ip project into 
two pencils of lines in 77, with vertices V 0 , U 0 respectively. 

There are co 2 planes through V; and the conics in which ip is cut 
by these planes project into the lines of 77. 

The sections of ip by planes which do not pass through V project 
into conics through U 0 and V 0 ; and the residual points of inter¬ 
section of two such conics arise from the two points in which ip 
is met by the common fine of the two corresponding planes of 
section. 
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Let us now consider an arbitrary curve c on ip, which does not 
pass through V. Such a curve may for convenience be called a 
‘general’ curve on tp. If c meets u Q in a distinct pointst and v 0 in ft 
distinct points, its projection c' passes a times through U 0 and p 
times through F 0 ; and since it does not meet a in any point other than 
U 0 and V 0 its order, as we shall here assume, is a+/?. We may say, 

then, that c' is a plane curve of the type C a+ P(U g, V%). 

Now suppose u is an arbitrary ^-generator of ip y represented in 
7 r by a line u' through V 0 . Since u meets c' p times at F 0 , and c' is of 
order a-|-/9, u' has a free intersections with c'. It follows that c is 
met by u in a points; and, by the same argument, it is met by an 
arbitrary u-generator in jS points. We thus have the theorem. 

theorem 13. If a curve c on ip meets a u-generator Uq in a distinct 
points and a v-generator v 0 in ft distinct points , then it meets every 
u-generator in a points and every v-generator in p points. If the 
quadric is projected on to a plane from the point of interjection of u 0 
and v 0i the projection of c is a curve of the type C a+ P{U g, V%). 

A curve c of the kind just referred to is called an (a, P)-curve on ip. 
Its order—i.e. the number of points in which it is met by a general 
plane—is a+/3; for since c does not pass through V, its order is equal 
to the order of its projection on tt. We may observe also that 
any general tangent plane of 0 evidently meets c in «+P points. 

The u-generators of 0 are, of course, (0, l)-curves, and the v- 
generators are (1,0)-curves. Any conic on 0, being a plane section 
of the quadric, is a (l,l)-curve. We shall see later on (P- 3 ) 

that <A contains two families of twisted cubics, which are (12)- 
curves and (2, l)-curves respectively. The quartic curve in which 
rp is met by any other quadric 0' is plainly a (2, 2)-curve on 0. 

The freedom of (a,/3)-curves on 0 is the same as that of curves 
v&) in tt, and this may be determined by examimng the 
form of the equation of such a curve when U 0 and V 0 are taken as 
reference points. An unrestricted plane curve of order «+/* has 
i(a+fi)(a+£+3) degrees of freedom; and since the conditions 

Vi. Vg reduce this number by ^(a+1) and D respec rve y 

the number of degrees of freedom remaining is «p+<x+p. In other 

words, there are oo«P + “ + P K ^-curves on ^ 

Lastly, in order to find the number of intersections of a general 
(a, P)-c\irve with a general (*',/3')-curve we have to find the number 

t I.o., c has only simple points on « 0 and does not touch it. 
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of intersections, not at U 0 or V 0 , of two general curves 

C*+HUS,Vi) and C«'+f>'(U%\VP 0 ). 

If we assume that, in general, the number of common points of two 
curves is the product of the orders of the curves, and that, subject 
to suitable restrictions, the number of these intersections absorbed 
at a common point is the product of the multiplicities of this 
point—as is in fact the case if there are no contacts between the 
branches—the required number is 

(a+0)( a '+/3')-aa'-ftS' = <#'+<*% 


§4. Affine and Euclidean Specializations 

We have been dealing so far with quadrics in projective space 
S 3 , for the most part with the complex field as ground field, but now 
we shall turn to the affine and euclidean specializations of the 
theory, which are of considerable geometrical interest. The space 
that we consider is real affine or euclidean space, with the plane at 
infinity c adjoined as an ideal plane. The specializations which 
arise are analogous to those considered at the end of Chapter V, 
and we shall not need to discuss them in much detail. 

We shall confine our attention now to real quadrics, i.e. quadrics 
whose equations, referred to any allowable coordinate repre¬ 
sentation, involve only real coefficients. A quadric that is real in 
this sense may, of course, be virtual, and have no real points; 
for example, the quadric given by x* + x\ + x\ + x\ = 0. 

Affine properties of a quadric </> are projective relations between 
«/» and the plane at infinity i, and they are therefore closely con¬ 
nected with the section of </» by i—the conic at infinity h on ifi. 
This conic may be of several different kinds, distinguishable from 
one another in the projective geometry of the real plane, and we 
have a corresponding affine classification of quadrics: 

Case 1: h is a non-virtual proper conic. 

In this case ip is said to be a hyperboloid. 

Case 2: h is a virtual proper conic. 

ip is said to be an ellipsoid (real or virtual). 

Case 3: h is a pair of distinct real lines. 

ip is said to be a hyperbolic paraboloid. 
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Case 4: h is a pair of conjugate complex lines. 

«/, is said to be an elliptic paraboloid. 

Case 5: h is a repeated (real) line. 

ip is said to be a parabolic cylinder. 

This classification refers, with the exception of case 5, to proper 
quadrics. The modifications and additions which are needed in 
the case of degenerate quadrics may be left to the reader, since 
they are familiar from the elementary geometry of quadrics. Thus, 
for example, we call a cone whose vertex is at infinity a cylinder. 

The pole of the plane at infinity is called the centre of 0. In cases 
1 and 2 the centre is a finite point, and is therefore a centre of 
symmetry. The hyperboloid and ellipsoid are referred to as central 
quadrics. Since the plane at infinity cuts a paraboloid in a pair of 
fines, it is a tangent plane, and the centre of a paraboloid is therefore 
at infinity. For this reason paraboloids have no centre of symmetry. 
Their affine geometry is rather special, just as in the plane the affine 

geometry of the parabola is special. 

A fine which passes through the centre of a quadric is ca ed a 

diameter, and a plane which passes through the centre is called a 
diametral plane. A diameter and a diametral plane of a central 
quadric 0 are said to be conjugate if they meet t in a point and a 
fine which are pole and polar for the conic at infinity A on f-he 
if the diametral plane is the polar plane with respect to 4- of the 
point at infinity on the diameter. It may be verified that a dia¬ 
metral plane bisects all chords parallel to the conjugate d.ame e 
and a diameter contains the centres of the conics in which 0 is 
cut by planes parallel to the conjugate diametral plane 

Three diameters of * are said to be mutually conjugate if they 
meet . in the vertices of a triangle which is self-polar for *. E 
is then conjugate to the diametral plane determined by the other 
two; and the three diametral planes which contain thet ^ e *P" 
of diameters are said to be mutually conjugate diametral planes. 

“L a diameter of a central quadric 0, show that its polar line d’ lies 
in and That plTnes through d' are parallel to the diametral plane con- 

jugate to d. three mutually conjugate dia- 

meters ofy/i'are SSTJ^Tof reference for a cartesian coordmate system 

if «/f is a proper cone with a finite vertex . 
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In order to fit the euclidean properties of the quadric into our 
projective scheme, we need to introduce the absolute conic f2, as 
explained in Chapter X, § 2. Cl is a virtual conic, lying in the 
plane t, whose equations in every allowable representation are 

*i-|-*2+*3 = 0 = x 0 . 

When we regard the absolute conic as a disk quadric, its plane- 
equation takes the simple form 

Q ~ u \+ul+ u\ = 0. 

If, now, we take any quadric tfr in euclidean space, we have a 
pair of conics in the plane at infinity, namely H and the conic at 
infinity h on ifi, and many euclidean properties of 0 can be inter¬ 
preted as projective relations between these two conics. 

Suppose, first of all, that h coincides with D. Then ifj is a sphere, 
and it possesses the properties (e.g. complete symmetry with 
respect to its centre) that are commonly associated with this special 
type of quadric. 

In general, h and d have four distinct points in common, and 
they then have a unique common self-polar triangle. If 0 is a 
central quadnc, the three diameters whose points at infinity are 
the vertices of this triangle are both mutually conjugate and also 
mutually perpendicular, and they are called the 'principal axes 
of ip. It may easily be verified that ifi is symmetrical with respect 
to the three diametral planes determined by the axes, its principal 
planes. The axes of ifi define a rectangular coordinate system 
(i.e. an allowable representation & E ) with respect to which the 
point-equation of«/» is of the form 

aX*+bY*+cZ* = j 

Exercise. Consider the various special cases which arise when (a) the 

points of intersection of h and fl are not distinct, and (6) the centre of iff is 
at infinity. 

Confining our attention to the general case, in which 0 is a central 
quadric and the common points of h and Cl form a proper quad¬ 
rangle, we now turn to the problem of finding all the circular 
sections of 0. A plane tt will cut 0 in a circle if and only if the line 
at infinity in tt cuts h and Cl in the same two points, i.e. if this line 
is a side of the quadrangle already referred to. We see, then, that 
a general quadric ifi has six families of circular sections , the circles of 
any one family being cut by a pencil of ( parallel) planes whose axis 
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is one of the common chords of h and O. Each of the six pencils con¬ 
tains one diametral plane and two tangent planes. The centres of 
the circles lie on the diameter conjugate to the diametral plane, 
and the extremities of this diameter are the point-circles cut by the 
two tangent planes. A point on a quadric which is the centre of a 
point-circle lying on the surface (i.e. the point of intersection of a 
pair of isotropic generators) is called an umbilic ; and we may 
therefore say that a general quadric possesses twelve umbilics. 

CxERCISES 

(i) Show that the four common points of h and Q and the twelve umbilics 
of ip form a set of sixteen points of «/» which lie in sets of four on eight gene¬ 
rators. 

(ii) If the equation of «/r, referred to its principal axes, is 

aX*+bY*+cZ* =1 (a < b < c), 

obtain the equations of the planes of circular section, and show that only 
two of the six pencils contain real planes. 

Various special cases arise when the common points of h and Q 
coincide in different ways. The most interesting of these occurs 
when h has double contact with O. In this case there is only one 
pencil of planes of circular section, the axis of this pencil being t e 
chord of contact of h and Q. The diameter of <fr which contains the 
centres of the circles is perpendicular to the planes of the circles, 
and the quadric is therefore a quadric of revolution. Since h and 1 
have oo 1 common self-polar triangles in this case, the axes o 
quadric of revolution are partly indeterminate. 


Transformation to principal axes 

The principal axes of a central quadric «/» define, as we have 
already seen, a rectangular cartesian system of reference, and m 
terms of this system the equation of the quadric assumes the simple 
form aX‘+bY*+cZ* = 1. If, now, we are given the equation o 
J, referred to an arbitrary triad of rectangular axes, we may wish 
to find the principal axes of f and introduce new coordinates for 
which these lines are the axes of reference. Not only is the metho 
of doing this of interest in itself, but the algebra on which the 
solution depends is used in solving fundamental problems in various 
branches of mathematics.f We shall now discuss the problem of 

t In the language of algebra, the problem is just that of reduo.ng a quadraOo 

form xfAx to diagonal form by meona of an orthogonal ^ 

The solution indicated in the text is qu.te general, and there u> no need 

be a 3-vector. 
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transformation of the equation of a quadric to principal axes, first 
explaining the principles involved in the solution, and then 
illustrating the method by means of a numerical example. It will 
be sufficient to take a quadric which is already referred to rectangu¬ 
lar axes through its centre, since if the origin is not at the centre 
we can begin with a preliminary translation. 

problem. If the equation of a central quadric ip, referred to 
arbitrary rectangular axes through its centre, is 

3 3 

.2 jL a ikXiX k = 1 {a ki = a ik ), 

i = 1 k = 1 

to find the axes of ip and to transform the equation by taking these 
axes as new axes of reference. 

Solution. The equation of ip, written homogeneously, is 

3 3 

2 2 a ik x i x k~ x o = 0- 
1=1 k=l 

If the point at infinity on one of the axes of ip is (0, y v y^y*)* the 
conjugate diametral plane is 

(,2 a tkyk) x t = o; 

v *=i / 

and since this plane is perpendicular to the axis 

3 

.2 a ik Vk = (i = 1,2,3), 

1 = 1 

ie * Ay = Ay. 



Thus the directions of the axes are given by the characteristic 
vectors y of the 3x3 matrix A = ( a rg ). To find these vectors we 
have first to solve the characteristic equation 


| A-AI| = 0, 

a n ~A a 12 a 13 

a 21 a 22~^ a 23 

fl 31 a 32 a 33~^ 

Suppose the roots A lt A 2 , A 3 of this equation are distinct. If A is 
equal to any one of the characteristic roots A is the three equations 

3 

k 2 a ik Vk = tyi are consistent, and we may solve them for the ratios 
3 /i : 2/2 : 2/3* this way we obtain three non-zero vectors y (1) , Y 2 \ 
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y< 3 >, corresponding to A 1? A 2 , A 3 respectively; and from these we can 

derive three unit vectors e<« = , uniquely determined except 

\y °i 

for sign. The components of these vectors are then the direction 
cosines of the axes of </». That they are in fact the direction cosines 
of three mutually perpendicular lines can be seen algebraically 

as follows: 

Since Ae<<> = A* eP> 

and Ae«> = A i e«>, 

we have e (J)7 ’Ae (,) —e (l)r Ae <J) = A i e (J,r e (l) A^e (l)r e^, 

i.e. 0 = (A*—A^)(e (<) , e y) ). 

But \ ^ X Jt by hypothesis, and therefore (e (,) ,e<») = 0. 

If, now, e, and e\ (i = 1, 2, 3) are the sets of unit vectors along 
the old axes and along the principal axes of f we can write 
ej = e (t) . If has components {e ilt e i2 ,e i2 ), and r is the position 

vector of a general point of space, 

r = ix; e ; 

= |X;(|e' j4 e fc ) 

= ^ Xk e k> 

and hence X k = 2 e '\kX'i (& — 1> 2 , 3). 

The equations of transformation are accordingly 

r = Pr', r' = P^r, 

where P = ( e «-)- 


^ Q'ftlQ'f fas 

(i) The orthogonality relations (e (<) ,e^>) = 0, obtained above, 
ensure that P is an orthogonal matrix, in conformity with Theorem 

9 of Chapter X. . __ r 

(ii) We have assumed that A lf A 2 , A 3 are all distinct. If two of 

them coincide, ip is a quadric of revolution, and if all three coincide 
it is a sphere. In these cases the unit vectors e<« are not uniquely 
determined by the equation Ae = Ae, and the axes are partly 

arbitrary. 

(iii) It is a well-known algebraic theorem that, for a real 
symmetric matrix A, the characteristic roots X v A 2 , A 3 are all real. 
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Let us now take a numerical example, transforming the quadric 
2X 2 -f-57 2 -f- 5Z 2 — ZX = 1 to principal axes. 

The characteristic equation is 


0 

5—A 
0 


0 

5—A 


= 0, 


i.e. 


2—A 
0 

(5 A){(2—A)(5—A)—J} = 0, 
i.e. (5-A)(39—28A+4A 2 ) = 0; 

and its roots are 5, £(7;tVlO). 

Three characteristic vectors are (0,1,0), (1, 0, —3=F V10), and 
by normalizing them we obtain the vectors 

1 


e i = 


V(20+6V10) 

e' 2 = (0,1,0), 

1 


^ (1> 0, —3—VlO), 


e 3 — 


(1,0,-3+VlO), 


V(20-6V10) 

corresponding to the characteristic roots in the order £(7+VlO), 
VlO). They give the orthogonal transformation 


X = 
Y = 
Z = 


1 


V(20+6V10) 


X' 




V(20-6V10) 


Z', 


Y\ 


— 3—VlO 


X' 


V(20+6V10) 
and the transformed equation of the quadric is 


-3+V10 

_r V(20-6Vl0) ’ 


7+V10 


X' 2 +57 /2 -f 


7—VlO 


Z'*= 1. 


This example is especially simple, since one of the original axes 
OY is already a principal axis of the quadric, as can be seen from 
the form of the equation with which we started. 

It tv ill be observed that the coefficients in the transformed 
equation are the characteristic roots A lf A 2 , A 3 . This is quite general, 
and follows from standard theorems on the reduction of quadratic 
forms. Thus the characteristic roots of the matrix A may be 
interpreted in terms of the lengths of the axes of the quadric 

-.. 



289 


XI, §4 AFFINE AND EUCLIDEAN SPECIALIZATIONS 

Exercise. If the axes are rectangular, show that a necessary and sufficient 
condition for a real proper quadric, represented by the equation 

(a, 6, c, d,f , g, h, p, q,r\X, Y, Z, 1 ) 2 

= aX 2 -f bY 2 -f- cZ 2 + 2JY Z-\- 2gZX + 2hXY + 2pX + 2qY 4* 2rZ ■+■ d = 0, 
to be a quadric of revolution is that, for some value of A, the matrix 

( a—A h g \ 

h b-X f 

g f C-A/ 

is of rank 1. Examine the various ways in which this condition can be 
satisfied. 

§5. Stereographic Projection of a Sphere 

on to a Plane 

In § 3 we discussed in some detail the projection of a proper 
quadric J, from a point V of itself on to a plane w, and we showed 
that plane sections of 0 project into conics through two fixed 
points V 0 , V 0 of 7 r or, if they pass through V, into hnes of re. In 
extended euclidean space we can obtain some striking specializa¬ 
tions of this representation by arranging matters so that U 0 , 
are the absolute points I, Join. If we do this the projection will 
have the remarkable property that the totality of plane sections of * 
projects into the totality of circles (in the wide sense that includes 

The necessary arrangement is quite simple: we take as V any 
umbilic of 0, and as n any plane paraUel to the tangent plane 
* at V. Then the generators of ^ through V, which ^isotropic 
Unes lying in the tangent plane at V, meet n » points which he both 
on the line at infinity in n and also on the absolute come £2, and these 
points are therefore the absolute points I, J in n as required. 

If 0 is a sphere, the arrangement is even simpler. Since every 
point of a sphere is an umbilic, V may now be any point of and 
the only requirement is that v shall be parallel to the tangent 
plane at V. This kind of projection of a sphere on to a plane, in 
which all plane sections project into circles or straight lines, is 
known as stereographic projection. We shall now examine some of 

'Trjare any two points of <p. the sections of j, by planes 
through the line PQ evidently project into circles: of the: coaxal ^ys- 
tem whose common points are the projections P , Q of P Q. The 
two tangent planes of 0 which pass through PQ cut <P in Une-pairs, 

6304 U 
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and these project into pairs of isotropic lines in tt, i.e. into the 
point-circles of the coaxal system. The points of contact M, N of 
the tangent planes project into the two limiting points M', N' 
of the system. 

The two lines PQ and 3/A are polar lines for p, and are therefore 
symmetrically related. It follows that the sections of p by planes 
through 3/A 1 project into circles of the coaxal system whose 
common points are 3/', N' and whose limiting points are P' f Q', 
i.e. the conjugate coaxal system. 

If two planes are such that each passes through one of a given 
pair of polar lines, the planes are conjugate for p\ and conversely, 
if two planes are conjugate for p, they contain an infinity of pairs 
of lines, one line in each plane, which are polar for p. We have 
therefore the result: Two circles in tt are orthogonal if and only if the 
corresponding sections of ip are cut by planes which are conjugate 
for p. The extension of this result to a circle and a line (or a pair of 
straight lines) cutting orthogonally is immediate. 

If c is a circle on p, cut by a plane a, and A is the pole of a, the 
en\ eloping cone of p whose vertex is A has ring contact with p 
along c, and it is plain, from consideration of elementary geometry, 
that every plane through A cuts 0 in a circle that is orthogonal to c. 
Thus the result just established amounts to the fact that orthogonal 
circles on p project into orthogonal circles in tt. It is, in fact, a 
well-known property of stereographic projection that it not only 
leaves orthogonality invariant but preserves the magnitudes of 

all angles, i.e. stereographic projection is a conformal mapping of 
the sphere on a plane. 

From the result proved above we deduce that if c' is any circle 

in tt, representing the section of ip by a plane a, then all circles or 

straight lines which cut c' orthogonally represent sections of p 

y planes through the pole A of a. In particular, all diameters of c’ 

represent sections of p by planes through VA, so that the centre 

of c is simply the projection of A . Hence if a circle c' in tt represents 

the section of p by a plane a, its centre is the projection from V of the 
pole A of oc. 

Keeping to the same notation, we may now ask what self- 
transformation of p corresponds in tt to inversion with respect to c'. 
T\\ o points P , Q are inverse for c' if and only if every circle through 
them cuts c orthogonally, and the corresponding points P, Q of 
p must therefore be such that every plane through them passes 
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through the pole A of a. In other words they must be collinear 
with A, and so we have the result: Inversion with respect to a circle 
c' in 7 r corresponds to the self-transformation of ip generated by chords 
through a fixed point A that does not lie on the surface; and conversely, 
chords through any point A, not on the surface, generate a self-trans¬ 
formation of ip which corresponds in n to inversion with respect to 
the circle representing the section of p by the polar plane of A . 

These results may serve to illustrate the process of translating 
the geometry of circles in the plane into geometry on a quadric 
with special reference to a fixed point of itself. 

EXERCISES ON CHAPTER XI 

1. Show that the quadric locus S(x, y,z,t) = 0 is a cone if and only if there 
exists a triad of linearly independent linear forms tt x , t r 2 , t r 3 in x, y , z, t such 
that S is expressible as a quadratic form in ir x , tt 2 , ttv Show further that 
when this condition is satisfied the vertex of the cone is the point V which is 
common to the three planes 7 r { = 0, and that 5 can be expressed as a quad- 
ratic form in ni, w*, ttJ, where = 0 (i = 1,2,3) are any three linearly 
independent planes through V . 

Show that the quadric 

x t + y 2 -\-z* + t* + 2yz + 2zx + 2xy+2xt + 2yt— 2zt = 0 
is a cone with vertex (- 1,1,0,0); and write down the general equation of a 

quadric cone with this point as vertex. 

2. Find necessary and sufficient conditions for the plane ( u,v,w,p) to 
touch the cone whoso equation is given in Exercise 1. [Hint. The plane 
must pass through the vertex and also touch, for example, the section of 

the cone by the plane x = 0.] . 

3. Investigate the projective character and the singular points (if any) 

of each of the following quadric loci: 

(i) — t/ 2 -fz 2 '+zx+x 2 / + x*— yt+zt = 0, 

(ii) x'+y'+z'-yz-zx-xy+t* = 0, 

(iii) x 2 + 2y* + t* + 2xy-2zt = 0. 

Find the equation of the quadric envelope defined by the locus (iii). 

4. Investigate the projective character and the singular planes (if any) of 
each of the following quadric envelopes: 

(i) u 2 — v 2 — w 2 +p 2 — 2vw — 2up = 0, 

(ii) p t —vw— itm — up — vp = 0, 

(iii) vw+uni+uv—p 2 = 0. 

Find the equation of the quadric locus defined by the envelope (iii). 

6. Find the tangent cones from the point ( — 1,1,1,1) to the quadrics (ii) 
and (iii) in Exercise 3, and explain why the first is a plane-pair and the 
second is a repeated plane. Find the planes concerned. 

Find also the plane-equations of the sections by the plane x—t = 0 of 
the quadrics (ii) and (iii) in Exercise 4. Explain why the first of these sections 
is a point-pair, and find the points. 
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G. Obtain the plane-equations of the cone (ii) in Exercise 3 and the point- 
equations of the conic (disk quadric) (ii) in Exercise 4. 

7. Find the point-equation of the cone whose plane-equations are 

w — p = 0 = u 2 — 4uv— v 2 — p 2 . 

Find also the plane-equation of the conic (disk quadric) whose point- 
equations are z + t = 0 = x 2 — y 2 —3t 2 . 

8 . If 6 and <P are projective parameters for the two systems of generators 
on a quadric ip, prove that the point of intersection of a variable pair of 
generators, one belonging to each system, describes a proper conic on ip if 
and only if the parameters 6, <£ of the generators are connected by a fixed 
non-singular bilinear relation. 

9. Two lines l and m meet the quadric (6<p,6,<p, 1) in the pairs of points 
(&i><Pi)> {Qi,<Pi) and (0 3 ,</> 3 ), (d A ,<P i ). Show that l meets m if and only if 

{0i.0 2 ;0 3 ,0|} = {<pi,<p 2 ; 

If L meets both r/t and its polar line m', prove that each of the two cross 
ratios has the value —I. 

10. Show that a line is its own polar line with respect to a quadric if and 
only if it is a generator of the quadric. 

If A BCD is a given tetrahedron and l is a given line of general position, 
prove that there exists a unique quadric for which A BCD is a self-polar 
tetrahedron and l is a generator. 

Deduce that the range of points in which l meets the faces of the tetra¬ 
hedron is homographic with the pencil of planes joining l to the opposite 
vertices. 

11. A plane tt 0 meets four generators g r (r = 1, 2, 3, 4) of a quadric at their 
intersections g r g r with generators g' r of the opposite system, and the inter¬ 
sections g T g r+x lie in a second plane 7 r x (g ^ 4 being defined as g' n for all n). 
Prove that each set of generators is a harmonic set. 

Prove that the intersections g r g' r+2 and g r g' r+3 lie in two planes 7 r 2 , tt 3 
coaxial with 7 r 0 and 7 r x , and that these four planes form a harmonic pencil. 

12. Show that the two systems of generators of a quadric tp project from 
any point, not on ip, into the tangents to a conic. 

If Sh» g 2 * g 3 are three generators of one system and g [, g 2 , g 3 are three 
generators of the other system, show that the three lines g 2 g' 3 .g 3 g 3 , g 3 g[ .g»g lt 
9 1 9-1 • 01 g-i are concurrent, and hence prove Brianchon’s Theorem for a conic. 

13. Find the coordinates of the poles X\ Y', Z\ T' of the faces of the 
tetrahedron of reference with respect to the quadric 

^ = (-'4* C f D, F, 0,H, L,M, N\u,v,iv,p) 2 = 0. 

If FL = QM = HN, show that XYZT and X'Y'Z'T' are in perspective 
from a point \ , and that in this case the form £ can be expressed as a linear 
combination of the squares of the left-hand sides of the plane-equations of 
the points X, Y, Z, T, \ . Show further that any four of the five points 
X* F> Z, T , V form a tetrahedron which is in perspective with its polar tetra¬ 
hedron from the fifth point as vertex. 
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14. Show that the point P, with coordinates {X 0 ,Y 0 , Z 0 ), is the centre of 
the section of the quadric ip whose cartesian equation is aX 2 + bY 2 + cZ 2 = 1 
by the plane tt whose equation is 

aX 0 {X -X 0 ) + bY 0 (Y-Y 0 ) + cZ 0 (Z-Z 0 ) = 0. 


15. With the notation of Exercise 14, show that if P describes a plane 
whose pole for 0 is A then tt envelops a quadric which is inscribed both in the 
asymptotic cone of t£ and also in the tangent cone to «/» from A. 

Show also that if P describes a line then it envelops a cylinder. 

16. Show that the normals to a quadric at the points of a generator lie 

on a hyperbolic paraboloid. . 

17. If fgh ^ 0, show that the conditions for the quadric ip whose rect¬ 
angular cartesian equation is (a t b,c,d,f t g,h t l,m y n\X,Y t Z t 1) — 0 to be 
a quadric of revolution are 


(gh-af)lf = (hf-bg)/g ?= ( fg-ch )/ h . 

lf f gh = o, show that for 0 to be a quadric of revolution at least two of 
(, g, h must be zero, and that when g = h = 0 a necessary and suffic.ent 

condition is/ 1 = (6 — o)(c— a). , . 

A conic k has equations aX> + bY>- 1 = 0 = Z. Prove that the quadr.cs 

of revolution through * form two families, and that the equation of a general 
member of one of these families is 


aX 2 -\-bY 2 — 1 4 -AZ 2 + 2 x /{(A—6)(a —6)}XZ + 2/xZ - 0, 

where A and M are arbitrary constants. Find the centre and axis of revolution 

of this quadric. ,, , 

18. If a line l meets a given central quadric «/»in U and l , prove that the 

following three conditions on l are equivalent: 

(i) l is perpendicular to its polar line for ip ; 

(ii) the normals to ip at U and V intersect ; 

(iii) l is a principal axis of some plane section of ip. 

19. If h is the conic at infinity on a quadric «/», show that (i) if h is outpolar 
to the absolute conic ft then 0 possesses an infinity of sets of three perpen¬ 
dicular generators of each system, and (ii) if 0 is a cone and h is mpolar to 
ft then tP possesses an infinity of sets of three mutually perpendicular tangent 

P By means of (ii), or otherwise, show that the locus of a point from which 
three mutually perpendicular tangent planes can be drawn to a given 
quadric is in general a sphere, but that if the quadric is a paraboloid the 

locus is a plane. ^ _ ... 

20 If A is a fixed point of a quadric i p, and P, Q, P are three variable 

points of 0 such that the lines AP, AQ, AR are mutually perpendicular, 

show that the plane PQR passes through a fixed point on the normal to 

^ 21. If ip is a given quadric in euclidean space, and P is a given general 
point, show that there are six planes through P each of which cuts ip in a 

conic with P as one focus. 
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22. If two quadrics 0, 0' touch along a conic k, prove that the tangent 
plane tt to 0' at an umbilic U meets 0 in a conic for which U is a focus and the 
line of intersection of tt with the plane of k is the corresponding directrix. 
Use this result to obtain a construction for the foci of any plane section of a 
right circular cone. 

23. Show that the sphere X 2 -\-Y 2 -\- Z 2 = a 2 admits of the parametric 
representation 




a 


1 — Xfj. 

T+V 


real points of the surface being given by conjugate complex values of A and /z. 

Discuss the resulting representation of the real sphere on the Argand 
diagram for the complex variable A. 

24. Show, by use of stereographic projection of a sphere, that two in¬ 
versions of the plane with respect to circles c x and c 2 commute with each 
other if and only if and c 2 are orthogonal. 

25. A self-transformation r of the plane is generated as the product of 
the inversions defined by two given circles c x and c 2 . Show that r can be 
generated, in infinitely many ways, as the product of the inversions defined 
by two other circles c[ and c 2 of the coaxal system determined by c t and c t . 
State precisely how the pairs of circles (c lf c 2 ) and (c[,c 2 ) are related within 
the coaxal system. 



CHAPTER XII 


THE TWISTED CUBIC CURVE 
AND CUBIC SURFACES 


§ 1. The Twisted Cubic 

We come, in this section, to the second of the manifolds in space 
which are analogous to the conic in the plane, namely the twisted 
cubic curve. In the latter part of the discussion we shall make use 
occasionally of results which are not established until Chapter 
XIV or Chapter XV. This is quite harmless, as these chapters do 
not depend upon the present one, and the reader may refer to the 
later results as they are required. 


Basic properties of the twisted cubic 

definition. A twisted cubic in S 3 is a curve which is represented, 
in terms of some allowable representation &, by parametric equa¬ 
tions of the form 


x 0 : x x : x 2 : *3 = /o(0) : /iW : /2(0) : /3W» 
where the functions/^) are linearly independent cubic polynomials 
in the parameter 0. 

Since the polynomials /,(«) are four linearly independent linear 
combinations of 8 3 , 8 2 , 8, 1, say 


fi{8) = 2 (» = 0,1, 2, 3), 

0 

their leading coefficients a i0 are not all zero; i.e. at least one of the 
polynomials is actually of the third degree. Inverting the equations 

just given, we have 3 

KJ0 3 - fc = I A ik m> 

t=o 

where \A rs \ = |o r8 | 3 ^ 0; and 0 3 , 0 2 , 0, 1 are accordingly propor¬ 
tional to four linearly independent linear combinations of x 0 , x ly 


x 2 , x 3 : 


0 3 - fc = pIA {k x i . 

i = 0 


If, therefore, we 

transformation 


introduce a new representation of S 3 by the 


x'k = 2 A ik x i 
i = o 


(k = 0,1,2, 3), 
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the twisted cubic has the canonical representation 

x’q : x \: x 2 : x 3 — 6 3 :d 2 :6: 1. 

As may be inferred from the form of its equations, the twisted 
cubic is an algebraic space curve of the third order, which meets 
a general plane of S 3 in three points. It is, of course, a rational 
curve. 

The above algebra shows that by a suitable non-singular linear 
transformation of the coordinates, which we have interpreted as 
a change of representation from & to £#', the equations of any 
given twisted cubic may be reduced to 

x' 0 : :x 2 :x 3 = 6 3 :6 2 :6: 1. 

Exactly the same algebra, interpreted now in terms of transforma¬ 
tion of points, also shows that by means of a suitable (non-singular) 
collineation of space we can transform any given twisted cubic 
into the standard twisted cubic whose equations referred to 0t are 

x 0 :x 1 :x 2 :x 3 = 6 3 :6 2 :6: 1. 

Since the set of all collineations is a group, it follows at once that 
any twisted cubic can be transformed into any other twisted cubic by 
means of a suitably chosen space collineation. This result may be 
compared with the analogous result for proper conics. 

Before going any farther, we shall establish a connexion between 
twisted cubics and nets of quadrics which will be of considerable 
use later on. 

theorem 1. Through any twisted cubic there pass oo 2 quadrics, 
forming a net; and the twisted cubic is the common intersection of all 
the quadrics of this net. 

Proof. Consider the twisted cubic c whose equations are 

x 0 :x 1 :x 2 :x 3 = 6 3 :6 2 :6: 1. 

Since the coordinates of any point of c satisfy the equations 



c lies on each of the quadrics 

Qi = A~x 0 x 2 = 0, 

Q 2 = x 1 x 2 —x 0 x 3 = 0, Q 3 = x 2 —x 1 x 3 = 0, 
and therefore on every quadric of the net 

Q = A t $3 == 0. 



^ §1 the twisted cubic 

Now suppose, conversely, that 

s = 22°i**«** = 0 

i k 

represents an arbitrary quadric through c. Then 

“ a ik 0 3 -0 3 - fc = 0; 
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I 

and, taking account of the symmetry conditions a ki = a (k , we may 

_ . . « . • 4 i i.1 nrmQT.1AT1S 


«oo = °> 

2®13“t"®22 — 

2a 0 i- = 0, 

2a 23 = 0, 

2a 0 2“h a n = 

®33 = 

2ao3"h^ a i2 = 


= 0 may accordingly be written 


A 

a \l Ql J T^ Cl l2 Q2~^~ a 22 Qz ~ 

and the quadric therefore belongs to the net already defined. 

Finally, the residual intersections of Q lt <? 2 , <? 3 m pairs are the 
lines z, = 0 = x„ *, = 0 = * t , *„ = 0 = and the quadncs of 
the net therefore have no common point which does not lie on c. 

This completes the proof of the theorem. 

The canonical parametric representation of the twisted cubic 
is similar to that of the conic, and the two representations lead to 
more or less similar consequences. First we give a few useful a ge- 

braic results. _ 

(i) Let the coordinate vector u represent the plane which joins 

the points of c whose parameters are 6 V 8 2 , 6 3 . Then 0 a , 0 2 , V 3 are 

the roots of the cubic equation 

e 2 +u 9 e+u 3 = 0, 


and consequently 

u 0 _. 

1 o x +d 2 +o 3 o 2 d 9 +B s d 1 +B l d 2 d l d 2 e 3 

The equation of the plane (B v 0 2 , 0 3 ) is therefore 

x 0 —{d 1 +e 2 +o 3 )x 1 +{d 2 d 3 +o 3 9 1 -\-d l e 2 )x 2 —d l e 2 e 3 x 3 = o. 

(u) The plane which meets a twisted curve three times at a point 
P is called the osculating plane at P. The equation of the osculating 
plane to the twisted cubic at (B x ) is therefore 

x 0 — 3B 1 x 1 + 30fx 2 Bfx 3 — 
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Since this equation is cubic in 6 lt there are three osculating planes 
of c which pass through a general point of space. We say that c is 
of class 3. 

(iii) The chord (6 lf 0 2 ) lies in the plane (0 lt 0 2> 6) for all values of 0 , 
i.e. it is the axis of the pencil of planes 

x o~[^\-]-G 2 )x 1 -\-6 l d 2 x 2 -\-d{x l ~{0 1 ^r0 2 )x 2 -\-0 1 0 2 x^ = 0. 

The chord (6 ly 0 2 ) therefore has equations 

* 0 — (01 + 02)^1 + 0 ! # 2*2 = 0 = X l~(&l + 0 2 ) X 2 + OlO2 X 3- 
It follows from this that through any point P of space, not a point 
of c, there passes a unique chord of c. For suppose the coordinates 
of P are (y 0 , y lt y 2 , y 3 ). Then the equations 

yo—pyi+qy 2 = 0 = 

determine p and q uniquely, and the roots of the quadratic equation 

6 2 — pd-\-q = 0 

determine the end-points of a unique chord through P. 

(iv) The tangent line to c at (0J is the chord {0 v 0 l ) i and it is 
accordingly represented by the equations 

x o—-0\ x i+0\x 2 = 0 = x 1 —20 l x 2 -\-0\x z . 

If we eliminate 0 1 between these equations, we obtain the equation 
of the ruled surface of tangents: 

(#0 ^3 x i a? 2 ) 2 4(xf x 0 x 2 ){x\ — x 1 x 3 ) = 0, 

ie * Ql-*QiQ* = o. 

This is a quartic surface, and there are therefore four tangents to 
c which meet a general line of space. We say that c is of rank 4. 

Summing up the above conclusions, 
we have: 

theorem 2. The twisted cubic is of 
order 3, class 3, and rank 4, and the 
number of chords of the cubic which pass 
through a general point of space is 1. 

We can now see how the tetrahedron 
°f reference is related to the twisted 
cubic c when the representation of c is in canonical form. Let P 

be the variable point (6\ fl*. 0,1). When 8 has the values oo, 0,1, 

P takes the positions X 0 , X 3 , E respectively. Thus c passes 
through two vertices of the tetrahedron of reference and the unit 





XII,§\ THE TWISTED CUBIC 299 

point. The osculating plane at X 0 , where 6 = co, is x 3 = 0, and the 
tangent at this point is * 2 = 0 = * 3 - Thus X, lies on the tangent 
at X 0 , and XoA-Xj is the osculating plane at X 0 . .Similarly 

lies on the tangent at X 3 , and AAA is the 
osculating plane at X 3 - Hence a canonical re¬ 
presentation of the tuisted cubic is uniquely de¬ 
fined by taking X 0 , X 3 to be any two distinct 
points of the curve, X „ X 3 to be the points in 
which the tangents at X 0 , X 3 are respectively met 
by the osculating planes at X 3 , X Qt and E to be 
any point of the curve other than X 0 and X 3 . 

A second special representation of the twisted 
cubic that is often useful is obtained by taking 
an arbitrary inscribed tetrahedron as tetrahedron of reference. 

Suppose the equations of the twisted cubic c are then 

x 0 .x l :x 3 :x 3 = 

and the parameter of A is 0,- (i = 0,1,2, 3). Then 

/„(0i) = M 6 J = /.(»*) = °- 

and hence /,(«) - 

The equations of c may accordingly be written 

Projection of the twisted cubic on to a plane 

Suppose a twisted cubic c is projected from a vertex V on to a 
plane l It must project into an algebraic plane curve c , and in 
order to find out the nature of this curve we need to determine its 
order. There are two cases to be distinguished, according to 

whether V does or does not lie on c. 

Case 1: when V does not lie on c. 

The order of c', the number of points in which it is met by a genera 
line l in its plane, is equal to the number of points in which c is met 
by the plane VI, namely 3. Thus c' is a plane cubic curve Further¬ 
more, there is a unique chord A x A t oic which passes through F, 
and this gives rise to a double point A' of c'. If A and A „ are disti 
A' is a node of c', and the nodal tangents are the projections of the 
tangents at .4, and A t to c. If A and A coincide A is a cusp of c , 
and^the cuspidal tangent is the line in which n is met by the oscula 
™plane to e at A- Finally, the class of e' is equal to the number 
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of tangents of c which meet the line joining V to a general point 
of 7 r; it is therefore equal to the rank of c, i.e. 4. In the special case 
when A x and A 2 coincide, VA 1 is a tangent which meets every line 
through V, and in this case the class of c' is reduced to 3. 



Case 2 : when V lies on c. 

In this case the plane VI meets c in V itself and two free points. 
The curve c is therefore an algebraic curve of order 2 , i.e. a conic. 
We may compare with this projection the projection of a conic 
(in S 2 ) from a point of itself on to a line. 

When V lies on c, the lines which project the points of c from V 
all lie on a quadric cone. This cone is a degenerate quadric of the 

net Aj Qi4~A 2 # 2+^3 Q 3 = 0 , and there exists such a cone with 
any arbitrarily chosen point of c as its vertex. 

Fundamental projective properties of the twisted cubic 

We come now to the fundamental theorems which provide a 

basis for the whole projective geometry of the twisted cubic, and 

these are closely analogous to the corresponding theorems for the 
conic. 

theorem 3. If a variable point of a twisted cubic c is joined to two 

fixed chords of c, the pencils of planes so defined are homographically 
related. 

Proof. Let l be the fixed chord (0 lt 0 2 ) and m the fixed chord 

{cf> ly </> 2 ), and let P be the variable point (6). Then the equations of 
the planes IP and mP are 

xo-( 0 i+ 0 2 )zi+ 0 i 0 2 x 2 +d{x 1 -(d 1 +d 2 )x 2 + 0 1 d 2 x 3 } = o 



XII, §1 THE TWISTED CUBIC 301 

and 

and therefore 1{P) A m{P). 

COROLLARY. If P lt P 2 , P 3 , A are f°* r fi xed P° intS f/ C 1 iS U 
chord of c t the value of the cross ratio l{P lt P 2 ', P 3 >P 4 } 15 independent 

of the choice of l. 

Remark. The cross ratio l{P lt P 2 ; P 3 , PJ may be taken as the cross 
ratio {P 1} P 2 ; P 3 ,P 4 } on the cubic. 

Exercise. Deduce Theorem 3 from Theorem 1 of Chapter VI. [If l , m 
have a common end-point, project c from this point on to a plane; if not, 
join an extremity of l to an extremity of m by a third chord n.) 

theorem 4. The projective geometry of S 3 induces a subordinate 
one-dimensional projective geometry on any twisted cubic c, and the 
canonical parameter 6 is an allowable parameter in this geometry. 

This is a theorem of a type that is by now very familiar, and the 
details of the proof will be left to the reader. The importance of 
the theorem resides, of course, in the fact that it makes possible the 
consideration of homographic and other algebraic correspondences 
on the twisted cubic; and since some of these correspondences are 
associated with simple geometrical constructions, we can use them 
in investigating the projective properties of the curve. The 
theorems which now follow will establish the main connexions 
between algebraic correspondences and geometrical constructions. 

Correspondences on the twisted cubic 

theorem 5. If r is an involution on a twisted cubic c, the chords 
which join corresponding pairs (P,P’) of r form one system of gene¬ 
rators of a quadric Q T through c. Every generator of the opposite 
system is a unisecant of c and is met by all the joins PP'. Any such 
generator is sufficient to determine the involution r (of which it is 
said to be a directrix). The involution has a directrix through each 

point of c. 

Proof. Let PP' be a chord of c, with end-points (0) and (0'). 
Then the coordinates of every point of PP' satisfy the equations 

x Q — (0-\-0')x 1 -\-90 , x 2 = 0, 

x x —(0-f ■0')X 2 -\-QQ x 3 ~ 


and 
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and these equations give 

1 _ 0+6' _ 60' 

*^ 1*^3 "^2 *^ 0*^3 *^i *^2 *^ 0^2 — *^1 

i.e. = <?x: <? 2 : <? 3 . 

The point (#,•) therefore lies on a line joining a common pair of the 
involution given by 

add'+b(d+d')+d = 0 

if and only if Q t = aQ 1 +bQ 2 +dQ 3 = 0, 

and there is thus a one-one correspondence between involutions r 
on c and quadrics Q r through c. 

The joins PP' all belong to the same system of generators of Q r , 
since if two of them belonged to opposite systems they would be 
coplanar, and their plane would cut c in four points. 

If g is a generator of Q T of the opposite system, it meets every 
generator of the first system, i.e. every join PP'. If g is such a join, 
g and g are coplanar, and their plane meets c in three points, which 
lie on Q r . Two of these points are P, P', lying on g> and the third 
point must therefore lie on g’. Thus g' is a unisecant of c. The uni¬ 
secant directrix g' determines r uniquely, because there is a unique 
chord of c which passes through any general point of it. 

Finally, one generator of Q r of the second system passes through 
every point of c, and r therefore has a unisecant directrix through 
every point of the twisted cubic. 

corollary. Two quadrics which pass through a twisted cubic 
intersect residually in a chord of the twisted cubic . 

For the involutions which they determine have a unique common 
pair. 

Remarks 

(i) The united points of the involution r arise from those gene¬ 
rators of Q r of the first system which touch c. 

(ii) If the united points of r are taken as X 0 and X 3 , the equation 
of the mvolution is 0' = -6, and then Q T = Q 2 . 

(iii) Among the quadncs which pass through c there are, as we 
have already seen, co 1 cones, each of which projects c from a point 

of itself. It may be verified that these correspond to degenerate 
(i.e. singular) involutions on c. 
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Non-symmetric homographic correspondences on the twisted 
cubic are not of much interest, and we shall prove only one theorem 

concerning them. 

theorem 6. Every homography vr Q oncis subordinate to a unique 
self-collineation of S 3 which leaves c invariant. 

Proof. Suppose the frame of reference is chosen in such a way 
that the equation of is in canonical form d' = kd , and let 

x ' _ y a . k x k (i = 0,1,2, 3) be a collineation -w which transforms 

fc = 0 

c into itself and induces the homography m 0 on it. Then 

=^ o a ii 03 ~ J = 0,1, 2, 3) 

i.e. 

and hence a tj = pSyfc 3 "* (i,j = 0. *> 2 > 3 )- 

Thus the ratios of the a i} are uniquely determined, and m is given by 

Xq _ ^3 

- * 3 ‘ 

In general, this collineation has the four united points X 0 , X v 
X Xn. In the particular case in which vr 0 is an involution, however, 
k L — 1; and -nr is then a harmonic biaxial collineationt with 

X 0 X 2 and X Y X Z as axes. 

Exercise. Examine the ease in which the united points of m 0 coincide 
at X 0 , and show that m then has only one united point, namely X 0 . 

Theorem 5 gives a geometrical pibcedure for generating the 
general involution or symmetrical (1,1) algebraic correspondence 
on the twisted cubic, and the next four theorems will be concerned 
with procedures for generating symmetrical (2,2) and (3,3) corre¬ 
spondences. 

THEOREM 7. The symmetrical (2, 2) algebraic correspondences on 
a given twisted cubic c may be paired off against the linear complexes X 
in S 3 in such a way that the corresponding pairs in any given corre¬ 
spondence are cut by the chords of c which belong to the associated linear 

complex. 


t Chapter XIV, p. 351. 



$ Chapter XV, p. 372. 
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Proof. Let P, P' be two points of c, with parameters 0, 0' . The 
Grassmann coordinates of the line PP' are then given by 

ffoi _ P02 _ .£*03 _ V 23 Psi _ V\2 

0 2 0' 2 00'{0-\-0') 0*+00' + Q' 2 l -(0+0') 00'' 

and it follows that the most general linear relation between the p i$ 
is equivalent to the most general symmetric relation between 0 
and 0' that is quadratic in each parameter. 

theorem 8. If a symmetrical (2, 2) correspondence on c has one 
cyclic triad (P 1 ,P 2 ,Pf), such that each of the points gives rise in the 
correspondence to the other two , then every point of c belongs to a unique 
cyclic triad. 

Proof. The associated linear complex contains the three lines 
-^2-^3’ A^ 2 * which intersect in pairs but are not concurrent, 

and it is therefore special. The lines PP' joining pairs of the corre¬ 
spondence are then the chords of c which meet a fixed fine l of 
space. If P is any point of c, the plane PI meets c in two further 
points P', P", and P belongs to the cyclic triad (P, P', P"). 

A cyclic correspondence of the type just mentioned arranges the 
points of c into co 1 mutually exclusive triads, cut on c by the planes 
of a pencil. If a general plane of this pencil is u^x-f-Av^x = 0, the 

parameters of the points of the corresponding triad are the roots 
of the cubic equation 

(Uo0 3 +u l 0 2 +u 2 0+u 3 )+\(v o 0 3 +v 1 0 2 +v 2 0+v 3 ) = 0 , 
ie * m+Xg{9) = 0, 

where f{0) and g(0) are two cubic polynomials. (Compare Theorem 

1 o of Chapter III.) When the points of a rational curve are grouped 

in triads in this manner we say that we have a ternary involution 
on the curve. 

Exercises 

(*) By projecting c from a point of itself into a conic k, deduce Theorem 21 
of Chapter VI from Theorem 8. 

(ii) Prove that the chords of c which belong to a given linear complex 
(possibly special) generate a quartic surface which passes doubly through c. 

theorem 9. The symmetrical (3, 3) algebraic correspondences co 
on a given twisted cubic c may be paired off against the quadrics 
in S 3 in such a way that the three points of c which correspond in co to 
any given point P of c are the points in which c is met by the polar 
plane of P with respect to t// w . 
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Proof. Take a quadric 2 2 a ik x % x k = 0 ( a ki = a ik) anci let the 
points ( 9) and (0') of c be conjugate with respect to this quadric. 

Then £ 2 a^e^d'^+e^d'^) = 0, 

i k 

a oo 8 3 0' 3 +a ll 0 3 8' 2 +a 22 00'+a 33 +a 12 80'(6+8')+a 2 O 80'(8 3 +8' 2 ) + 

+a ol 8 2 0 ' 2 {,B+ 8 ')+a O3 ( 8 3 + 8 ' 3 )+a 13 { 6 2 + 0 ' 2 )+a 23 { 8 + 0 ') = 0, 

and this is the most general symmetric equation that is cubic in 
8 and also in 8'. The united points of u> are, of course, the six 

points in which c is met by 

theorem 10. If the symmetrical (3, 3) correspondence m on c has 
one proper cyclic tetrad (P„ P 2 , P 3 , P<), then a, is cyclic and every point 
of c belongs to a unique cyclic tetrad. The tetrads so determined form 
a quaternary involution on c, given , for varying A, by an equation 

of the foi'm /(0)+A g(B) = 0, 

where f(6) and g{9) are qvnrtic polynomials. 

Proof. Since the four points P, all he on c, they are not all in one 
plane, and we may therefore take them as vertices of the tetra^ 
hedron of reference. The equation of ^ may then be taken to be 

xl+x\+xl+xl = 0 . 

If, further, the parameter of P, on c is 0„ the equations of c are of the 
form = c^Q—Qi )- 1 (i = 0, 1,2,3). 

Two points P, P', with parameters 9, 9\ correspond in w if and only 
if they are conjugate for i.e. if 

V c i C i 

ZMi 9'-e t 

n * 


= 0. 


Disregarding the trivial factor 0-8', we may write this relation as 

V c * - V ■ c * — = o, 
h°- 6 ‘ £o e '- 9 < 

or F(8)-F(8') = o, say. 

If (8 V.) and (8 t , 81) are two solutions of this equation, then 

is also a solution; and it follows that the (3,3) correspon¬ 
dence defined by F(8)-F(0') = 0 is cyclic, in the ^nse that if P 

gives rise to P', P\ P", each of the four points P, P , 1 , 

gives rise to the other three. 

6304 X 
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If the parameters of such a tetrad of points are 9, 6 ', 6", 0", then 
F(0) = F(0') = F{6") = F(9"')\ and the cyclic tetrads are given, 
for varying A, by the quartic equation F(0) = A. If this equation 
is cleared of fractions, it assumes the form f(9)-\-\g{9) = 0, where 
/( 9 ) and g{9) are polynomials in 9,f(9) being cubic andgr(0) properly 
quartic. 

theorem 11. If a twisted cubic c has one inscribed tetrahedron 
that is self-polar for a quadric ip, then it has an infinity of inscribed 
tetrahedra that are self-polar for tp. 

This theorem follows immediately from Theorem 10, and it 
gives us a space analogue of the relation of apolarity between conics. 
When a twisted cubic c and a quadric ip are related as in Theorem 
11, we say that c is outpolar to ip. When this is so, the faces of all 
the inscribed tetrahedra which are self-polar for ip form a cubic 
envelope (the reciprocal of c with respect to ip) and this envelope 
is said to be inpolar to ip. 

Alternative definitions of the twisted cubic 

Just as the conic may be defined in several different ways (for 
instance, as an algebraic curve of the second order, or as the locus 
of the point of intersection of two homographically related pencils 
of lines) so there are various properties of the twisted cubic which 
may be taken as defining properties. For some purposes it is 
convenient to use one of these alternative definitions in place of the 
algebraic definition with which we began, and we shall now discuss 
the more important ones, establishing their equivalence with our 
original definition. We are led in this way to generalize the defini¬ 
tion of a twisted cubic slightly. The curve, as we have defined it, 
is analogous to the plane curve (9 2 , 9, 1), i.e. the proper conic, and 
we shall now refer to it as the proper twisted cubic, to distinguish 
it from certain composite space curves which are also of order 3. 
Among the possible kinds of degenerate twisted cubic are (i) a conic 
together with a unisecant line, and (ii) two skew lines and a trans¬ 
versal line which meets them both. 

theorem 12. Every proper twisted cubic may be generated as the 
locus of the point of intersection of corresponding planes of three 
homographically related pencils; and conversely , the locus of the point 
of intersection of corresponding planes of three related pencils is, in 
general , a proper twisted cubic. 
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Proof, (i) If c is a proper twisted cubic, l ly / 2 , / 3 are any three 
fixed chords, and P is a variable point of the curve, then, by 
Theorem 3, l^P) 7\1 2 {P) aZ 3 (P). The twisted cubic is thus gene¬ 
rated by three homographic pencils as required. 

(ii) Conversely, let three homographic pencils of planes be 
given. By suitable choice of the base planes, the equations of the 
planes of a general mutually corresponding triad may be written 
in the form = 0 (i = 1,2,3); and if we solve these three 

equations for the ratios a: 0 : x x : x 2 : x 3 we obtain a solution of the form 

x 0 :x 1 :x 2 :x 3 = / 0 (A):/i(A):/ 2 (A):/ 3 (A), 

where the /,(A) are cubic polynomials in A. 

Except in the special case in which these polynomials are linearly 
dependent, the locus of the point of intersection of a general 
corresponding triad is therefore a proper twisted cubic. 


Remarks 

(i) The axes of the generating pencils are chords of the twisted 
cubic, for the homography cut on l v say, by corresponding pairs of 
planes belonging to the pencils with axes l 2 and l 3 has two united 

points. 

(ii) The equations which define the cubic may be written in the 


form 



^2 _ ^3 . 

/ - / > 

7^2 ^3 


and since each of these ratios is equal to 

oq 7r 1 -t-oc 2 7r 2 -f oc 3 n 3 
cr x oc 2 7r 2 + a 3 n 3 

for every choice of aq, a 2 , a 3 , we are able at once to write down 
equations for the full system of oo 2 chords of the curve. 

theorem 13. Every proper twisted cubic may be obtained as the 
residual intersection of two proper quadrics which have a generator 
in common; and conversely , every such residual intersection is a 

twisted cubic (possibly composite). 

Proof, (i) The first half has already been proved, for it was shown 
above that the proper twisted cubic c is the residual intersection 
of the quadrics and Q 2 , which have the common generator 

x 0 = 0 = x x . 

(ii) Let 0! and 0 2 be two proper quadrics with a common gene¬ 
rator g. Take a fixed generator g l of </q and a fixed generator g 2 
of 0 2 , both skew to g. Then any plane rr 1 through g x meets 0 A in a 
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second generator g\, and g\ lies in a uniquely defined plane tt 
through g. This plane meets ip 2 in g and a second generator g 2 , 
and g' 2 lies in a uniquely defined plane tt 2 through g 2 . By Theorem 10 
of Chapter XI there is a homographic relation (n^ A (tt) A (tt 2 ) 
between the three pencils of planes whose axes are g lf g, g 2 , and the 
common point of any corresponding triad of planes is clearly a 
point of both quadrics. If, conversely, P is any point which lies 
on each of the quadrics, but not on g , there is a generator g\ of 
and also a generator g 2 of </» 2 , both of which pass through P, and 
these generators determine a triad of corresponding planes rr v 
tt, n 2 which meet in P. 

Remarks 

(i) Two quadrics intersect in a quartic curve, but even when they 
are both proper this curve can break up in various ways (see 
Chapter XIII). When the quadrics have a common generator the 
quartic curve breaks up into this line and a residual curve of order 3, 
and we find it convenient to regard every such residual intersection 
of two proper quadrics as a twisted cubic. If the cubic is proper, 
then, by what has already been proved above, the common gene¬ 
rator is one of its chords. Various types of degenerate twisted 
cubic are possible, the most important being those referred to on 
p. 306. The reader should look carefully into the proof of Theorem 
13 in order to see how these special cases arise. 

(ii) If g is a generator of a proper quadric ip, every quadric 
through g cuts ip residually in a twisted cubic; and in this way we 
obtain the two families of twisted cubics on ip, already referred to 
on p. 281. The twisted cubics of the one family are (1,2) curves, 
having every ^-generator as a unisecant and every r-generator as 
a chord, while the twisted cubics of the other family are (2, 1) 
curves. This result is connected in an obvious way with Theorem 5, 
on the generation of involutions on a proper twisted cubic. 

Theorem 12 gives a generation of the twisted cubic by means of 
three homographic pencils of planes. A second projective genera¬ 
tion of the curve of a somewhat different kind is also possible, 
namely the generation by collinear stars. Two collinear stars (cf. 
p. 254) have oo 2 pairs of corresponding rays, and although in 
general two corresponding rays are skew, there are oo 1 special pairs 
which intersect. The oo 1 points of intersection obtained in this way 
are the points of a twisted cubic. 



XII, § 1 


309 


the twisted cubic 

theorem 14 (The star generation). Every proper twisted cubic 
may be obtained as the incidence curve of intersecting pairs of corre¬ 
sponding rays of two collinear stars; and conversely , the incidence 
curve of intersecting pairs of corresponding rays of two collinear stars 
is, in general , a twisted cubic. 

Proof. Let c be a twisted cubic, and A, A' any two points on it; 
and consider the correspondence between the planes 77, tt' which 
join A and A' to a variable chord P 1 P 2 of c. Let A, A' be taken as 
the reference points X 0 , X 3 in a canonical parametric representation 
(0 3 ,9 2 , 0,1) of c. If 9 2 are the parameters of P v P 2 , the equations 

of tt, 7 t are 

x x — px 2 -\~q x 3 = 0 and x 0 px x -\-qx 2 = 
where p = 0^0, and q = 9^9 2 , and clearly the relation between 
tt and tt' is a collineation between the stars {A) and {A'). In this 
collineation, corresponding rays are given by 


= and S = *1=1*. 

X p l X p i 

since tt passes through the first of these rays if and only if 77' passes 
through the second. A necessary and sufficient condition for two 
such corresponding rays to meet is p 2 = A, and the rays then join 
A and A ' to the point of c whose parameter is p. Thus c is the 
incidence locus of intersecting pairs of corresponding rays of the 


collinear stars (A) and {A'). 

Suppose, conversely, that we are given two collinear stars {A) 
and {A'). Let 77, = 0 {i = 1,2,3) be the equations of three base 
planes of the first star, and let 77^ = 0 (i = 1,2, 3) be the equations 
of the corresponding planes of the second star. By replacing 
tti, 7 t' 2 , 773 by suitable fixed multiples of themselves, we can arrange 
(cf. p. 317) that a general pair of corresponding rays is given by 


77 j _ TTg _ 773 

l m n 


and 


Hi 

l 


t 

772 

m 



If these rays meet, their point of intersection satisfies the equations 


77j _ 77 2 _ 77 3 

T — / ' > 

77 j 77 2 77 3 

and these are, in general, the equations of a twisted cubic c through 
A and A'. Since any point of c, other than A or A', defines a set of 
ratios l:m:n, it follows that c is the incidence locus of intersecting 
pairs of corresponding rays of the collinear stars. 
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Remark. It has appeared incidentally in the above proof that 
when a twisted cubic c is generated by collinear stars its full system 
of co 2 chords is generated simultaneously as the system of lines of 
intersection of corresponding planes of the stars. This result will 
prove useful later (p. 316). 

The dual of the twisted cubic 

As we have already mentioned on p. 268, the space-dual of a 
curve is a developable, or envelope of oo 1 planes. If the curve is a 
plane curve, the dual developable is correspondingly special, being 
in fact a cone, and this was the case that interested us in Chapter XI. 
Now that we are concerned with the dual of the twisted cubic, it is 
convenient to describe briefly the nature of developables in general. 

A developable is said to be of class m if m of its planes pass 
through a general point of space. Any two planes of the develop¬ 
able meet in a line, which is called an axis of the developable, 
and in the limiting case in which the two planes coincide, the line 
is called a generating line or focal line of the developable. Three 
planes of the developable meet in a point, and when they come to 
coincide, the point is called a focal point. Thus the axes, focal lines, 
and focal points of a developable are dual to the chords, tangent 
lines, and osculating planes of a twisted curve. 

The osculating planes of a twisted curve constitute a developable; 

and dually, the focal points of a developable constitute a curve, the 

cuspidal edge of the developable. It may be proved that every 

twisted curve is the cuspidal edge of the developable formed by its 
osculating planes. 

The developable that is dual to the twisted cubic c is the cubic 
developable 8. It may be represented parametrically by cubic 
po ynomials, and by choosing the tetrahedron of reference suitably 
we can reduce the representation to the canonical form 

u 0 :u x :u 2 :v^ = 6 3 :6 2 :d: 1 . 

The developable 8 may be generated projectively as the envelope 

o a p ane which joins corresponding points of three homographi- 
cally related ranges. 

The important feature of the (proper) twisted cubic is, however, 
not that it has a dual but that, like the proper conic in the plane, 
it is self-dual; the osculating planes of a proper twisted cubic form a 
cubic developable. This is an immediate consequence of the fact 
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that the osculating plane of c at the point (0 3 , 6 2 , 0, 1) is the plane 

(1,-30, 30 2 , —0 3 ). 


Polarity with respect to a twisted cubic 

It was shown in Chapter V that every proper conic s defines 
a polarity in the plane, i.e. a non-singular linear point-line trans¬ 
formation u _ Ax (| A | ^ 0), 

with a symmetric matrix. The line corresponding in this polarity 
to any point P is the line which joins the points of contact of the 
two tangents of s which pass through P. We have already seen 
that these results may be extended in a natural way from the plane 
to three-dimensional space by replacing the conic s by a proper 
quadric 0, and we may wonder whether any interesting results are 
obtainable by using the other space-analogue of the conic, that is 
to say the twisted cubic. This curve does in fact define a point- 
plane transformation, but instead of being an ordinary polarity the 
transformation is of the special kind known as a null polarity. A 
null polarity (see p. 361) is a point—plane transformation given by 

an equation u = Ax (|A| ^ 0), 


where the matrix A is skew-symmetric. 
From this equation, we have 

u T x = x r A r x 


• • • 


= 0 


since a ki = — a ik (*>^ — 0,1,2,3). 

Thus the null polarity has the property that the polar plane of a 

point always passes through the point. 

Let us now see how every (proper) twisted cubic defines a null 

polarity. 

THEOREM 15. If C is a given twisted cubic, the correspondence 
between a general point P of S 3 and the plane n which joins the points 
of contact of the three osculating planes of c which pass through P 
is a null polarity v. The polar plane of every point of c in v is the 
osculating plane at the point; and all the Uingent lines of c are self- 

polar with respect to v. 
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Proof. Let P be the point y. Then, if the osculating plane at (0) 
passes through P, 

Vo— 3^2— 1 # 3 y 3 = 0. 

The parameters 0 lt 0 2 , 0 3 of the points of contact of the three 
osculating planes of c that pass through P are the roots of this 
cubic equation in 9 , and hence 

0 i+e 2 +0 3 = 

Vz 

M.+MH-M. = ^\ 

Vz 

M %e 3 = ys. 

Vz 

The equation of the plane tt is then 

*0—(^l+^ 2 + ^ 3 )*l + (^2^3 + ^ 3 ^1 + ^1 ^2^3*3 = °> 

ie - Vz x o— 3y 2 a: 1 4- 3^^— y 0 x 3 = 0. 

Thus if P is the point (y 0 >2/i>y2>y 3 )> ^ is the plane 

3y 2 > 3 2 /j, y 0 )\ 

and P and n therefore correspond in the null polarity v whose 
matrix is 

( 0 0 0 1\. 

0 0 —3 0j 

0 3 0 0 

— 1 0 0 0/ 

The polar plane of (0 3 ,0 2 ,0,1) is (1, — 30, 30 2 ,-0 3 ), i.e. the 
osculating plane at (0). 

The lines of S 3 which are self-polar with respect to v form a linear 
complex 3? (cf. p. 372), the set of all lines l such that l lies in the 
polar plane of any one of its points. Since every tangent line of c 
lies in the osculating plane at its point of contact, it belongs to the 
complex SP of self-polar lines. 

In addition to setting up a null polarity v, which is a linear 
(1,1) correspondence between the points and planes of S 3 , the 
twisted cubic c also sets up a correspondence between points and 
points of S 3 . This correspondence is (1,1) but not linear. Let P be a 
general point of space, not lying on c. Then there is a unique chord 
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AB of c which passes through P , and a unique point P' of this 
chord which is harmonically conjugate to P with respect to A 
and B. We call two points P, P\ related in this manner, a pair of 

harmonic points with respect to c. 

P' is, of course, the point which is conjugate to P with respect 

to all the quadrics of the net defined by c, and it may be constructed 

as the common point of the polar planes of P with respect to three 

of these quadrics, say Q l , Q 2 , <?3- 

THEOREM 16. If P describes a line l , its harmonic point P' with 
respect to c describes a twisted cubic c . 

Proof. As P describes l its polar planes with respect to Q v Q 2 > Q 3 
generate three homographically related pencils, and their point of 
intersection P' therefore describes a twisted cubic c . 

Remarks 

(i) The twisted cubic c' meets the original twisted cubic c in 
four points, the points of contact of the four tangents of c which 

meet l. 

(ii) Theorem 16 reflects the non-linearity of the relation between 
points which are harmonic with respect to c. 


The twisted cubic in affine space 

Although all proper twisted cubics are protectively equivalent 
(see p. 296), it is not possible to transform every twisted cubic into 
every other by an affine transformation. Just as, in the real affine 
plane, we are able to classify conics as hyperbolas, parabolas, and 
ellipses so in much the same way we can devise an affine classifica¬ 
tion of’real twisted cubics. The distinctions which we make are 

valid a fortiori in euclidean space. 

A twisted cubic c meets the plane at infinity i in three points 

H K, L, and either all three are real or one is real and two are con- 

jugate complex. It is also possible for two or all three of the points 

to coincide—when c touches or osculates the plane at infinity. 

Consider the case in which L is real while H and K are complex. 

Then c has one real asymptote l and one real asymptotic plane A, 

namely the tangent and osculating plane at L, and l lies in A. 

Since c already meets A three times at L, it cannot meet it in any 

finite point, and this means that it lies wholly on one side of its 

asymptotic plane. It consists of a single branch, which approaches 

the asymptote l at each end. Any general plane through l meets 
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the curve in a unique finite point; and, if the plane of the paper 
is taken as A, the appearance of the curve is as follows. 



If H , K, L are all real, the twisted cubic has three asymptotes, 
each of which lies in an asymptotic plane. In this case the curve 
consists of three branches which link the asymptotes together 
(cf. the two branches of a hyperbola). 

Exercise. Give a more detailed discussion of the above types of twisted 
cubic, showing by means of sketches how the curve projects from any 

point of itself into a conic. Discuss also the types of twisted cubic for which 
H, K, L are not all distinct. 

A very special kind of twisted cubic that is met with in euclidean 
space is the rectangular twisted cubic , whose asymptotes are all real 
and mutually orthogonal. This curve is analogous to the rectan¬ 
gular hyperbola in the plane. 

Suppose a twisted cubic c in affine space is met by a system of 
parallel planes. Each of the planes cuts the curve in three points, 
and the triangles so formed have many remarkable properties. The 
planes form a pencil whose axis is a line in the plane at infinity, 
and by applying Theorem 16 to this line we see at once that the 
mid-points of the sides of the triangles all lie cm a second tunsted cubic 
c\ and c' meets c at the points of contact of the four tangents to c which 
are parallel to the planes. The parallel planes also cut the new 
twisted cubic c' in triangles, and the mid-points of the sides of 
these triangles lie on a third twisted cubic c" . Proceeding in this 
way, we define a sequence of twisted cubics c, c', c",...; and since 
the triangles in each plane form a nest with a common centroid, 

^ e ^ u ^ cs h ave as their limit a triple line which passes through 
all the centroids. Thus the centroids of the triangles cut on c by the 
system of parallel planes all lie on a line .f 

Some enumerative problems 

theorem 17. There is a unique tunsted cubic that passes through 
six general points of space. 

Proof. Let four of the points be taken as vertices of the tetra¬ 
hedron of reference. Then the equations of a twisted cubic c 

t For an algebraic proof of this result see Ex. 14 on p. 325 ; and see also Ex. 15 
for other properties of the triangles. 
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through them assume the form 

x { = c^e-fli)- 1 (t = 0, 1,2, 3). 

Now suppose we apply the reciprocal transformation of space into 
itself, i.e. the (1,1) transformation given by 

*.=-1 ({ = 0 , 1 , 2 , 3 ). 

Then the twisted cubic c is transformed into the line 


*:-=—* (* = 0 , 1 , 2 , 


3). 


i 


In this way we obtain a (1, 1) correspondence between the twisted 
cubics through X„, X v X t , X 3 and the lines of space. But there 
is a unique line through two points, and therefore a unique twisted 
cubic passes through X„, X„ X,, X 3 and two general points 
Theorem 17 may also be proved quite easily from the other 
definitions of the twisted cubic, for example from the definition by 
three homographic pencils of planes or from the star generation. 
Indeed we have a whole series of enumerative problems which can 
be solved by using the star generation of the twisted cubic. 

The twisted cubic is a space curve with twelve degrees of freedom. 
The general twisted cubic may be represented, in terms of an 
arbitrary coordinate system 91, by equations of the form 

px { = 2 “tk® 3 ' 4 (i = 0,1,2,3). 

There are sixteen coefficients a ik , but since p is arbitrary, and 0 
admits of oo 3 transformations 

0' = ^ (a S-ft,*0), 

yt/ + 0 

which leave the curve unaltered, only twelve of the coefficients 

contribute to the freedom of the curve. . . f p 

If the curve is required to pass through a fixed point of space 
the a ik have to satisfy three independent linear conditions These 
conditions, however, involve 0; and when 0 is ehminated two 
conditions on the remain. Thus the condition of passing 1through 
a fixed point is a double (non-linear) condition on the twistedl cub.c^ 
Having a fixed line as unisecant is a simple condit'on^ince the 

twisted cubic has merely to contain some one of a 

but having a fixed line as chord is again a double condition. Suppose 
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we represent the composite condition of passing through a fixed 
general points and having ft fixed general lines as chords, where 
aJ rP — 6> by the symbol P a CP. Then, corresponding to each 
possible choice of a and ft, we have an enumerative problem—to 
find the number [P a C£] of twisted cubics which satisfy the con¬ 
dition P a CP. Theorem 17 has already given the result [P 6 ] = 1. 

If the value of a is not less than two, we can take two of the given 
points as vertices of generating stars and then make use of the star 
generation of the twisted cubic. Instead of working directly with 
the stars it is perhaps easier to define collineations between them 
by the plane collineations nr which they cut on a fixed plane tt. 
Since an assigned point P gives a pair of corresponding rays of the 
two stars, and an assigned chord C gives a pair of corresponding 
planes (p. 310), the two conditions yield respectively a pair of 
corresponding points and a pair of corresponding lines in tt. Let 
us now consider the separate cases which can arise. 

Case 1: P 6 

The required collineation m in n has four assigned pairs of 
corresponding points, and is uniquely determined. Thus [P 6 ] = 1, 
as we have already seen. 

Case 2: P 5 C 

In this case, nr has three assigned pairs of corresponding points, 
which determine three pairs of corresponding lines, and one 
assigned pair of corresponding lines. Once again, therefore, nr is 

uniquely determined; and [P 5 C] = 1. 

Case 3: P 4 C 2 

Here nr has two assigned pairs of 
b corresponding points, say (A, A'), 
(B, B'), and two assigned pairs of 
corresponding lines, say (a, a'), (6,6'). 
The problem is poristic. For let AB 
meet a , 6, in A 0 , B 0 , and let A'B' 
meet a', 6' in A' 0 , B'q. Then, clearly, 
no solution is possible unless 

{A o, B 0 ; A, B} = {. A ' 0 , A', B'}. 

If this condition is satisfied, the four conditions are no longer 
independent, and there exists an infinity of solutions. Thus 
[P 4 C 2 ] = 0 or co. 
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Case 4: P 3 C 3 and Case 5: P 2 C 4 

The conditions to be satisfied by m are dual to those in cases 

2 and 1 respectively, and therefore [P 3 C 3 ] = [P 2 C*] =1. 

To sum up: the problems P\ P 5 C, P 3 C 3 , P 2 C 4 each have a unique 

solution, while P A C 2 is poristic. 


§2. Cubic Surfaces 

In addition to the quadric surface and the twisted cubic curve 
we have now to introduce a third locus, the projeclively generated 
cubic surface , which must be accepted as yet another analogue for 
space of the protectively generated conic. This surface, which we 
shall denote for brevity by F , is defined as follows: 

DEFINITION: F is the surface generated by the point of inter¬ 
section of corresponding planes of three collinearly related stars. 

Consider first of aU a pair of stars with vertices A and A'. If 
_ w . are three linearly independent planes through A and 
y y -n' are three independent planes through A', a general pair 
of planes of the two stars is represented by the pair of equations 
xJ+pnt+vrr, = 0 and AV 1+ pV 2 +vV 3 = 0; and for these two 
planes to correspond in a collineation, A', p\ v must be connected 
with A, p, v by a fixed non-singular linear transformat.on lf w 
now replace A', p', v' in the equation A^+pir.+vir, - Oby thei 
expressions in terms of A, p. v we obtain an equation of the form 
\*\ + an'+^ 3 = o, where 4 are three fixed linearly inde¬ 

pendent linear combinations of V„ rr' 2 , n 3 . We may accordingly 
take the planes = 0, = 0, W, = 0 as new base planes of the 

second star ; and when this is done, the equations of a general pair 
of corresponding planes of the two stars may be written as 

At^+p 172+^3 = 0 and M+pwi+wi = 0. 

Reverting now to the generation of the cubic surface F , we may 
suppose that a general triad of corresponding planes of the three 

related stars is given by 


XtT i /X7T 2 “H ^^3 = 

Att^ -f /X7 t' 2 + V7T 3 = 0, 

Aw^ -|- /X772 + v7r 3 = 
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As A, p, v vary, the point of intersection of these three planes 
describes the locus whose equation is 

D = 7 T X 7 T 2 7 T 3 

i / 9 

77 1 77 2 77 3 

n rt n 

77 1 77 2 77 3 

and the equation of F is therefore D = 0. 

A cubic form in x 0> x lt x 2 , x 3 which is expressed, like D, as a deter¬ 
minant of linear forms is said to be a determinantal cubic form. It 
can be shown, though we do not prove it here, that any general 
cubic form in x Qy x lf x 2> x 3 can be expressed, in infinitely many 
ways, as a determinantal cubic form; and this implies that any 
general cubic surface, given by the vanishing of such a form, can 
be generated projectively in the manner defined above. 

Consider, then, the surface represented by an equation of the 
form (2). Since this equation is equivalent to the set of parametric 
equations (1), the surface can be generated projectively. But unless 
the three linear forms which make up any given row of D are linearly 
independent, the projective relation between the planes given by 
(1) will not have the general character that we have had in mind 
so far. We shall nevertheless look upon equations (1) as furnishing 
a projective generation of the surface as long as the three planes 
given by a general set of values of A, /x, v meet in a unique point. 

Any one projective generation of F leads to an equation (2); and 
from this equation we can pass to infinitely many other projective 
generations of the same surface by replacing the rows and columns 
of D by linear combinations of themselves and also by interchanging 
the rows and the columns. This means that, subject to certain 
restrictions, the vertices A, A', A" of a, projective generation can be 
chosen arbitrarily on F. 

The plane representation of the cubic surface F 

The projectively generated cubic surface is a rational surface— 
i.e. it can be mapped birationally on a plane—and the plane 
representation of the surface is of great value in the investigation 
of its properties. We shall discuss this representation very briefly; 
and what we say here may be compared with what has already been 
said about Cremona transformations of the plane in Chapter IX 
and about the projection of a quadric on to a plane in Chapter XI. 
The quadric is a rational surface, and a birational mapping of this 




319 


XII, § 2 


CUBIC SURFACES 


surface on a plane is very easily set up by means of the geometrical 
procedure of projection from a vertex on the surface. Since the 
cubic surface is of order 3, projection from an arbitrary point of the 
surface would not yield a (1,1) mapping, and in this case it is natural 


to define a plane representation algebraically. 

Let us consider once again the surface F defined by equations (1). 
Since are linear forms in x 0 , x v x 2 , .r 3 , equations (1) may 

be rewritten as 3 /ox 

2 x k — 0 (*= 1,2,3), (3) 


where the \ ik are all linear forms in A, p, v. If the rank of the 3x4 
matrix (A rs ) is 3, these equations may be solved for the ratios of 
x 0 , x lt x 2 , x 3 in terms of A, p, v, and we have a solution of the form 

px { = <£i(A, /x,v) (i = 0,...,3). (^) 

The </>i{ A,/x,v) are cubic forms in A, p, v, being in fact the 3x3 
determinants (with appropriate signs) formed from the matrix (A rs ). 

If the values of A, p, v are such that not all the <£,■ are zero, the triad 
of parameters (A, p, v) gives rise to a unique point of F; but if all the 
<£. are zero, and (A,,) is of rank 2, we have a simply infinite system 
of corresponding points, making up a line which lies on F. It will 
appear shortly that, for general choice of the coefficients in equa¬ 
tions (1), there are six special triads (A, /x, v), each of which gives rise 
to a line on F. Thus F contains , in general, six lines a lt ...,a 6 , 
arising from triads of parameters (A<,/x„v<) {i = 1 ,...,6) for which 
the three related planes of the generating stars meet m a line instead 

of a point. , 

If, now, P {x 0 , x lt x 2 , x 3 ) is an assigned point of F, the correspond¬ 
ing values of the ratios A: /x: v are given by the three linear equations 
(1). Since the point P lies on F, the rank of this set of equations is 
at most 2. If it is exactly 2, the ratios are uniquely determined, 
but if it is 1 there will be an infinity of solutions. In the latter 
case the requirement that the general plane shall pass through 
the point P imposes the same condition on A, /x, v in each star, and 
this means that the three stars have a triad of concurrent corre¬ 
sponding rays (AP, A’P, A"P). This, however, implies the exist¬ 
ence of a special relation between the stars, and we can accordingly 
say that in the case of three general related stars a point P of F 
always corresponds to a unique parameter triad (A, p, v). 

We now obtain the plane representation of F , for which we are 
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looking, by taking (\,p,v) as allowable coordinates of a variable 
point of a plane tt. We have thus the following theorem: 

theorem 18. The points P of a general protectively generated 
cubic surface F can be mapped on the points P' of a plane n in such 
a way that the correspondence between P and P' is (1,1) in general , 
and is expressible algebraically in terms of polynomials. 

For general choice of the related stars which generate F there are 
six fundamental points A lf ...,A 6 in tt , to which correspond ex¬ 
ceptionally six lines a 6 on F; but every point of F corresponds 
to a unique point of tt. The exceptional lines a ly ...,a G on F are of 
necessity skew to one another, for if two of them, say a x and a 2 , 
were to meet, the point a 1 a 2 on F would correspond to both A x 
and A 2 in tt. 

We have still to prove that the number of fundamental points in 
n is six, and this is easily done by considering the representation 
in tt of the plane sections of F. Since every point P of F is mapped 
by a point P' of 7r, a curve C drawn on F must have as its image a 
curve C' in tt. If C is the plane cubic cut on F by the plane 

3 

2«i*i = °> 
i = 0 

the coordinates (A, p, v) of every point of C' must satisfy the equation 

^ = 2 u i<t>M’y-> v ) = 0 . 

1 = 0 

Thus C' is a plane cubic. If, now, we take two plane sections C lt C 2 
of F they meet in three points, namely the points of intersection 
of the common line of the two planes with the cubic surface F. 
The corresponding curves C\, C' 2 then also meet in three free points 
(i.e. points distinct from base points, common to all curves 0 = 0 
in tt); and since two plane cubics have nine points in common, the 
system of O-curves must have six fundamental points A lf ...,A 6 . 
We may say, therefore, that in the representation of points of F by 
points of tt , the co 3 plane sections of F are represented by the oo 3 
cubic curves through the six fundamental points A lt ...,A 6 of the 
representation. 

Two O-curves C lt C 2 meet, as we have seen, in the points A v ..., A 6 
and also in three free points P^, P , 2 , P' 3> corresponding to the three 
points P 1? P 2 , P, in which the line of intersection of the planes of 
Cj and C 2 meets F. Now any plane in space which passes through 
two of the collinear points P lt P,, P 3 must also pass through the 
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third, and therefore any O-curve through two of the points Pi, P ' 2 , 
P *2 passes also through the third. We say that P' 1 , P' 2 > P 3 form with 
A lt ...,A 6 a set of nine associated points, the base points of a pencil 
of plane cubics. Thus the three points of intersection of F with a line 
are represented by a triad of points forming with A 1 ,... f A 6 a set of 
nine associated points in tt. 

From the parametric equations (4), by taking A x to be one of 
the reference points in tt the reader will readily verify the following 
result (cf. p. 279): The oo 1 points P' infinitely near to a base point 
A { ( i.e . the directions through AJ correspond to the individual points 
P of the corresponding line a i on F. Thus the curves on F that are 
represented in n by two given curves through A { meet a { in the same 
point if and only if the tangents (or branch tangents) at A t coincide. 

Curves on the surface F 

We now indicate very briefly how the plane representation of F 
can be made to reveal the whole structure of systems of curves on F, 
just as in the previous chapter the plane representation of the 
quadric surface yielded corresponding information about curves 

on that surface. 

If C is any curve on F, which we suppose to be represented by 
a curve C' in tt, the order N of C (i.e. the number of points in which 
it is met by a general plane or, what comes to the same thing, by a 
general plane section of F) is equal to the number of free inter¬ 
sections (not at A v ...,A e ) of C' with a general O-curve. Thus if 
C' is a curve C' m (A\ 1 ,..., A\') of order m, with multiplicities k lt ...,K e 

at A 1 . A e , then N = 3If we wish, in particular 

to find all the lines on F, other than those of the set %,..., a 6 which 
are represented in tt by the neighbourhoods of A lt ...,A 6 , we must 
put N = 1 in this relation. For the curves in tt which represent 
lines on F we then have 3 m—Jc 1 —...—Jc G = 1. This Diophantine 
equation yields the following solutions of the problem: fifteen lines 
c of F, represented in tt by the lines A t A and six lines b it repre¬ 
sented by conics through five of the six points A v ...,A e . We thus 
have the well-known result: 

theorem 19. The general protectively generated cubic surface F 
contains in all twenty-seven lines. Of these , six are represented by the 
neighbourhoods of the fundamental points A V ...,A 6 , fifteen by the 
lines joining pairs of these points , and six by conics through sets 

of five of the six points. 

6304 


Y 
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The reader may now investigate for himself, by means of the 
plane representation of F, the incidence relations of these twenty- 
seven lines. A full discussion of this subject is to be found in 
Baker, Principles of Geometry , volume iii, chapter iv. 

We mention, in conclusion, a few more results concerning curves 
on F that may be obtained in a similar way. Any conic on the 
surface lies in a plane through one of the twenty-seven lines. If 
we take N — 3, we find that (the plane sections being excluded 
from consideration) F possesses no fewer than 72 exactly similar 
doubly infinite families of twisted cubics, represented in tt by 
various systems of curves of degrees 1,2,3, 4, and 5. A typical one 
of these systems in n consists of all the lines of n ; and it may be noted 
that any two of the corresponding twisted cubics meet in a unique 
point. 

Any quadric section of F is represented in tt by a curve 

and, more generally, any section of F by a surface of order n is 
represented by a curve C 3n (A?,...,^4g). 

Other cubic surfaces 

F was defined at the beginning of this section as a surface that is 
generated by three collinear stars, but we can now see that, quite 
independently of the idea of projective generation, any set of 
parametric equations of the form (4), in which the <f> , (A, p, v) are four 
linearly independent cubic forms which vanish at six assigned 
points A lt ...,A 6 of n define, in general, a cubic surface F; and by 
imposing special conditions on the points A i we can obtain various 
special types of cubic surface. In particular, F can be made in this 
way to acquire 1, 2, 3, or 4 nodes. 

Thus, for example, if we take the points A i to lie at the vertices 
of a complete quadrilateral, then I' 1 is a four-nodal cubic surface, 
whose explicit equation may readily be obtained from the para¬ 
metric representation in the form 

X 1 X 2 X ^-\- X 2^X q ~{-X 2 X q X 1 -\-XqX 1 X 2 = 0 , 

the reference points being the nodes. In this case all the points 
of any side of the quadrilateral represent (exceptionally) the same 
node of F. 

It should be added, however, that there is another totally 
different type of cubic surface, namely the cubic ruled surface or 
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cubic scroll , which is more naturally approached in other ways. 
The simplest definition of the general cubic scroll is as the surface 
generated by a line which joins corresponding points of two ranges, 
in (1,2) algebraic correspondence, whose axes are skew lines. Its 
equation may be reduced to the simple form x 0 x\ x 1 x% = 0, 
and it admits of a general parametric representation 

x 0 :x 1 :x 2 :x. 3 = S 0 (\,p, v):S 1 (X i p, v):S 2 (A,p.,v):S 3 (\,p, v), 

where the equations aS^A, /a, v) = 0 are those of four linearly 
independent conics through a common point in tt (cf. Exercise 22 
below). One of the two skew fines, namely X 0 X lf is a double fine 

on the surface. 

We shall encounter, in the next chapter especially, important 
examples of the natural intrusion of projectively generated cubic 
surfaces into the general structure of projective geometry, side 
by side with the quadric and the twisted cubic. 

For a fuller discussion of cubic surfaces and their properties the 
reader should turn to the following more advanced works—Reye, 
Geometric der Lage ; Baker, Principles of Geometry , volume in; 
Todd, Projective and Analytical Geometry ; Semple and Roth, 
Introduction to Algebraic Geometry. 


EXERCISES ON CHAPTER XII 

1. A twisted cubic curve has parametric equations 

x:y :z\t = 6 : 6 * 16 *+1 : 6 *-\. 

Find the equation of the plane through the points whose parameters are 
6 lt 0 2 , 0 3 , and deduce that the osculating plane at the point (0) has equation 

602 x _ 6 0y+(l-0 3 )2 + (l+0 3 )* = 0. 

Show that the line * = 0 = y is a chord and the line z = 0 = t is the line of 
intersection of two osculating planes, and prove that the curve projects 
from the reference point T into the plane cubic x* + y* = xyz in the reference 


plane XYZ. . 

Find all the quadrics which pass through the curve, and select from among 

them the two cones whose vertices are on ZT. 

2. Find parametric equations for the unique twisted cubic which 

passes through the four reference points, the point (a, b, c, d), and the point 

^Find the* condition for the pairs of reference points ( X , Y ) and (Z, T) to 


separate each other harmonically on the curve. . , 

3. AB'CA'BC' is a skew hexagon inscribed in a twisted cubic c, and 
jj Jj Jj are the three quadrics through c which contain the pairs of opposite 
edges (BC\ B'C), ( CA\ C'A ), (AB', A'B) respectively. Prove that ^ 

have a common generator, and that this line is a chord of c. 
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4. Prove that the four tangents of a twisted cubic c which meet a general 
line p also meet the polar line p' of p, i.e. the axis of the pencil of polar planes 
of points of p in the null polarity defined by c. 

If the twisted cubic is c {9 3 ,9 2 , 9, 1), and p meets the tangents XY and ZT 
in the points (1, A, 0, 0) and (0,0, p., 1) respectively, prove that the parameters 
of the two remaining points of c at which the tangents meet p are the roots 
of the equation 2A0 2 —(3A/x+ l)0-f 2^i = 0. 

Deduce that a line is self-polar for c if and only if the points 'of contact 
of the four tangents which meet it form an equianharmonic tetrad on c. 

5. Prove that the points (x,y,z,t) and (x\ y\z', t') are conjugate with 
respect to the cubic c ( 9 3 , 9 2 , 6, 1)—i.e. that each lies in the polar plane of the 
other—if and only if xt' — x't = 3(yz' — y'z). If two points satisfy this con¬ 
dition, show that the line which joins them is self-polar for c, any two of its 
points being conjugate to each other. 

Show that the only self-polar chords of the curve are the tangents, and the 
only self-polar unisecants are those which lie in osculating planes. 

6. Two twisted cubics c, c' are given parametrically by the matrix equa¬ 
tions x = A0, x = B0, where A, B are non-singular 4x4 matrices and 
0 is the 4x1 matrix whose elements are (0 3 , 9 2 ,9, 1). If S is the matrix 

( 0 0 0 1 \ 

00-301 
0 3 0 0 I 

-1 0 0 0 / 

and C = B _1 A, prove that c and c' define the same null polarity if and only if 

C r SC = pS, 

where p is a scalar. 

7. On a twisted cubic c, let the pairs (P, P') of an involution be cut by one 
system of generators of a quadric t/r, and let Q, Q' be the points in which the 
other generators of «/r through P and P' meet a fixed general plane n. Show 
that (i) the lines QQ' all pass through a fixed point R, and (ii) when i r turns 
about a given line l , the locus of R is a line which meets the two lines PP' 
which meet l. 

8. Find the equation of the quadric through the tangents to c (9 3 ,9*, 9, 1) 
at the points whose parameters are 0, 1, oo. 

Hence, or by using the results of Exercise 4, prove that four tangents 
to a twisted cubic have only one transversal if their points of contact form 
an equianharmonic tetrad on the curve. 

9. Find the equation of the quadric ijj through the twisted cubic c 

(9\9\9,1) 

which contains the tangents to c at the reference points X and T. 

Show that (i) the osculating planes of c at X and T are the tangent planes 
to i/r at these points; (ii) if n is the osculating plane of c at a variable point P, 
the locus of the pole Q of n with respect to 0 is another twisted cubic c' through 
X and T; (iii) the tangent plane to ^ at P is the osculating plane of c' at Q • 
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10. Show that the plane-equation of any quadric which touches all 
the osculating planes of the twisted cubic c (0 3 ,0 2 ,0,1) is of the form 

\(v* — 2wu) + 2p.{inv — Sup) + v(w 2 — 3vp) = 0. 

Show that the quadrics of this system which also touch a general plane n 
do so at the points of a line g, and that any two of them meet in g and a 

twisted cubic k. 

Find the equations of g and k when tt is the plane x = t and the two 
quadrics touch tt at points in the planes y + z = Oandy —z = 0 respectively. 

11. A twisted cubic c and two of its tangents a, b are given, and a trans¬ 
versal p of o and b varies in such a way that the two remaining tangents 
to c which meet it are coincident. If p does not meet c, prove that it lies on a 

certain fixed quadric through a and b. 

12. If p, q are chords and A,B,C,D are points of a twisted cubic c, prove 

that p(A, B, C,D) A q{A, B, C,D). Explain how the result is to bo inter¬ 
preted when p or q passes through one of the four points A, B, C, D, and also 

when p or q is a tangent to c. ^ , , , TT 

A skew quadrilateral is formed by a chord UV of c, the tangents to c at U 
and V, and the line of intersection of the osculating planes at these points. 
If l, m are the diagonals of the quadrilateral, prove that every chord of c 
which meets l also meets m, and that its points of intersection with these 

lines are separated harmonically by its end-points on c. 

13. Show that any plane cubic curve with a double point can be regarded 
as the projection of a twisted cubic, and deduce that it has three points of 

inflexion, which are collinear. . . r 

Prove that the node and the line of collineanty of the three points of 

inflexion are harmonic pole and polar with respect to the triangle formed by 

the three inflexional tangents. . „ , ... •* 

[Hint. Represent the plane cubic parametrically by writing its equation 

in the form xyz-u,(x,y) = 0, where u,(x,y) is a cubic polynomial, and 

puttmgy c^ic c jn affine s p aC e passes through the origin of coordi¬ 

nates O and has asymptotes parallel to the axes OX OY OZ .Show that 
it has parametric equations of the form X = a8H8-<x), Y - b8/(8 fi), 
Z = c9l(6—y), and find the equations of its asymptotes. 

Prove that the plane uX+vY+wZ = p meets c and its asymptotes in two 
triads of points with the same centroid {X 0 ,Y 0 , Z 0 ), given by 

3 uX 0 = p + (auf$ + bva)l{f$— a) + (auy-\- cw<x)/(y—<x) 

and two similar equations; and deduce that the locus of centroids of triads 
of points cut on c by a system of parallel planes is a straight line. 

15. A system of parallel planes cuts a system of triangles on a gi ven twisted 
cubic Prove that the circumcentres of the triangles lie on a lino and the 
orthocentres lie on another line. Deduce that the locus of centroids is also 

& 16° Show that if there exists one triad of mutually perpendicular chords 
OP OQ, OR of a twisted cubic c, then there exists an infinity of such triads 
through O. Prove that, when this is the case, all the planes PQR meet the 
normal plane of c at O in the same fixed line. 
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17. A twisted cubic c passes through the vertices of a tetrahedron ABCD 
which is self-polar for a quadric tp. Prove that every point of c is one vertex 
of a tetrahedron inscribed in c and self-polar for ip. 

If P, Q are any two points of a twisted cubic c which has three perpen¬ 
dicular asymptotes, and X, Y, Z are the points of intersection of c with a 
plane perpendicular to PQ, prove that each of the tetrahedra PXYZ and 
QXYZ has three pairs of opposite edges at right angles. 

18. Show that a rectangular twisted cubic c (one with three mutually 
perpendicular asymptotes) contains an infinity of sets of six points such that 
the plane of any three points of a set is perpendicular to the plane of the 
other three. [Hint. Take a general quadric Q which meets t in a conic 
outpolar for ft, and consider the six points in which it meets c. A plane-pair 
which contains these six points is a quadric of the system 

and it therefore meets 1 in a conic outpolar for ft.] 

19. Verify that the (non-singular) cubic surface whose equation is 

*o*i(*o+*i) = *2 ^3(^2+*3) 

possesses the parametric representation 

x 0 : X x : x 2 : x 3 = x(z 2 —xy ): y{x 2 —yz) : x(y 2 —zx) : y(z 2 —xij), 

and that the plane sections of the surface are represented in the ( x , y , z) 
plane by cubic curves through the three vertices of the triangle of reference 
and the three points (1,1,1), (l,a>,ct» 2 ), (1 ,oi 2 ,oj), where to is a complex cube 
root of unity. 

20. By resolving the left-hand side of the equation x 2 -\-y 2 -\-z 2 -\-t 2 = 0 
into a sum of products of linear factors in three different ways, obtain the 
equations of the twenty-seven lines on the cubic surface which the equation 
represents. 

21. Show that the four-nodal cubic surface l/x 0 -j- 1 jx x + l/x 2 + l/#s = ® 
can be transformed into a plane by the reciprocal transformation, and hence 
obtain its plane parametric representation. 

Show that the surface contains nine lines, of which six arc the joins of the 
nodes, while the remaining three form a triangle. 

22. Show that the cubic scroll whose equation is x 0 x\ = x 2 x\ has the plane 
representation x 0 :x l :x 2 :x a — y 2 \z 2 \zx\xy, and find the representation in the 
(x,y,z) plane of (a) the generating lines of the surface, and (6) the double 
line and the simple line on the surface which are met by all the generators. 



CHAPTER XIII 

LINEAR SYSTEMS OF QUADRICS 

The theory of linear systems of quadrics, as we might expect, is 
very similar to the corresponding theory for conics but more com¬ 
plicated. In this chapter we shall present the theory in outline 
only, introducing the main ideas but not going into detailed dis¬ 
cussion of all possible special cases. We deal first with the two 
oo 1 systems, the pencil of loci and the range of envelopes, and then 
we say something about the oo 2 linear system, or net, of quadric loci. 

§ 1. Pencils of Quadrics 

Let S , S' be two linearly independent quadratic forms in ar„, x lt 
x 2i x 3 . Then the equations S = 0, S' = 0 represent two quadric 
loci i/j, i p', and for every value of A the equation S+XS' = 0 repre¬ 
sents a quadric ip\ which passes through all the common points of 
if; and <//. Such a system of oo 1 quadrics is called a pencil , and it 
has the property that there is a unique quadric of the system 
through any given point which is not common to </r and 

The points which are common to all quadrics of the pencil are 
simply the points which make up the curve of intersection of </r 
and «£', and this curve is referred to as the base curve of the pencil. 
Since «/r and ip' each meet a given general plane in a conic, and two 
conics have four points in common, the base curve is met by a 
general plane in four points, i.e. it is a quartic curve C 4 . We do 
not assert that this quartic curve is proper, and it will soon appear 
that it can break up, even in cases which are by no means trivial. 
The quadrics ^ and <£' might, for instance, be two proper quadrics 
with four generators in common, and then C 4 would be a skew quad¬ 
rilateral. We do, however, wish to exclude trivial cases—for 
example the one which arises when ip and ip' are plane-pairs with 

one plane in common. . 

A general plane tt, then, cuts the base curve C in four points, and 

it therefore cuts every quadric of the pencil in a conic through these 
four points. In other words, a pencil of quadrics is cut by a general 

plane in a pencil of conics. 

For the quadric «/» A to be degenerate, A must be a root of the quartic 
equation |A+AA'| = 0. If the four roots are distinct, we say that 
the pencil is general , and for the present we shall confine our 
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attention to such pencils. A general pencil, then, contains precisely 
four cones * t - ( i = 1 ,..., 4) with vertices V if say. If i ^ j, the points 
V it Vj are conjugate for both k { and K jy i.e. for two quadrics of the 
pencil, and therefore for every quadric of the pencil. Thus the 
four points V { are such that each is conjugate to all the others, and 
the polar plane of each, for every quadric of the pencil, is the plane 
of the other three. It follows that the four points are not coplanar; 
for, if they were, their plane would touch every quadric ip\ at the 
four points V { . Thus the points V t are the vertices of a proper tetra¬ 
hedron , self-polar for every quadric of the pencil. 

Exercise. Prove directly that the four points V i are linearly independent. 
[Hint. The original quadrics ip, ip' may be taken to be proper quadrics, and 
the equation (A—AA')x = 0 is then equivalent to A /-1 Ax = Ax. Now 
apply the algebraic theorem given in Chapter XIV, Exercise 16.] 

By taking V x V 2 V 3 V A as tetrahedron of reference and choosing the 
unit point suitably, we can reduce the equation of the general 
pencil to the form 

The values of A which correspond to the four cones are — a 0 , —a v 
—a 2 , —a 3 , and the four numbers a i are therefore all different. It 
is at once apparent from the above equation that the vertices of the 
four cones are the vertices of a common self-polar tetrahedron; 
and we see further that the common self-polar tetrahedron of a 
general pencil is unique. 

The pencil of conics in which the plane x 0 = 0 is cut by the 
quadrics is given by 

a: 0 = 0 = (a, 1 -\-\)x\-\-(a 2 -\-\)x2-\-(a' i -\-X)x\ i 
and the base points of this pencil are accordingly the four points 

{0, V( a 2~ fl 3)» ±V( a 3~ a i)> d=V( a i— a 2)}* 

In this way we obtain the coordinates of the sixteen points in which 
the base curve C 4 cuts the faces of the tetrahedron of reference. 
Many other properties of C 4 are equally easy to derive, and we now 
give a few examples. 

(i) At each of its points, C x has a well-defined tangent line, the 
axis of the pencil of tangent planes to the quadrics tf/\ at this point. 
If the point is {y 0 , y lt y 2 , y 3 ), the equations of the tangent line may 
be written 3 3 

%a i y i x i = 0 = 

»«=o »=o 
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(ii) Any tangent plane to a quadric ip x at a point of C 4 clearly 
touches C 4 . If, now, <p x is one of the four cones #<<, any tangent plane 
to touches k,. all along a generator. But the generator meets C 
in two points (since the plane determined by any two generators 
has four points in common with C 4 ) and the corresponding tangent 
plane to must touch C 4 at each of these points. Thus C 4 lias four 
families of oo 1 bitangent planes. This may also be inferred from the 
fact that a tangent plane to K t cuts the quadncs f x in a pencil o 
conics containing a repeated line, i.e. a double-contact pencil of 


conics. 

(iii) Since C 4 has the equations 

i a = 0 = 2 x l 

i=0 i=0 

we see that if ( y 0 , y lt y» y 3 ) ^es on then the ei S hfc P oints 

(2/o» ±2/i> ± 2 / 3 ) 

all he on C 4 . This means that C 4 is invariant with respect to the 
group of eight collineations 

x 0 ± X X ± x 2 ± x 3 ' 

a group comprising the identical collineation c, four harmonic 
homologies, and three harmonic biaxial collineations (cf. p. 3o0). 

(iv) Suppose l is a chord of C 4 , meeting the curve in A and B. 
If p is a general point of l, there is a unique value of A for which 
passes through P, and there is therefore a unique quadric & of the 
pencil which has l as a generator. Conversely, provided C is a 
proper quartic curve, any generator of a quadric of the pencil is a 
chord of C 4 . Tor the plane of a pair of generators of cuts C in 
four points; and unless these points lie two on each generator, one 
generator cuts C 4 in three points and therefore lies wholly on every 
quadric of the pencil—which contradicts the hypothesis that the 
base curve C 4 does not break up. We see then that the chords of 
C* are the generators of the quadrics </>a- 14 follows immediately 
that C 4 has two chords through a general point of space , namely the 
two generators of the unique quadric i/> A that passes through the 

point. 

General properties of a pencil of quadrics 

We now leave the base curve C 4 , and pass on to the consideration 
of the pencil of quadrics itself. We have first of all four theorems 
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which are obvious generalizations of the corresponding theorems 
of Chapter VII. 

theorem 1 ( Desargues's Theorem). A general line of space is met 
by the quadrics of a pencil in pairs of points in involution. 

The proof is formally the same as that of Theorem 1 of Chapter 
VII. We have also the corollary that there are two quadrics of a 
pencil which touch a given line, their points of contact being the 
united points of the Desargues involution. 

Since, further, the quadrics cut a general plane in the conics of 
a pencil, there are three of the quadrics which touch a given plane. 
Their points of contact are the vertices of the three line-pairs of 
the pencil of conics. 

theorem 2. The polar planes of a fixed point P with respect to 
the quadrics of a pencil all pass through a fixed line & P . 

This theorem is an immediate consequence of the linearity in 
the parameter A of the equation £-j-A*S" = 0. 

The lines d P corresponding to the different points P of space are 
called the axes of the pencil. Since there are oo 4 lines of space but 
only oo 3 points, not every line is an axis of a given pencil, t 

theorem 3. If l is a fixed line , the polar lines l\ of l with respect 
to the quadrics ifi x and the axes & P of the different points P of l form the 
two systems of generators of a quadric <f> lf and this quadric passes 
through the vertices of the cones of the pencil (0 A ). 

Proof . Take two points A , B arbitrarily on l. Then the equations 
of their polar planes with respect to ip x may be written 

<*A = a+Aa' = 0, = 0+A/J' = 0; 

and, as A varies, the two planes describe homographic pencils with 
axes & A , & B . Their line of intersection l\ therefore describes a 
regulus, and the axes & A , & B belong to the complementary regulus. 
Since the polar line of l with respect to the cone k { passes through 
the vertex V £ of this cone, the quadric <f> t which contains the two 
reguli passes through the four points V { . 

Exercise. Show that an exceptional case occurs when l is itself an axis 
d Po , and that in this case <f> l is a cone with vertex P 0 . 

theorem 4. The poles of a fixed plane tt with respect to the quadrics 
of a pencil all lie on a fixed twisted cubic , which passes through the 
vertices of the four cones. 

f The system of oo* axes is a tetrahedral complex—see p. 374. 
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Proof. Take three points A, B, C arbitrarily in tt. Then the pole 
of tt for *p\ is the common point of the polar planes of A, B , C, 
and as A varies these polar planes describe homographic pencils 
with axes & A ,d B ,d c - The locus of P oles is therefore a twisted cubic 
curve; and since the pole of tt for is V t , this cubic contains the four 

points 


COROLLARY. The oo 2 axes 9 P of the points P of n are the co 2 


chords of the twisted cubic. 


Special types of pencil 

So far we have had in mind primarily the general pencil. When 
the roots of the quartic equation |A-fAA'| = 0 are not ah distinct 
the pencil is said to be special; and there are many special types of 
pencil, corresponding to different modes of coincidence of the 
roots. We do not propose to examine all these types,f and shall 
confine our attention to the ones which are of particular geometrical 

interest. . _ .. 

We shall also leave the reader to look into the modifications 

that have to be made in the preceding general theory when the 

pencil concerned is of one of the special types. 

Type 1: The simple-contact pencil 

Suppose 0 and «£' touch at a single point A. Any general plane 
through A then cuts ^ and 0' in conics which touch at A and have 
two further points of intersection. The plane therefore meets C 
in A (twice) and in two other points; and this means that A is a 

double point of C 4 . v 

If we take A as X 0 and three other points of 6 as A x , A 2 , a 3 , 

then ip and«/»' both circumscribe the tetrahedron of reference. Since 

they have the same tangent plane at X 0 , their equations may be 

written as 

S = a i3 x i x 3 -pa zl x 3 x l +a li x l x 2 -\-x 0 {p 1 x 1 -\- p 2 x 2 -\-p 3 x 3 ) = 0 
and 

S' = a^x 2 x s ^a , 91 x z x 1 +(^2 x i x t+ x o(Pi x i^-Pz x i~^P^ x ^ = °* 

Thus 

S— S' = (a 23 — a l*l X 2 X Z+( a Z\ — ' a 3l) X 3 X l+( a i2— a i2) X l X 2> 
and the pencil contains a cone k x with vertex X 0 , i.e. A. If we now 

t For an exhaustive classification see Todd, Projective and Analytical Geometry. 
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take this cone in place of the quadric \p' and change the unit point 
suitably, we can put the equation of the pencil in the form 


{a 2 3 + *) X 2 X 3+( a 31 + *) X 3 X l+( a i2 + *) X l X 2 + 



X 0 X 1 ® 02 X 0 X 2 d” ®03 X 0 X 3 



The condition for degeneracy is now 


0 a 0 1 





a 0 1 0 

a 02 a i2 0 a 23~h^ 

a 03 a 31"h^ a 23~h^ 0 

This is a quartic equation in A with apparent degree 2, and it 
therefore has oo as a double root. In other words, the cone with 
vertex A counts twice in the set of four cones of the pencil. The 
pencil has no common self-polar tetrahedron. 


If the quadrics ip and «/»' which define a pencil (ipx) have two 
distinct points of contact A , B, the base curve C 4 must have each 
of these points as a double point. It follows at once that C 4 breaks 
up in some way; for if P is any point of C 4 , other than A and B , 
the plane A BP cuts the quartic curve in five points and therefore 
contains a whole component of it. If this component is a conic, the 
residual component is also a conic; while if it is a line, the residual 
component is a twisted cubic, proper or degenerate. We shall 
consider first of all the case in which C x consists of two proper 
conics, lying in different planes but meeting in two points A , B. 
Such pencils do in fact exist, for we can obtain one by taking an 
arbitrary quadric for tp and a plane-pair for ip'. Since the tangent 
lines at A and B to both conics touch every quadric of the pencil, 
all the quadrics have a common tangent plane at A and also at B , 
i.e. they have double contact. We have, then: 


Type 2: The double-contact pencil whose base is a pair of conics 
By taking A, B as X lf X 2 , the poles of AB for the two conics as 
X 0 , X 3 , and a suitable point E as unit point, we can put the equa¬ 
tions of the two conics in the forms 


x\—x 1 x 2 = 0 = x 3 and 


x\—x 1 x 2 


= 0 = x, 


respectively. A general quadric through these two curves then 
has an equation which may be expressed indifferently in the two 

forms x 2 _ x 1 x 2 +x z (*i i x fi +a 1 x 1 + « 8 :r 2 +03 ar 3 ) = 0 

and x\—x 1 x 2 +x 0 {P 0 x 0 -f ^ /3 2 x 2 +fi 3 x 3 ) = 0, 
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and the equation may therefore be written 

Xq-\-xI—x 1 x 2 -\-2Xx 0 x 3 = 0 . 

The discriminant of the quadratic form is J(A 2 -1), and the de¬ 
generate quadrics of the pencil are accordingly given by A - . 

A = 1, and A = oo (twice). They are the two proper cones 

(x 0 —x 3 ) 2 —x 3 x 2 = 0 and (x 0 +x 3 ) 2 —x 1 x 2 = 0, 

and the plane-pair x 0 x 3 = 0 (the pair of planes of the conics) which 
counts twice. The vertices of the cones are clearly the points 
(1,0,0,1) and (1,0, 0,-1), and they he on X 0 X 3 and separa 

X Qy X 3 harmonically. 



For any non-zero value of the arbitrary constant k, the equation 
of the general quadric of the pencil can be written in the form 

(l+A)(x 0 +*3) 2 +( 1 -A)(*o-^) 2 -i^i+^ )2_(a:i_i '' :ri!)2} = °‘ 

Thus the tetrahedron formed by the four planes x 0 ±x 3 = 0, 
* + kx, = 0 is a common self-polar tetrahedron for all the quadncs 

of the pencil. The pencil possesses therefore co 1 such common se 
polar tetrahedra, each of which has the vertices of the two cones 
as two of its vertices, while the remaining two are any pair of points 
of the chord of contact which separate A, B harmonically. 

Now suppose we begin with an arbitrary pair of conics K k 2 , 
lying in different planes but having two points A, Bin common. 
We can make a quadric contain both conics by making it pass 
through A and B and three further points of each conic-eight 
points in all. The quadrics through k 1 and k 2 thus form a pencil of 
type 2, and so we have the theorem: 

THEOREM 5 If two ccmics in apace meet in two points , then there 
exist two other points from each of which they are in perspective. 
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Type 3: The double-contact pencil whose base is a twisted cubic and 
one of its chords 

As we saw on p. 332, two quadrics which touch at A and B may 
have as their curve of intersection the line AB together with a 
twisted cubic through A and B. That this case can actually arise 
has been shown in the previous chapter (p. 307) and it is clear that 
the equation of the corresponding pencil may be expressed in the 

form Q l +XQ 3 = x\—x 0 x 2 +\(xl—x x x 3 ) = 0. 

The condition for degeneracy gives A = 0 (twice) and A = oo 
(twice). The pencil therefore has two cones—the quadrics Q r and 
Qa —each of which is to be counted twice. 

Type 4: The pencil with a base quadrilateral 

If the twisted cubic breaks up into three lines, we obtain a still 
more special pencil whose base is a skew quadrilateral. Such a 
pencil is the system of all quadrics with two given common u- 
generators and two given common v-generators. Its equation may 
be written (cf. p. 275) 

x 0 x 3 —Xx 1 x 2 = 0; 

and the degenerate members are the plane-pairs x 0 = 0, x 3 = 0 
and x 1 = 0, x 2 = 0, each counted twice. 

Type 5: The ring-contact pencil 

Another way in which the curve C 4 can degenerate is by becoming 
a repeated conic k, lying in a plane tt, say. In this case, if S = 0 is 
the equation of any one quadric of the pencil, the equation of a 
general member can be written 

S -\-Xtt 2 = 0. 

The quadrics all touch at every point of k , and we say that they 
have ring contact along k. If P 0 is the pole of tt for S, it is conjugate 
to every point of tt for two quadrics of the pencil, namely S and tt 2 , 
and therefore for every quadric. If P 2 P 3 is any triangle self-polar 
for k, then B 0 P 1 P 2 P 3 is clearly a common self-polar tetrahedron for 
the pencil, which accordingly possesses oo 3 common self-polar 
tetrahedra. If such a tetrahedron is taken as tetrahedron of 
reference, the equation of the pencil may be written in the form 

Xxo+xl+x 2 -\-x 2 = o, 

and it follows that the degenerate quadrics are the repeated plane 
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it 2 , counted three times, and the proper cone x\+x\+x\ = 0. This 
cone is, of course, the enveloping cone of the system. 

§2. Ranges of Quadrics 

Two distinct quadric envelopes ip and \p\ represented by equa¬ 
tions 2 = 0 and 2' = 0, determine an oo 1 linear system of quadric 
envelopes, or range of quadrics, the system of all quadrics having a 
plane-equation of the form 

2+A2' = 0. 

From a general point of space, enveloping cones can be drawn to 
«/» and «/»', and these cones have four common tangent planes. Since 
«/»and ip' are both systems of oo 2 tangent planes, they have co 1 planes 
in common, and these common planes form a developable S 4 of 
class 4, the base developable of the range. The range of quadrics 
is, of course, the space-dual of the pencil, and the developable 8 4 

is dual to the base quartic curve C 4 of the pencil. 

A range of quadrics has four degenerate members, in general 
four distinct disk quadrics; but in particular cases either one or 
two of these disk quadrics may degenerate further, and it then 
counts multiply in the set of four degenerate quadrics. 

We say that a range is general when the four degenerate quadrics 
are all distinct. The planes of the four disk quadrics then form a 
proper tetrahedron, which is self-polar for every quadric of the 

range. 

The general properties of ranges of quadrics may be written down 
by dualizing the corresponding properties of pencils, and we shall 
confine ourselves to a brief summary of the results. 

First of all, Desargues’s Theorem states that the pairs of tangent 
planes from a given fine to the quadrics of a range all belong to an 
involution pencil of planes. And with this we may couple the result 
that the enveloping cones drawn from a given point P to the 
quadrics of a range form a range of cones (in the star with vertex R). 

The poles of a fixed plane tt with respect to the quadrics of a 
range all lie on a line & n , called an axis of the range. 

The polar lines of a fixed line l form a regulus; and the axes of 
the planes through l make up the complementary regulus. 

Finally, the polar planes of a fixed point P all belong to a cubic 
developable, which contains the planes of the four disk quadrics 

of the range. 
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Special ranges 

Each of the special types of pencil considered above gives rise, 
by duality, to a correspondingly special type of range. The pencil 
with a base quadrilateral (type 4) and the ring-contact pencil 
(type 5) are evidently self-dual systems, as may easily be verified 
algebraically. The double-contact range dual to the pencil of type 
2 is perhaps worthy of mention. It consists of all quadrics which 
touch all the tangent planes of two given cones which have two 
tangent planes in common. 


§ 3. Affine and Euclidean Specializations 

A general plane is touched by three quadrics of any pencil and 
by one quadric of any range; and by taking the plane to be the plane 
at infinity i we see at once that a pencil of quadrics in affine space 
in general contains three paraboloids (of which either one is real 
or all three are real), while a range of quadrics contains one (real) 
paraboloid. The centre-locus of a pencil is a twisted cubic curve, 
while the centre-locus of a range is a line. 

In euclidean space we have one very special kind of pencil of 
quadrics, namely the coaxal system of spheres, obtained by rotating 
a coaxal system of circles about its line of centres. This is a double¬ 
contact pencil of type 2, the two common conics being the absolute 
conic Q. and the circle (real or virtual) traced out by the common 
points of the coaxal circles. This circle meets fl, of course, in the 
two absolute points in its plane. 

Confocal quadrics 

The theory of confocal quadrics is very similar to the theory of 
confocal conics, given in Chapter VII. In the present section we 
shall state the main results for quadrics, emphasizing the points 
of difference between confocal quadrics and confocal conics, and 
omitting proofs wherever the reader should be able to construct 
them by analogy with what has gone before. 

A confocal system of conics can be defined, it will be remembered, 
in either of two ways: as the system of all conics which have the 
same foci as a given fixed conic, or as a range of conics which has 
the absolute point-pair Q as one member. In the case of quadrics 
we naturally choose a definition of the second kind, since in elemen¬ 
tary geometry there is no obvious analogue for quadrics of the foci 
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of a conic. A confocal system of quadrics, then, is a range 
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Z+A Q = 0, 

where Q represents the absolute disk quadric. It is easily seen that 
there are two distinct types of confocal system, one consisting 
entirely of central quadrics and the other of paraboloids. It will 
be sufficient here to consider confocal central quadncs. 

Using non-homogeneous rectangular cartesian coordinates 
(X, Y y Z), let us take the ellipsoid ip whose equation is 


a 2 ^b 2 ^ 


Z 2 

c 2 


1 


( a 2 > 6 2 > c 2 ). 


The plane-equation of ip is then 

a*U 2 +b 2 V 2 +c 2 W 2 = 1, 


and the plane-equation of a general quadric confocal with ip is 
therefore ( a 2 -f A)U 2 -f(6 2 +A)F 2 +(c 2 -|-A)ir 2 = 1. 

The confocal system determined by ip is thus given by the point- 
equation Y 2 Z 2 


+ 


+ 


a 2 +A 1 6 2 +A 1 c 2 -f A 


= 1 . 


It may now be shown (cf. p. 167) that if P is a general point of 
space, three quadrics of the family pass through P, and the para¬ 
meters of these quadrics are all real. The quadrics are of different 
types, one being an ellipsoid, one a hyperboloid of one sheet, and 

the third a hyperboloid of two sheets. 

The values of A which correspond to degenerate quadrics of the 
range are —a 2 , — ft 2 , — c 2 , oo. The value oo gives Q itself, while 
the other three values give the three focal conics f ly f 2 , / 3 , one of 
which lies in each of the three principal planes of ip. The point- 
equations of these focgd conics are plainly 


Y 2 Z 2 

a 2 — b 2 ~~ a 2 —c 2 

X 2 Z 2 

a 2 — b 2 b 2 —c 2 



Y 2 

b 2 -c 2 



and the focal conics are respectively a virtual conic, a hyperbola, 
and an ellipse. 

6304 Z 
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If l is a given line, there are just two confocals which touch Z, 
and their tangent planes at the points of contact are the united 
planes of the involution of pairs of tangent planes drawn from Z 
to the quadrics. Since these two planes are conjugate for Q, they 
are perpendicular (cf. p. 167). 

Now let P be a general point of space, and let 7 r v ir 2 , rr 3 be the 
tangent planes at P to the three confocals </q, ip 2 , which pass 
through P. The line tt 2 i r 3 is clearly a tangent line to ip 2 and 0 3 , so 
that these are the two confocals which touch it. It now follows 
from what was said immediately above that n 2 and tt 3 are perpen¬ 
dicular; and hence, by symmetry, ir lt n 2f v 3 form an orthogonal 
trihedral of planes. This gives us the important orthogonality 
property of confocal quadrics: the three quadrics of a confocal system 
which pass through a point cut each other orthogonally. The reader 
will easily verify that, further, the planes 7 r lt tt 2 , tt 3 are the common 
principal planes of the range of enveloping cones drawn from P 
to the quadrics of the system. 

If, finally, we take a general plane 7 t, the poles of 77 for the various 
confocals all lie on the corresponding axis & n , and since contains 
the pole of tt with respect to II it is normal to n. It is, of course, the 
normal, drawn at the point of contact, to the unique confocal 
which touches tt. Conversely, if a line is normal to some confocal 
ipx, it is an axis of the confocal system, namely the axis of the 
tangent plane to «/»^ at its foot. Many geometrical properties of 
the confocal system can be obtained by considering the system 
of axes Since this system of lines is a tetrahedral complex, 
further discussion of its properties is best deferred to Chapter XV, 

where other tetrahedral complexes will be dealt with at the same 
time. 

Foci of a quadric 

As we have already remarked, there is no definition of focus of a 
quadric as natural as that of focus of a conic; but it is nevertheless 
possible to generalize the familiar notion in various ways. Whatever 
method we use, the points that we are led to regard as foci of a 
quadric ifr are all the points of the three focal conics belonging to 
the confocal system determined by ifi. A quadric thus has an infinite 
number of foci. For a discussion of the properties of these points, 
the reader is referred to Sommerville, Analytical Geometry of Three 
Dimensions (Cambridge, 1934), chapter xii. 



Xin, §3 AFFINE AND EUCLIDEAN SPECIALIZATIONS 339 
Exercises 

(i) A focus of a quadric tp may be defined as (a) any point which lies on 
one of the focal conics of tp, or (6) a point such that the tangent cone from it 
to tp is right circular (a cone of revolution), or (c) a point-sphere which has 
double contact with tp. Prove that the three definitions are equivalent. 

(ii) If F is a focus of a quadric tp, show that there exist two planes tt x , tt % 
and a co ns tant k such that tp is the locus of a point P for which 

FP 1 = kPN x . PN t , 

where N lt N t are the feet of the perpendiculars from P on to t t x and tt 2 . 


§4. Linear Nets of Quadric Loci 

We now turn to the net , or doubly infinite linear system of quadric 
loci. If S Y = 0, S 2 = 0, S 3 = 0 are the equations of three linearly 
independent quadric loci, the oo 2 quadric loci with equations of the 
forms vS 3 = 0 are said to form a linear net. Since the 

three equations = 0 are all quadratic in the coordinates x,y,z,t 
they will in general have eight common solutions; and this means 
that the general net has eight base points A x ,..., A Q , common to 
every quadric of the system. When it is special, of course, a net 
may have a different kind of base. Thus the net of quadrics intro¬ 
duced on p. 296 has a twisted cubic curve as base; and there also 
exist nets with less than eight distinct base points. That nets do 
in fact exist with exactly eight base points is seen at once by con¬ 
sidering the net determined by three general plane-pairs. 

Exercise. Show that the following systems are nets: 

(i) the set of all quadrics through a conic and two general points; 

(ii) the set of all quadrics through a line and four general points. 


Eight associated points 

Consider a net whose base consists of eight distinct points 
A lt ...,A 8 . Each of these points, taken by itself, imposes a linear 
condition on a quadric which is required to pass through it, but the 
eight linear conditions so obtained need not be independent. 
Indeed they cannot be; for quadrics subject to eight linearly inde¬ 
pendent linear conditions constitute a linear system with one 
degree of freedom only—i.e. a pencil, and not a net. Seven general 
points of space, on the other hand, do in general impose seven 
linearly independent conditions on quadrics required to contain 
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them; and such quadrics therefore form a net whose base includes 
the seven given points. We thus have the theorem: 

theorem 6. If seven points of space impose linearly independent 
conditions on quadrics required to contain them then the set of all 
quadrics through them is a net. The quadrics of the net may all pass 
through an eighth point, which completes the base, or they may pass 
through a curve which, with those of the original seven points which 
do not lie on it, makes up the complete base of the net. 

In the general case any seven of the eight points A ly ...,A 8 deter¬ 
mine the net of quadrics and, in consequence, the eighth point. 
The points are therefore symmetrically related, and we say that 
they form a set of eight associated points. We naturally wish to be 
able to decide whether eight given points of space do or do not form 
such a set, and the following theorem provides a convenient 
algebraic criterion. 

theorem 7. A necessary and sufficient condition for k points to 
impose less than k linearly independent conditions on quadrics 
required to contain them is that the squares of their plane-equations 
should be linearly dependent. 

Proof. Let the points have equations 

Pi — wci+vyi+wzi+pti =0 {i = 1 

The condition for the quadric 

S = ( a,b,c,d,f,g,h,l,m,n\x,y,z,t ) 2 = 0 

to contain P, may be written S t = 0; and the conditions imposed 
by the k points fail to be independent if and only if there exist 

k 

constants not all zero, such that T \8i = 0, identically 

i = l 

in a,b,...,n. But this identity is equivalent to the ten equations 

2 A,-*? = 0,..., y \ tiZi = 0, and these are in turn equivalent to 
i i 

the single identity 

k 

2 KiuXi+vyt+wzt+pti)* = 0 

t = l 

in u, v, w, p. The theorem is thus completely proved. 

corollary 1. If a set of eight points P x ,...,P 8i but no subset of 
seven of the eight, is such that the squares of the plane-equations of the 
points are linearly dependent, then P lt ..., P s are either associated or 
lie on a twisted cubic; and conversely. 



341 


Xin.§4 LINEAR NETS OF QUADRIC LOCI 

COROLLARY 2. If the vertices of two tetrahedra form a set of eight 
associated points , there exists a quadric for which the two tetrahedra 
are self-polar {cf. Chapter VIII, Theorem 8, Corollary 1). 

THEOREM 8. The twisted cubic through any six of a set of eight 
associated points has the line joining the remaining two as a chord. 

Proof. Let A Xi ...,A s be associated, and let B be a general point 
oIA x A 2 . Then quadrics through A v ..., A 6 form a net, and quadrics 
through A ly ... } A 8 , B therefore form a pencil. But since all these 
latter quadrics have the line A X A 2 B as a common generator, their 
residual intersection is a twisted cubic—the unique twisted cubic 
through A 3 ,...,A 8 —and this cubic therefore has A X A 2 as a chord. 

The mode of argument used here is very general, and it is worth 
giving a second illustration of its use. There is, in general, a unique 
quadric of the net through A Xy ...,A 8 which contains both the lines 
A X A 2 and A 3 A 4 ; and the generators of the opposite system of this 
quadric which are drawn through ri 5 ,...,ri 8 meet the first two 
generators in related ranges. Hence. 

THEOREM 9. If eight points A Xi ... y A 8 are associated , the trans¬ 
versals drawn to A x A 2 and A 3 A 4 {if these are skew) from A 5 , A 6 , A 7 , 
A 8 are generators of a quadric. The four points A b , A 6t A 7 , A 8 subtend 
related pencils of planes with axes A x A 2 and A z A 4 . 

General properties of a net of quadrics 

We shall conclude this chapter by discussing briefly some of the 
general properties of nets of quadrics. We consider for simplicity 
a net (£) with eight distinct base points, given by 

S = \S x -\- pS 2 -\-vS 3 = o. 

The necessary modifications for more special nets are often simple, 

however, and the reader will be able to supply them. 

The parameters (A, p, v) may be looked upon as homogeneous 
coordinates of S in the net, and by taking them as coordinates of a 
point in a plane n we can define a one-one mapping of the quadrics 

of ( S ) on the points of n. 

Any two quadrics of ( S ) define a pencil of quadrics of the net, 
whose members are represented in tt by the points of a line. Thus, 
for example, the quadrics of (S) which pass through a general fixed 
point P form the pencil which corresponds to the line 

X(S 1 )pp+n{S 2 )pp+v{S 3 )pp = 0 
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in 7 r; and we see at once that there is a unique quadric of the net 
through two general points of space. 

The net contains oo 1 cones, namely all those quadrics S whose 
coordinates satisfy the quartic equation \\A 1 +pA 2 +vA 3 \ = 0 ; 
and the cones of the net are accordingly represented in 7 r by the 
points of a quartic curve D. The four points in which D is met by 
any line in tt represent the four cones in the corresponding pencil 
of quadrics. 

The locus of vertices of the oo 1 cones is a curve, called the Jacobian 
curve J of the net. Its equations are obtained by eliminating 
A, fi } v between the four equations 




The points of J are those points which lie on both the cubic surfaces 


djSjy S 2 , S 3 ) _ q 

d(x,y,z) ~ 


and 


8(S lt S 2 A) 

d{x, y, t) 



but not on all the three quadrics 

mA) _ o 


Since the three quadrics have as their common intersection a 
twisted cubic, J is the sextic curve which, with this cubic, makes 
up the complete intersection of the two cubic surfaces. Hence: 

theorem 10. The Jacobian curve of a general net of quadrics — 
the locus of vertices of cones of the net—is a sextic curve J, the residual 
intersection of two cubic surfaces through a twisted cubic curve; and 
the points of J are in (1,1) correspondence with those of the plane 
quartic curve D in tt which maps the cones of (S). 

The further development of the properties of the net ( S ) centres 
almost entirely, as might be expected, round the Jacobian curve J, 
and most of the important properties of the net can be expressed 
as properties of J. It is no part of our -purpose here to describe 
these developments in detail. This has been done, and in a manner 
which has ever inspired the utmost admiration, by Reye in his 
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Qeometrie der Laqe (second edition, Leipzig, 1882: Part II, Lecture 
27) and we shall content ourselves with referring to a few of his 
methods and results. 

The key to Reye’s development is the symmetrical correspon- 
dence, defined by the net (S), between points P, P* which are 
conjugate for all quadrics of the net. To a general point P corre¬ 
sponds a unique point P*. the common point of the polar planes 
of P with respect to S lt S 2 , S 3 \ but if P lies on J, so that it is a vertex 
of a cone of (S), the three polar planes in question meet in a fine l. 
This line is said to be an exceptional line of the correspondence, 
and P* can be any point of it. If we denote the correspondence 
by r, we may say that r is a (1, 1) involutory self-transformation of 
space, with the points of J and their associated lines as exceptional 

elements. 

It is easy to see that if P describes a general plane a, P* describes 
a cubic surface <f>, the locus of the point of intersection of correspond¬ 
ing planes of three collinear stars. Every such surface <j> passes 
through J, for the plane from which it arises has a point in common 

with every exceptional line. . 

Again, if P describes a general line l y P * describes a twisted 

cubic c, the locus of the point of intersection of corresponding 

planes of three homographic pencils; and this curve is evidently 

the residual base curve of the pencil of cubic surfaces <£ through J 

which correspond to planes through l. If, however, l meets J in 

one two, or three points, the curve corresponding to it is reduced 

to a conic, a line, or a single point. The point in the last case is a 

point of J y and the line is the corresponding exceptional hne. 

The exceptional lines of the correspondence r are thus identified 

as the trisecant lines of J. Three such lines, as may easily be shown, 

pass through a general point of J.. 

The quadrics of ( S) meet a general plane a in a net ( s) of conics. 
The Jacobian curve of (s), the locus of vertices of line-pairs, is 
plainly the locus of points in which a is touched by quadrics of {S) y 
and it is therefore the cubic curve j in which a is met by its corre¬ 
sponding surface <j>. 

The essential properties of the correspondence may be summed 
up in the following general theorem: 

theorem 11. A net of quadrics ( S ) determines an involutory 
(1,1) correspondence r of pairs of points P , P * of space which are 
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conjugate for every quadric of the set. In this correspondence, thepoints 
of J correspond exceptionally to lines, such lines being trisecant to J. 
To the planes of space correspond cubic surfaces through J, each of 
which meets its corresponding plane in the Jacobian curve of the net of 
conics in which the plane is met by ( S ). Finally , to a line of space 
corresponds either a twisted cubic (8 -secant to J), or a conic (5-secant 
to J), or a line (a chord of J), or a point of J, according as the number 
of points in which the original line meets J is 0, 1, 2, or 3. 

In conclusion, we refer again to the representation of the 
quadrics of ( S ) by the points of a plane n. In this representation, 
as we have already noticed, the quadrics of any pencil (S') contained 
in the net (S) are represented by the points of a line in n, the four 
cones of (S') being represented by the points of intersection of the 
line with the quartic curve D. Clearly any line which touches D 
represents a pencil (S') for which two of the four cones coincide, 
i.e. in general a simple-contact pencil of quadrics of (5). Such a 
pencil is formed by all the quadrics of (S) which pass through a 
given point of J. 

A double tangent of D , by the same argument, must represent 
a pencil (*S") in which the four cones coincide in pairs, i.e. a double¬ 
contact pencil, whose base is either a pair of conics which meet in 
two points or a twisted cubic and one of its chords. In general, a 
net (S) does not contain any plane-pairs; and when this is the case 
it cannot contain double-contact pencils of the first type; but, by 
Theorem 8 above, every line which joins two of the base points 
A ly ...,A 9 forms with the twisted cubic through the remaining six 
the base curve of a pencil (5") of the second type. In this way, then, 
we arrive at the following result: 

theorem 12. The quartic curve D has twenty-eight bitangents , 
which represent double-contact pencils in (*S), each of which has as 
base curve the line joining two of the points A lt ...,A 8 together with the 
twisted cubic through the remaining six of these points. 

EXERCISES ON CHAPTER XIII 

1. Show that the equation 

x 2 + y 2 + z 2 — t 2 + 2\{yz + zx + xy) = 0 

represents a pencil of quadrics of type 2 (p. 332). Find the plane-pair, the 
two proper cones, and the two base conics of the system. 

Find also the oo 1 common self-polar tetrahedra. 
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2. Give a dual interpretation of the results obtained in Exercise 1 for the 
range of quadrics whose equation is 

u * + v* + w 2 —p* + 2 \{vw+um + uv) = 0. 

sentation x . y . z . t _ (i-f0 2 ) s : 1 — 0 1 : 20(1 + 0 m ) : 20(1 0 )• 

Verify that this curve passes twice through the reference point T, in the 

di T Fi^d the" UiecommonVelf-polar tetrahedron of the two quad™ 
envelopes whose equations are 

u i + 2mc = 0, u» + 2v* + tr*-p* = 0. 

Find also the four disk quadrics of the range defined by these two quadr.c 
envelopes. common generator, show that 

a lln- ■ k *" <* " ””* 

quadric of the pencil defi y .. th res idual intersection of the cones 

tices of the two given ^te ^eratr of contact, and every point 

oi Of a cone of the penefi, and (U)if the vertices 

are coincident, all the cones of the pencil have the same vertex. 

Discuss the pencils whose equations are 

(i) xt—yz+Xzt = 0; 
yt — zX-\-y&t = 0 . 

6. A variable plane .—, 

planes. Show that, in gen , are in line; but that if s, and s 2 meet in 

four points of contact^mt or other of two fixe d points, lying in 

pTanL° wh,ch -e "harmonically conjugate with respect to the planes of 

s x and 8 2 . , . , 

Xf.and.amthecimles^b^ ^ = # = M _ 6 ,, 

fin 7 . Tl"r d e am fo^Tontt wWch aTto'cWby all the common tangent 

planes of the two quadrics 

X*/a* + Y'lb* = 2Z > X 2 + Y*-Z* - 1. 

F 1 d 4wtlLttTa a re°g"ven, and also a quadric * for which 1, » are polar 

srs&SrSsi 

is symmetrical. 
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9. If a general quadric ip is met by another quadric 0' in a proper quartic 
curve C\ show that C 4 is a (2, 2) curve on ifj. 

A correspondence between variable generators g, g' of the two reguli on 
ip is set up by making two generators correspond when they meet in a point 
of CK Show that the correspondence is (2,2) and algebraic, and also that 
every (2,2) algebraic correspondence between the two reguli arises in this 
way from a quartic curve cut on 0 by another quadric. 

By projecting C 4 on to an arbitrary plane n from the vertex of one of the 
cones of the pencil determined by 0 and 0', show that the cross ratio of the 
four critical generators g is equal to the cross ratio of the four critical gene- 
rators g , when the two tetrads are ordered suitably. 

10. If c is a plane cubic curve and A, B are two fixed points on it, show that 

the correspondence between rays through A and B respectively which 

meet on c is (2,2) and algebraic. Deduce the theorem that four tangents 

can be drawn to a plane cubic from a general point P of the curve and 

their cross ratio is independent of the choice of P. [Hint. Use the result 
proved in Exercise 9.] 

11. The quadrics of a given net have in common a set of eight associated 
points. Show that the centres of the quadrics of the net lie on a cubic surface 
through the mid points of the twenty-eight joins of the eight points. 

< ^ > ua< ^ r * cs the net have their centres at the other points 
in which the cubic surface meets the twenty-eight joins ? 

12. If Cl = 0 is the plane-equation of the absolute conic, and P = 0, 

Q — 0 are those of two points, show that the equation fl+APQ = 0 repre¬ 
sents a quadric of revolution with P, Q as principal foci, and D+AP a = 0 
represents a sphere with P as centre. 

The coordinate system being rectangular cartesian, find the general plane- 
equation or equations of 

(0 a quadric of revolution whose principal foci are the points ( ±a, 0,0); 

n) a qu ic which passes through the conic whose plane-equation is 

a 2 u 2 -fc 2 u; 3 = p*; 

(hi) a quadric of which this conic is a focal conic ; 

(iv) a circle of unit radius in the plane X+Y+Z = 0, with its centre at 
the origin; 

(v) the asymptotic cone of the quadric mu+wu + uv = ; 

(vi) a quadric inscribed in the cone whose point-equation is 

YZ+ZX+XY = 0. 

13. If the focal hyperbola of a confocal system of quadrics has equations 

2XY-\- Z* + 2Z+2 = 0 = X-\-Y, 
show that the focal ellipse of the same system has equations 

3X 2 + 2XY+3Y 3 —4 = 0 = Z+ 1. 

14. Show that a central quadric has six right circular enveloping cylinders, 
and that if the quadric is real at most two of the cylinders are real. 
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Find the equations of the two real right circular cylinders which envelop 
the quadric whose equation is 

X 2 /6 + F 2 /2 + Z 2 /l = 1, 

and verify that they are of radius V2. 

15. Show that the points of contact of a system of parallel tangent planes 

to the quadrics of a confocal system lie on a rectangular hyperbola. 

16 If l is the locus of poles of a plane it for the quadrics of a confocal 
system, prove that the normals to quadrics of the system which lie injr 
envelop a parabola, and that they are the polar lines of l for quadrics of the 

y Deduce that the points of contact of tangent planes from l to the confocals 
lie on a nodal cubic curve in tt (namely the pedal curve of the parabola from 

the point of intersection of l with 7r). _ 

17. Show that the equation in rectangular cartesian coordinates of any 

quadric with the point (X 0 , Y 0 , Z 0 ) as a focus is of the form 

(X-X 0 ) 2 + (F-F 0 ) 2 + (^- z o) 2 = LM, 

where L = 0 and AT = 0 are the equations of two planes. 

Discuss the position of the directrix line L = 0 = M when the quadric 
is the ellipsoid X 2 /a 2 + F 2 /6 2 + Z 2 /c 2 = 1 and the focus is a point of the 

18. Show that the polar planes of a general point P for the quadrics of a 
confocal system with centre 0 generate a cubic developable (dual of a twisted 
cubic curve) and that the three planes of this developable through any point 
of OP are mutually perpendicular. 

19 Show that the planes of parabolic section of a central quadric i/r which 
touch a quadric confocal with «£ all touch a sphere concentric with 

20. The coordinates being rectangular cartesian, find the plane-equation 
of the pair of absolute points in the plane aX + bY + cZ + d = 0. 

If this plane-equation is H = 0 and S = 0 is the plane-equation of an 
ellipsoid xl>, and if a source of light is placed so that </» throws a circular 
shadow on the given plane, show that every ellipsoid of the system 

E+AE = 0 ' 

also throws a circular shadow on this plane. 



CHAPTER XIV 


LINEAR TRANSFORMATIONS OF SPACE 

§ 1. Space Collineations 

If S 3 and £3 are two projective spaces, in which allowable repre¬ 
sentations 2? and 2%' have been chosen, an equation x' = Ax 
defines a linear transformation of the points of S 3 into the points 
of S 3t and such a transformation is called a space collineation. If 
the matrix A is singular, the points of S 3 transform into points 
of a certain proper submanifold of $ 3 , which may be a plane, a 
line, or a single point, according to the rank of A. This case is 
special and, as usual, we shall use the term ‘collineation’, unless 
otherwise stated, to mean ‘non-singular collineation’. We shall 
also confine ourselves to self-collineations of a single space S 3 , 
supposing always that S’ 3 coincides with S 3 and that the same 
representation is used as both 2ft and 2ft'. It will not be necessary 
to discuss the general properties of space collineations in great 
detail, since many of the results follow directly from the linearity 
of the transformation and may be proved by arguments similar to 
those already used in Chapter IX. 

theorem 1. Every space collineation m is a self-dual transforma - 
tion, which transforms points into points , lines into lines , and planes 
into planes. It is represented by equations 

x ' = Ax and u'= A~ ir u (|A| # 0), 
each of which determines the other. 

theorem 2. The set of all self-collineations of S 3 is a group , 
isomorphic with PGL{Z). 

theorem 3. There is a unique collineation which transforms five 
given points , no four of which are coplanar, into five given points , 
no four of which are coplanar; and dually , there is a unique collineation 
which transforms five given planes , no four of which are concurrent , 
into five given planes, no four of which are concurrent. 

As in the case of plane collineations, we can show that a given 
collineation transforms any range of points or pencil of planes into 
a homographically related range or pencil, and that it transforms 
any projectively generated manifold—for example a quadric or a 
twisted cubic into another manifold of the same kind. 
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Exercise. If -nr transforms a plane n into a plane n' t show that it sets up 
a plane collineation between tt and tt'. 

The united points of the collineation m whose equation is 
x ' _ Ax are those, points whose coordinate vectors are charac¬ 
teristic vectors of the matrix A. In general there are four isolated 
united points, but in particular cases there may be a line or even a 
plane of united points. The nature of the united points of m depends 
upon the algebraic properties of A. The various possibilities may 
be classified by elementary argument, using the rank-multiplicity 
relation P [\-\ I] > 4—as in ChapterIX; or alternatively the 

classification may be derived from the general theory of elemen¬ 
tary divisors.t There are considerably more possibilities than i 
the case of plane collineations, and it would be tedious to go into 
all the details of the classification. We shall accordingly select a 
few particularly important cases which are of geometrical interest. 
The other types of collineation may aU be regarded as specializations 

of those which we discuss. 

I. The general collineation 

In the general case the characteristic equation |A-AI| -Ohaa 
four distinct roots A 0 , Aj, A„ A,. Each of these roots being simple 
gives rise to an isolated united point; and smce the four points 
cannot be coplanarj we can take them as vertices of the tetrahedron 
of reference" The equations of the collineation then assume the 

canonical form 

Xq == 

= X x x lt 

X 2 = ^2 X 2» 

X 3 = ^3^3* 

Exercise Show that the ratios A 0 : A,: A a : A 3 may be interpreted *5 moduli 
of™ tomographies, and also that the point which corresponds to any 
assigned point P may be constructed by drawing suitable planes. 

II. The collineation with a line of united points and two 
isolated united points 

If the characteristic roots of A are A 0 , A 0 , A 2 , A 3 , with 

p[A—A 0 I] == 2, 

the collineation has isolated united points corresponding to A 2 

+ See Todd, Projective and Analytical Geometry, -chapter v. 

% Cf p 211. See aleo Exercise 16 at the end of this chapter. 
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and A 3 and a line of united points corresponding to A 0 . The line 
joining the isolated points is necessarily skew to the line of united 
points [ Exercise . Verify this] and we may take as X 0 , X lt X 2 , X 3 
two points of the line of united points and the two isolated united 
points. The equations of vr then become 

X 0 __ X 1 __ X 2 _ X 3 

X 0 x 0 Ag A 2 X 2 A 3 X 3 

The same collineation may also be represented by 

•fg ^1 X 2 X 3 

x 0 x x ax 2 ~ bx 3 * 

where a — A 2 /A 0 and b = A 3 /A 0 , and consequently a ^ 6. 

An example of this general type of collineation is provided, in 

euclidean space, by a rotation, of angle a ^ mr, about a fixed axis l. 

The axis l is a line of united points, and two isolated united points 

are the points in which the absolute conic Q is met by a plane 

orthogonal to 1. This follows from the fact that the collineation 

induced in any such plane is a rotation about a fixed point. This 

space collineation is not protectively the most general one of type 

II, however, since the characteristic roots A 2 , A 0 , A a are in the ratio 
e ta : 1 :e~ ia 


III. The biaxial collineation 

If the characteristic roots of A are A 0 , A 0 , A 2 , A 2 , with 

p[A—A 0 I] = p[A—A 2 I] = 2, 

the collineation has two lines of united points, and these lines are 

necessarily skew. If we take them as X 0 X 1 and X 2 X 3 , the equations 
of w may be written as 


/¥• / 9 

X 0 __ X 1 X 2 X 3 

XqX 0 XqXj^ X 2 x 2 A 2 x 3 


or as 


where k = A 2 /A 0 ^ 1. 



This type of collineation is known as the biaxial collineation , or 
sometimes the biaxial homography or skew perspective. It is 
characterized completely by the two lines of united points--™ and 
7 i, say—called its axes, and the number k , called its modulus. 
The point P corresponding to any given point P may be found by 
drawing the unique transversal from P to m and n, meeting them 
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in M and N, and then taking as P' the unique point oiMN for which 
{M,N\P',P} = k. For if 

p = (2/0. j/i> 2/*. 2/3) then p ' = ( y »' ky21 ^ 

and hence . , T /A A \ 

M == (2/o> 2/i» °> °) and ^ = (0,0,y 2 ,y 3 )* 

Thus {M.N; P\ P} = { 0 ,°o; k, 1} = 

It should be noted that the modu¬ 
lus Jc is associated with the ordered 
pair of axes, and that if the axes 
are taken in the reverse order the 
modulus is changed to 1/A:. 

In the particular case when 
Jc = — 1 the biaxial collineation is 
said to be harmonic. It is then an 

involutory transformation, and is 
sometimes referred to as a skew involution. 

A simple example of the biaxial collineation in euclidean space 

mtf be obtained as follows. Take an arbitrary line as m 1 , and let 
it meet the plane at infinity in a point T. Now ar 

line of T with respect to Cl, and take an arbi rary ^ that 

?r"nThis particidar 

transformation may be described as a radial = o« aboutthe 

axis m\ and for the special value 

IV. The space homology 

If the characteristic roots of A are A 0 , A 0 , A 0 , 3 , wit 

p[A—A 0 1] = 1> 

the collineation has a plane of united points and an isolated united 
point If we take the isolated united point as X 3 and three points 
L the Plane of united points as X 0 , X X the equations of the 
collineation may be written in either of the forms 

x 0 x, x ' 2 x 3 


_ _ = 

AqXq h 0 X X An x 


0 '*'2 


A3 X 3 


X 


X 2 __ X3 


or 


kxJ 


^0 ___ 

Xq X x X 2 «"*3 

k = A 3 /A 0 ^ 1- 


where 





352 


LINEAR TRANSFORMATIONS OF SPACE XIV, § 1 


This type of space collineation is known as a space homology or 
space perspective. It is characterized completely by its vertex A, 
its axial plane a, and its modulus k. If P, P' are any two correspond¬ 
ing points, then PP' passes through A ; and if PP' meets a in M, 
{M, A; P',Pj = k. If k = — 1, nr is said to be a harmonic homology , 
and it is an involutory transformation. 

In euclidean space, reflection in a given plane is a harmonic 
homology with the point at infinity in the direction of the normal 


as vertex, radial expansion from a point is a homology with the 
plane at infinity as axial plane, and reflection in a point is a harmonic 
homology with the plane at infinity as axial plane. 


V. The special space homology 

If the characteristic roots of A are A 0 , A 0 , A 0 , A 0 , with 

p[A—A 0 I] = 1, 

the collineation has a plane of united points and no united point 
outside this plane. It is a special space homology and, like the 
special plane homology, it may be thought of as a homology in 
which the vertex falls accidentally on the axial plane. 

If * 0 , ^2 are taken in the axial plane, the equations of the 

special homology take the form 

x o — x o 

x i = x i -hb x 3> 

x 2 = X 2+CX 3 , 

*3 = * 3 , 

and from these equations it is obvious that all joins of pairs of 
corresponding points pass through the vertex (a, 6, c, 0). 

A typical example of such a transformation, in euclidean space, 
is the translation. 

We conclude this discussion of space collineations by proving 
two theorems on involutory collineations which give further insight 
into the possible transformations of this kind. 

theorem 4. If a collineation has three involutory pairs of distinct 
corresponding points , lying on distinct lines that are not all in one 
plane , then it is an involutory collineation; and every point of space 
(if not a united point ) then belongs to an involutory pair. 

Proof. If (P, P ) is an involutory pair of a collineation nr, PP' 
is a self-corresponding line; and since the homography nr 0 induced 
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on this line by m has an involutory pair, it is an involution Ihen 
every point of PP' is a united point for m 2 , and therefore for m 
The collineation m 2 now has three lines of united points, whic 
do not all lie in one plane. But a line of united points that does not 
lie in a plane of united points corresponds to a double characterise 
root of the matrix of vx 2 , while a plane of united points corresponds 
to a triple root. It follows that the characteristic equation of the 
matrix is an identity, and ^ is accordingly the identical collinea- 
tion €, i.e. to- is an involutory transformation. 

theorem 5. The only involutory space collineations are the har¬ 
monic biaxial collineation and the harmonic space homology. 

Proof t Let m be a space collineation such that m 2 = e. If 
is any point which is not a united point of w, induces an involu¬ 
tion on the line joining P x to wP, and the united 
of this involution are united points of m. If P 2 is now y P 
which does not lie on M 0 M y and which is not a united P° int 
there are two united points of w on the line joining P 2 to wP, 
If the line is skew to M 0 M U we call these umted points M t and M 3 . 
If it is not skew to M 0 M 1 it contains at least one^united 

which does not lie on M 0 M x i and in this case we determine a fur h 

united point not in the plane M 0 M, Jf„ by applying the previous 

argument to a point P 3 which is outside this plane. 

In any case, therefore, we are able to choose four united points 
M M V M 3 which are the vertices of a proper tetrahedron, 
JJd tf’this tetrahedron is taken as tetrahedron of reference the 
matrix of vr assumes the canonical form 

A= /A 0 0 0 0 

0 A, 0 0 

0 0 A 2 0 

0 0 0 

Since A 2 = AI, for some A, we have A? = A? = A? = *!• There 
tre therefore only three essentially different forms which A can 

a9SUme: „/l 0 0 0\. ,/l 0 0 0 

0 1 0 o\ 0100 

oo-l 0 \0 0 1 0 

0 0 0 -1/ \o 0 0 -1 

t See also-Exercise 15 at the end of the chapter. 

▲ a 


6304 
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and fil. These forms correspond respectively to the harmonic 
biaxial collineation, the harmonic space homology, and the identical 
collineation, which is, of course, inadmissible. 

§2 . Collineations which leave a Quadric 

Invariant 

The co 15 non-singular self-collineations of S 3 make up a group 
isomorphic with the projective group PGL{ 3), and this group has 
many subgroups which it is worth while to single out for closer 
study. We might select, for instance, a subgroup which is of special 
significance in connexion with one of the geometries of the pro¬ 
jective hierarchy or one which is specially related to some particular 
geometrical configuration. The most obvious cases which present 
themselves are the groups of collineations which leave invariant 
(a) a plane, (6) a conic, (c) a quadric, or (d) a twisted cubic. The 
first two of these give, as we have already seen, the affine and 
euc i ean groups, and we shall show in the present section that the 
t ird gives the group of congruence transformations of a non- 
euclidean geometry. The fourth has no such application, but is of 
some intrinsic interest. We shall only discuss (c) here in any 

eta , ut a reference to ( d ) will be found in the exercises at the 
end of the chapter. 

Let us consider, then, a proper quadric co, whose equation may 
be taken in the form 

X 0 X 3 X l X 2 = 0 , ( 1 ) 

and let us denote by G(w) the group of collineations m of S 3 which 
rans orm oj into itself. Since a collineation cannot transform 
intersecting lines into skew lines or vice versa, any collineation vr 
o (oj) either transforms each regulus on co into itself or else trans- 
orms t e two reguli into each other. In this way we arrive at two 
istinct kinds of transformation, which we call direct transforma- 
10 ns and opposite transformations respectively. The direct 
transformations form a subgroup D(co) of index 2 in G(co). The 
opposite transformations do not form a group, but constitute the 
secon coset of D(oj) in G(aj ). If, in fact, rj 0 is any fixed opposite 
transformation, and 8 runs through D(co), then Vo 8 runs through 
the lull set of opposite transformations. From the point of view 
o t e theory of groups, the distinction between direct and opposite 
transformations of w into itself is strictly analogous to that between 
even and odd permutations. 
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The group D(to) of direct transformations 

Consider now any direct transformation 8. This transformation 
permutes among themselves (homographically, of course) the u- 
generators of to and also the v-generators. It follows that if P is the 
general point (0<£,0,<£, 1) of to its transform P' has coordinates 
(0'<£', 0',<£', 1), where 


0 ' = 


«i0+£i 




<* 2 ^ + 02 

y 2 ^ + S 2 ’ 


( 2 ) 



(3) 


Yl0+&1 

ofj,..., 8 2 being constants such that 

a l S l — PlYl ^ 0 and a 2 S 2 — P 2 Y 2 ¥= °- 
The argument already used in the proof of Theorem 8 of Chapter IX 
may now be used in order to show that 8 is represented by the 

matrix equation 

*i\ _ /oq Pi\(z 0 r 2 \ 

xj \y! Bj\x t x 3 ] \f $2 

The collineation 8 is in fact determined uniquely by the homo- 
graphies (2). For if S x and 8 2 both induced the same homographies 
in the two reguli, 8 f 1 8 2 would leave every point of invariant, 
and the only collineation which does this is the identical collinea¬ 
tion €. 

Equation (3) may conveniently be written as 

X' = A x XA?, 

where A x and A 2 are the matrices of the two induced homographies. 

If A x = I we have a collineation X' = XA?\ which permutes only 
the generators given by <f> = constant, the v-generators say. Such 
a collineation will be called a right translation. In the same way we 
have also the left translations X' = A x X, which permute the u- 
generators while leaving the r-generators invariant. Every direct 
transformation 8 can now be resolved uniquely into a product of 
a right translation X-* XA? and a left translation X-> A x X; 
and we may sum up the results that have so far been obtained in 

the following comprehensive theorem. 

theorem 6. The 8-pace collineations which leave a proper quadric 
to invariant form an oo 6 group G(oj). This consists of co 6 direct 
transformations 8, forming a subgroup D(uj) of index 2, and oo 6 
opposite transformations rj. If rj 0 is any fixed opposite transforma¬ 
tion, the set of all the opposite transformations is the coset r] 0 D(a>) 
of D(co) in G(to). 
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The right translations , which permute the v-generators among 
themselves while leaving the u-generators invariant , form an oo 3 
subgroup D t (oj) of D{<o); and the left translations form an oo 3 subgroup 
The only common member of Dfco) and D r (co) is e, and D(o)) 
is the direct product of these two groups: D{ a>) = Dfco) X D r {oj). 

The simplest kind of opposite transformation is a harmonic 
homology whose vertex and axial plane are pole and polar for w. 
Such a transformation is called a reflection relative to cu, and a 
simple example of a such a reflection is furnished by the equation 
X' = X T . 

Right and left translations 

Consider now the general right translation p, given by X' = XA r . 
This transforms every point (d,<f>) into a point ( 0,</>') of the same 
^-generator, and for the two values of <f> given by 

we have </>' = </>. We see therefore that there are two v-generators, 
in general distinct, which are lines of united points for p\ i.e. p is a 
biaxial collineation. If we take the two special generators to be 
those corresponding to <f> = 0 and = oo, the equation of the 
homography induced among the v-generators assumes the canonical 
form <f> = k(j> and the equation of p then reduces to 

K * 1 \ 0 *i\(k 0 \ 

\ x 2 x 3 ) \x 2 xj\ 0 1 /’ 

i.e. *o x 2 _ ^3 

kx Q Xj lex 2 Xj 

We recogmze these equations as the equations of a biaxial collinea¬ 
tion, and we see further that the modulus k is the ratio of the 
characteristic roots of the matrix A. So we have the theorem: 

theorem 7. A right translation is in general a biaxial collineation 
whose axes are v-generators , and a left translation is in general a 
biaxial collineation whose axes are u-generators. 

Non-euclidean geometry 

We now propose to indicate as briefly as possible something of 
the significance of the above results in the three-dimensional 
non-euclidean geometry obtained by taking to as absolute quadric 
in real projective space. This kind of geometry, developed largely 
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by Minkowski and Clifford, is in part a straightforward generaliza¬ 
tion of plane non-euclidean geometry ; but it has important features 
which have no two-dimensional analogues, nor indeed any close 

analogues in space of any dimensionality. 

We begin by defining some of the basic concepts. 

(i) Distance. We say that the distance between two points 
P, Q is equal to the distance between P', Q’ if {P, Q \ M, N} is equal 
to {P',0'; M\N'} or {P\Q'i where M, N and M\ N' are 

the pairs of points in which a> is met by PQ and P ‘Q> • 

(ii) Angle. Equality of angle between two pairs of planes is 

defined in the manner dual to (i). 

(iii) Orthogonality. A line p is orthogonal to a plane tt if it passes 

through the pole of tt with respect to w. Also two lines p t q are 
orthogonal if they are conjugate for to (each meeting the polar line 

of the other). , . , 

From this it follows that two lines p v p 2 have in general two 

common perpendicular transversals, namely the fines which meet 
p 2 and their polar fines p’ v p 2 . 

(iv) Parallelism (in the sense of Clifford). Two lanes are right 
parallel if they meet the same pair of u-generators of to, and they 
are left parallel if they meet the same pair of "‘generators. 

A system of right parallels (or left parallels) is the system of 

lines meeting two fixed generators v t , v 2 (or u„ u 2 ). 

Through any general point there can be drawn a unique line right 

paraUel to a given line, and a unique line left parallel to it. 

The characteristic properties of Clifford parallels (stated for 
definiteness in terms of right parallels) are given in the following 

theorem. 

theorem 8. Two right parallel lines p, q have an infinity of com¬ 
mon perpendicular transversals, which form a reguhis of left parallels. 
The distances between p and q along all these transversals are equal. 

Proof. Let p, q meet the same two v-generators v v v 2 , and let the 
pairs of ^-generators met by p, q be u v u 2 and u\, u\ respectively. 
Also let P u and Q ti denote the points of intersection of with i n, 
and ul respectively. Then p, q and their polar lines p , q are the 
lines P u P 22 , «„ « 22 and P„ P 21 , Q„ Qzv Since the four ^-generators 

cut related ranges on v x and v 2 , 

(Pu, Qiv P 12 , Q 12 ) A (P 2 1 , C 21 . p 22> Q 22 ) A (P 22 , Q 22 . p 2i> Q 21 )• 
Thus p, q, p\ q' cut related ranges on v v v 2 ; and therefore the four 
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lines are generators of one system on a quadric if;, v ly v 2 being 
generators of the opposite system. Since the generators v 1 and v 2 
are common to w and ip, the complete intersection of these quadrics 
consists of v lt v 2 and two w-generators u (1 \ u< 2 > o feu. On iff, therefore, 
the generators of the regulus which contains v 1 and v 2 all meet the 



six generators p, q, p’, q ' t U W u <» In other words thig regulu8 

consists of oo 1 left parallel common perpendicular transversals of 
p and q; and since each one of them cuts a range of the same cross 
ratio on p, q, u \ u {2) , the same distance is intercepted on them all 
by p and q. This completes the proof of the theorem. 

A quadric surface, such as if;, which meets the absolute quadric 
^ in a skew quadrilateral, is called a Clifford surface. 

Congruence transformations 

The non euclidean geometry defined by oj as absolute quadric 
may now be connected with the group Q( w ) of self-collineations of 
space w ic ea\e o> invariant. Every transformation of the group 
preserves a properties of figures that are expressible in terms of 
non euc 1 ean ’stance or angle or the relation of non-euclidean 
ogona ty, and it either preserves the two kinds of parallelism 
or e se m ere anges them, according as it is direct or opposite. In 
view o ese acts, we naturally call the transformations of G(w) 
e congruence transformations of the non-euclidean geometry. 

^ ^ re ^ ate( i to this geometry in much the same way 
as e o ogona group is related to euclidean geometry. 

onsi er now the meaning, in terms of non-euclidean geometry, 
of the two special types of direct transformation that we have 
ca e rig t and left translations. A right translation p is a biaxial 
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congruence transformation with two generators v Xi v 2 of a> as axes, 
and its united lines (all those lines which meet v x and v 2 ) therefore 
form a complete system of right parallels. We may say shortly, 
then, that the join PP' of every pair of corresponding points is in 
a fixed right parallel direction. By assigning an order to the pair of 
generators (t^, v 2 ) we can fix a sense along all the right parallels 
which meet them ; and the displacement from P to P' in this sense 
is determined by the cross ratio {P, P'\ M Xi M 2 }, where M Xi M 2 are 
the points in which PP' is met by v 1} v 2 . Since this cross ratio is 
constant for all corresponding pairs (P, P') we have the theorem: 

theorem 9. In any right translation , each point P of space is 
moved in a fixed right parallel direction , in the same sense , through a 
fixed non-euclidean distance. 

There is, of course, a corresponding property of left translations. 

Since the most general direct congruence transformation 8 is 
compounded of a left translation and a right translation, it has 
just four united points, namely the points of intersection of the 
pairs of generators associated with the translations. If the trans¬ 
lations are chosen suitably, however, 8 may be made to have any 
general line a as a line of united points, and in this case it is called 
a non-euclidean rotation about a. Or again, 8 may be made to have 
both a and its polar line a' as lines of united points, and in this case 

it is called a double rotation. 

For a detailed analysis of direct and opposite congruence trans¬ 
formations we refer the reader to the excellent exposition given 
by Coxeter in his Non-euclidean Geometry (Toronto, 1942). 

Exercises 

1. Show that, with the notation used on p. 355, the direct congruence 
transformation X' = A x XAj is a rotation if and only if either (i) A x and A 2 
both have coincident characteristic roots, or (ii) A 1 and A 2 both have distinct 
characteristic roots and the ratio between the roots is the same for both 
matrices; i.e. if and only if A t is similar to a scalar multiple of A 2 . 

2. Prove that the equation of any non-euclidean reflection may be written 
X ' _ AX r A' lT , and find the centre and axial plane of this reflection. 

3. Prove that any non-euclidean rotation can bo expressed, in infinitely 
many ways, as a product of two non-euclidean reflections. 

§ 3. Space Correlations 

In space, as in the plane, we often have occasion to consider 
dualizing linear transformations 

x -> u' = Ax, 
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which transform points into planes, and we shall call such trans¬ 
formations space correlations. We shall confine our attention to 
non-singular self-correlations of space. 

If k is such a correlation, every point P is transformed by it 
into a plane n = kP\ and conversely, every point P arises from a 
unique plane n' by the inverse transformation 

If P describes a plane 7 r, represented by the coordinate vector u, 
then, by an argument similar to that used on p. 225, we see that 
kP envelops the point P' represented by x' = A -ir u. We write 
P' = ktt, saying that P' is the transform of n by the given corre¬ 
lation k, and this enables us to regard k as a dualizing trans¬ 
formation of the whole totality of points and planes of space into 
itself. 

If P varies on a line Z, describing a range of points (P), then 
n = kP describes a pencil of planes homographically related to 
(P). If the axis of this pencil is V , we may say that k transforms 
l into V . It may be seen algebraically that the pencil of planes with 
axis l is transformed by k into a range of points whose axis is also 
the line V = kI. For let y, z represent two points of l and let v, w 
represent two planes through l. Then, applying k, 

y-l-flz-* Ay-f-0Az 

and v+<f>wA~ lT v<f>A- 1T w. 

Thus the axis of the range described by the point y -\-6z becomes 
the line of intersection of the planes Ay, Az, while the axis of the 
pencil described by the plane v+<£w becomes the line joining the 
points A“ 17 V, A~ ir w. But (Ay) r A~ 1T v = ( v T y ) T , etc.; and there¬ 
fore if the planes v, w are incident with the points y, z the points 
A -ir v, A -17 w are also incident with the planes Ay, Az. This proves 
the statement made above. 

In general a correlation k and its inverse * -1 are distinct trans¬ 
formations, for they transform the point x into the planes Ax 
and A T x respectively, but in special cases the two transformations 
may be the same. A necessary and sufficient condition for this to 
be so is A T = AA, where A is a scalar. If this condition holds, then 
A = A TT = A 2 A, and hence A 2 = 1. There are then only two 
possibilities, A = 1 and A = — 1 , and the matrix A must be either 
symmetric or skew-symmetric. 

If A is symmetric, the correlation is a polarity, namely the 
polarity defined by the proper quadric ip given by x T Ax = 0. 
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The polarity is also known sometimes as reciprocation with respect 
to ip. This case is fully analogous to that of the polarity of the 

plane referred to on p. 227. 

If A is skew-symmetric, we have a new kind of correlation, 
called the null polarity. This has no analogue in the plane, since a 
skew-symmetric 3x3 matrix is necessarily singular. 

Consider the null polarity v defined by 

u' = Ax, A r = —A. 

Since u' T x = (Ax) r x = x r Ax = 0, by the skew-symmetry of A, 
the null polarity has the remarkable property that the polar plane 
of every point passes through that point. (Cf. the discussion, on p. 311, 
of the null polarity defined by a twisted cubic.) 

THEOREM 10. If, in the null polarity v, the polar plane of P passes 
through Q, then the polar plane of Q passes through P. 

Proof. If x, y are coordinate vectors of P, Q , we have 

(Ax) T y = 0, 

i.e. xrAT y = °- 

Transposing, y T Ax = 0, 

i.e. (A T y) r x = 0, 

i.e. (Ay) r x = 0, 


i.e. 


i.e. 


since A T = —A. 

If P describes a line l, then its polar plane always passes through 
a second line l\ and two lines l , V which are related in this manner 
are said to be polar lines with respect to v. Those lines l which 
coincide with their polar lines are said to be self-polar. If l' is distinct 
from l the relation between the two lines is symmetrical, and it may 
be expressed very simply by saying that the polar plane of any 
point of either line is the plane joining this point to the other line. 
[ Exercise. Prove that when V is distinct from l it is skew to J.J 

THEOREM 11 . Every line which meets a pair of ( distinct) lines l , l 
which are polar in a null polarity v is self-polar m v; and conversely , 
every self-polar line which meets l also meets l . 

Proof. If p meets l, V in P, P\ the polar line of p is the line of 
intersection of the polar planes of P and P\ But these are the 
planes PV and P% and they meet in p. Further, if p is any self- 
polar line which meets l, then its polar line (i.e. p itself) meets the 

polar line V of l. 


362 


LINEAR TRANSFORMATIONS OF SPACE XIV, § 3 

theorem 12. The self-polar lines which pass through a given point 
A are all the lines through A which lie in the polar plane of A . Dually , 
the self-polar lines which lie in a plane a are all the lines in a which 
pass through the pole of a. 

Proof. If l is a self-polar line through A , the polar plane of A 
must be a plane of the pencil whose axis is l. If, conversely, l is any 
line which both passes through A and lies in the polar plane a' of A, 
then l is self-polar with respect to v. For if P is any point of l, the 
polar plane of A passes through P and the polar plane of P there¬ 
fore passes through A ; and since this polar plane necessarily con¬ 
tains P it is a plane of the pencil with axis l. The polar line of l is 
thus l itself, i.e. I is a self-polar line, and this proves the theorem. 

We see, then, that the self-polar lines of a null polarity v form a 
triply infinite system. This system of lines is of the type known as a 
linear line complex, and we shall discuss the properties of such 
complexes in the next chapter. 

The null polarity was studied, first of all, not in geometry but in 
statics, where it arises naturally in connexion with systems of 
forces in three dimensions. Such a system of forces, acting on a 
rigid body, can be replaced by a single force and a couple, the line 
of action of the force passing through an arbitrarily assigned point. 
Let the force be F, acting at O, and let the couple be G 0 . Then 

if A is any point of space, with position vector OA = a, the 
system is also equivalent to a force F at A and a couple 

Qi = G 0 -}-F a a. 

If, now, l is any specified line through A , with parametric 
representation r = a-flZ, 1 being a unit vector, the moment of the 
system about the line l is given by G A . 1. If this moment vanishes, 
the line is called a null line for the system of forces, and the condition 
for this is 

(G 0 -f F A a).l = 0, 

ie. G 0 . (r—a)-f-(F a a).(r—a) = 0, 

i.e. G 0 .r—G 0 .a-f (F a a).r = 0 , 

where r represents a general point of Z. In cartesian coordinates, 
therefore, every point of a null line through the point A (€,y>£) 



SPACE CORRELATIONS 


363 


XIV,§ 3 


satisfies the condition 

Lx + M y -f- N z —L f —M rj — N £4- ( Y £ — Z t) ) x -f- 

+ (ZZ-XZ > )y + (Xr 1 -Yt)z = 0, 


where F = (X>Y,Z) and G 0 — ( L,M,N). . . 

The null lines through A are accordingly the lines through A 

which lie in the plane 

(—Zri + Y£ + L)x+ (ZZ-Xi+M)y+(-YZ+XT) + N)z- 

-Lg-M v -NC = 0 . 

This plane is called the null plane of A , and it is derived from A by 
the null polarity whose matrix is 

( 0 — Z Y L\. 

z 0 -X M\ 

-y x o N I 

-L -M -N 0/ 


EXERCISES ON CHAPTER XIV 

1. Discuss in detail the united points, united planes, and geometrical 
character of each of the following collineations: 

(i) x ': y' : z': t' = 2 x-y : 2 y-x : z : -z-t; 

(ii) x':y':z':t' = y:z:x:t; 

(iii) x':y':z':t' = t:-y:-z:x; 

(iv) x' : y' : z': t' = x+al: y + bl : z+cl : t + dl, where 

l = iuc + vy + wz+pt. 


2. Discuss in detail the space collineation whose matrix is 



3. Characterize projectively the following types of self-collineation of 
euclidean space: 

(i) radial expansion from a point; 

(ii) radial expansion from a line (perpendicular to the lme); 

(iii) translation; 

(iv) reflection in a point; 

(v) reflection in a line; 

(vi) reflection in a plane ; 

(vii) rotation about a line. 

4. Find the equations of the biaxial collineation with modulus k and with 
the lines x = 0 = y-z and t = 0 = y-\-z as axes. 
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5 . Show that, for any non-zero value of A, the collineation 

x' :y' :z' :t' — X z x : A 2 y : A z:t 

leaves the twisted cubic c(8 3 ,6 2 ,6, 1) invariant. 

Discuss in detail the special cases in which (i) A = — 1, (ii) A = a>, where 
a; is a complex cube root of unity. Show in each case the special way in which 
the collineation is related to the curve. 

Find also, in each of the two cases, what quadrics through the curve are 
left invariant by the collineation. 

6. If to is a general collineation of the type which transforms every 
generator of a given quadric ip into a generator of the opposite system, show 
that there exists on ip a skew quadrilateral XYZT such that to transforms 
each of the lines XY, XZ into the other and each of TY, TZ into the other. 

If XYZT is taken as tetrahedron of reference and ip has the equation 
xt = yz, show that to has equations 

x': y': z': t' = ax : bz : cy : dt, 

where ad = be. 

7. The poles of a variable plane n with respect to two quadrics tp and ip' 
are P and P'. Show that P and P' correspond in a space collineation -nr, 
and that to- is a homology if and only if ip and ip' touch along a plane section. 

8. Show that any space collineation with a plane of united points is neces¬ 
sarily a homology. 

Two space homologies to, to' have vertices A, A’ and axial planes a, a 
respectively. Show that, when the lines A A' and oloc are skew, toto' = vr'vr 
if and only if A and A' lie respectively in a' and a. 

If this condition is satisfied, prove that toto' is not involutory unless to 
and to' are harmonic homologies. 

9. If two biaxial collineations to x , to 2 have one common axis b, while 
their other axes a lt a 2 intersect in O, prove that m x to 3 is in general a biaxial 
collineation with 6 as one axis and a line of the pencil defined by a x , a % as the 
other. 

In the special case when each of to x , to 2 is involutory, show that TOjTOj 
is a space homology whose axial plane is the plane which joins O to b and 
whoso vertex (which lies in the axial plane) is the intersection of b with the 
plane a 1 a 2 . 

[Hint. Consider the euclidean case in which Ob is the plane at infinity 
and O and 6 are pole and polar for fl.] 

10. A general space collineation to has the reference points X, Y, Z, T 
as united points, and a pair of corresponding points P, P' varies in such a 
way that PP' always passes through the unit point E. Show that P and P' 
describe twisted cubics c and c' through X, Y, Z, T, E. 

Show that the unique quadric through c and c' has an equation of the form 

(a-d)(b—c)(yz+xt) + (b—d)(c—a)(zx+yt) + (c— d)(a—b)(xy+zt) = 0. 

11. A space correlation has equations 

u': v': w': p' = at :bz : cy: dx. 

Find its two coincidence quadrics, and verify that they intersect in a skew 
quadrilateral. 
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Investigate the space collineation which is the square of the given corre- 

lat 12 n Show that the relation between points x and y which are conjugate 
with respect to a null polarity is of the form 

2 Kji x iyi- x sy *) = °» 

and that any equation of this type defines a null polarity (which may be 

8 Tdu r co that the line joining any pair of distinct conjugate points is self- 

If a^'of polar lines in the null polarity are taken as 
and of the tetrahedron of reference, show that the equation given in 

the previous exercise takes the form 

*<> 2/3—*3 Vo = 

14 If „ and t are two space correlations, show that there exist in general 

four points whose corresponding planes, m 10 "“ oints at each 
Show that on a given quadric ip there exist in gentutu ^ 

sarily distinct) then the characteristic roots of the matrix 

a 0 A m 4* ••• + °m— 1 A + a m I 

N _ , . \ ■ „ (i _ 1 n). Prove this theorem, 

:;*d t ft A’obtoir. 00 alternative proof 

° f ^ he prove 5 algebraically that the four united points of the general space 

roots A,,....A n , and x<*> is a non-zero vector for which 

Ax (<) = A* x l<) (t = 

then the n vectors x<*> are linearly independent. 

[Hint. Suppose that f a, *«> = 0, where not aU the oq are zero. Multiply 

this equation successively by A, A>.A- 1 , and obtain a contradiction by 

using^the fact that n linear relations between n vectors are nccessa y 

linearly dependent.] 



CHAPTER XV 


LINE GEOMETRY 
§ 1. Line-coordinates 

We have already seen in Chapter X how the oo 4 lines of S 3 can be 
represented, in terms of any allowable representation by sets 
of six homogeneous coordinates ( P23>P3i’Pi2>Poi>Po2>Po3)> connected 
by the fixed quadratic relation 

Qpp — PoiP23~\~Po2P31~^~Po3Pl2 = 

We have also discussed the dual coordinates n iJf which are such that 

77 23 _ 77 31 _ 77 12 _ 77 01 _ 77 02 77 03 . 

^01 P02 Po 3 P23 P31 Pl2 

and we have shown that the condition for two lines p, q to intersect 
is the polarized form of the identical relation, i.e. 

= P01 ? 23 + 2>02 Q31+P03 ?12+P23 <lo2+Pl2 ?03 = 

Our main purpose in the present chapter is to introduce the reader 
to the systematic study of those subsystems of the full system 
of co 4 lines of S 3 which are of geometrical interest; but before doing 
so we need to look more closely at the way in which lines are repre¬ 
sented by the p tJ . 

The first essential in the use of line-coordinates is to be able to 
find the points which lie on a line with given coordinates and also 
the planes which pass through it; and for this it is sufficient to 
specify, once for all, the points P 0 , P 1? P 2 , P 3 in which the given line p 
meets the four reference planes and the planes 7r 0 , 7 r lt 7r 2 , n 3 which 
join it to the four reference points. 

It is sometimes convenient to work not with the six quantities 
P 23 > P31’ Pny Poi> Po2> P03 on ly> but with the full set of sixteen quan¬ 
tities p (f , connected by the antisymmetry relations p j{ = —Pa 
{hj = 0 ,..., 3 ), and this is so at present. If P denotes the skew- 
symmetric 4 x 4 matrix ( p ra ) we have the following result, the 
verification of which is left to the reader: 

The coordinate vectors of P 0 , P lt P 2 , P 3 are the rows of the matrix 
P, and dually, the coordinate vectors of 7 r 0 , ttj, rr 2 , tt 3 are the rows 
of the matrix II = (77 ra ). 

If P = (P23>P3i’Pi2>Poi>Po2>Po3) ^ taken as coordinate vector of 
the line p, the six basis vectors ( 1 , 0 , 0 , 0 , 0 , 0 ), etc., belong to the 
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six reference lines of#, i.e. the edges of the tetrahedron of reference. 
More precisely, that basis vector for which only the coordinate 

p a p is non-zero represents the edge X a Xp. 

If the line p lies in the reference plane = 0, then three of its 
coordinates p a p, p ayt p a & vanish; and the equation of the line in 
the subordinate geometry in the plane x a — 0 is 

Py* x fi+P*fi x y+PfiY x * = °‘ 

(The conventions governing the use of suffixes in equations such 

as this will be obvious to the reader.) _ 

Dually if p passes through the reference point X a , given by 
XfJ = Xy = Xh = 0, then p y8 = Ph p = Pfr = 0, and the equations 

of the line are ^ = Pa p : p ay : p aS . 

We note finally that p meets the edge X a Xp, whose equations 
are x y = x s = 0, if and only if p y i = 0. 

Exercises 

(i) Discuss the families of lines for which 

(a) Poi = P12 = °» and = Pl2 = ^ 23 ‘ 

(ii) Find the conditions for a line to pass through the unit point (1, 1, 1, 1). 


Line systems 

The lines of space, as has already been remarked, form a quad- 
ruply infinite system, and this means that we have to consider 

subsystems of three different kinds. 

(а) line complexes, or triply infinite line systems; 

(б) line congruences, or doubly infinite line systems, 

(c) ruled surfaces, or simply infinite line systems. 

The ruled surface is, of course, the surface generated by a variable 

line which has one degree of freedom. 

We have already met with examples of all these kinds of system. 
Thus the lines which meet a fixed line and those which touch a 
fixed quadric form complexes, the chords of a twisted cubic form a 
congruence, and the plane pencil of lines and the regulus are familiar 
examples of simply infinite line systems. 

Any equation 

f(p23>P31’Pl2>P01>P02>P03) 

in which /is not divisible by Q pp , imposes a condition on a variable 
line p and takes away one of its four degrees of freedom. A single 



368 LINE GEOMETRY XV, § 1 

equation thus defines a complex, two independent equations a 
congruence, and three independent equations a ruled surface. 

The simplest line systems are naturally those which are given by 
one or more linear equations of the form 

(a, p) = a 2 32 J 234-a 3 l2 ? 31 + a i2^12 + a 01^01 + a 022 ? 02 + a 03^03 = °* 
Such an equation may also be written as 

2 2 a i kPik = 0 

i=0 k =0 

if we define the remaining a ik by means of the relations 

(i, k = 0,..., 3). 

It is important to realize, however, that even these simple systems 
are more awkward to handle than the linear subspaces of the space 
S 3 of points. They are in fact essentially non-linear, since the 
identical quadratic relation Q pp = 0 has always to be taken in 
conjunction with the linear equations which serve to define the 
system. This peculiarity of the geometry of lines deserves to be 
examined a little more closely. 

A linear subspace of the point space S 3 may be represented 
indifferently as the set of all points whose coordinate vectors x 
satisfy r linearly independent linear equations (u (i) , x) = 0 or as 
the set of all points whose coordinate vectors are linearly dependent 
on 4— r independent vectors x 0) . In the geometry of lines, on the 
other hand, r linear equations (a (0 , p) = 0 determine a line system 
which is made up of all the lines whose coordinate vectors p 
satisfy the r-\-l equations 


(a (0 , P) = 0 (i = l,...,r); Q pp = 0. 

Such a system cannot, in general, be represented parametrically by 
an equation of the form a 

P = j. A, P u >; 

j = l 

and indeed if p (1) ,..., p (s) are coordinate vectors of lines of space 
the vector p ( 1 ) d-...+A a p (8) need not represent a line at all. Only 
in special circumstances will this vector satisfy the identical relation 
& pp = 0 for arbitrary values of the A*. 


§ 2. Linear Line Spaces 

Suppose p, pare given lines, represented by coordinate vectors 
p, q respectively. Then, for p-|-Aq to represent a line, we must have 

2 (^oi4-Ag 0 i)(P23+^23) = 0, 
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where the summation extends over three terms; and this condition 
may be written n pp + 2AQ pa +A’n OT = 0. 

Since p and q represent lines, fi pp = = 0; and the condition 

is therefore satisfied for all A if and only if 0. pv = 0, i.e. if and only 
if p and q intersect. 

When this is the case, p+Aq clearly represents a general line ol 
the flat pencil determined by p, q. For if r is any line which meets 

both p and q then 

Hp+Atf.r = ^p.r + A^ tf .r = °> 

and r also meets the line represented by p-f Aq. It follows that this 
line p-f-Aq lies in the plane of p and q and passes through their 

common point. , 

A system of lines which is such that the coordinate vectors p 

which represent fines of the system form a subspace of the vector 

space VJ.K) —i.e. the set of all vectors linearly dependent on a hni e 

set of vectors in F 6 (X)—will be called a linear line space. The 

simplest non-trivial linear fine space is accordingly the pencil 

represented by p = A lP «+A 2 p«>; and we shall now show that 

only two other linear fine spaces are possible, namely the point-star, 

or system of oo 2 fines through a point, and the ruled plane, or system 

of oo 2 lines in a plane. 

Suppose, in fact, that p<« .... P (m) are coordinate vectors of m 
lines i ><»...and that every linear combination p°> also 
represents a line. Then, in particular, every linear combination of 

two of the vectors, p‘‘>, p«>say, must represent a line; and this means 

as we have already seen, that the fines *><•>, p«> intersect Thus the 

given lines .P<"» all intersect in pairs. Now •*><», ^ meet m 

point and also fie in a common plane, and since p< 2 > meets them both 
it must either pass through the point or fie in the plane (but it 
cannot do both if the vectors p<«, p (2) , P (3) are linearly independent)- 
It is easy to see that the equation 

p = AipW-f A 2 P (2) +A 3 P (3 > 

gives a parametric representation in the first case of the star and 
in the second of the ruled plane containing the three lines p ,p , 
®(3>. But in neither case can there be a fourth line p { \ no ^ bel ° ngin f 
to the star or the ruled plane, which meets all of p {l \ p ,P . an 

6304 B b 
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this means that no more ample linear line spaces can exist. This 
enables us to enunciate the theorem: 

theorem 1 . The only linear line spaces in S 3 are the line pencil , 
the point-star , and the ruled plane. 

It will be observed that the star and the ruled plane are dual to 
each other in space, while the pencil is self-dual. Every pencil can 
of course be obtained as the intersection of a unique star and a 
unique ruled plane—i.e. the set of all lines common to the two 
systems. 


The regulus 

When m lines p U) do not all intersect in pairs they certainly do 
not determine a linear line space; but we may still consider the 
system of lines p which are linearly dependent on the given lines. 
In other words, we may form the vector 

771 

P = 1^ P°> 

and then consider the system of all lines arising from sets of para¬ 
meters (Aj,...,^) for which the condition Q pp is satisfied. 

If q , r are two givenlines and p = Aq+/zr then, as we have seen, 

Q pp = \ 2 Q QQ +2\pCl 7r +p 2 Cl rr ; 

and this means that if q and r are skew no other line can be linearly 
dependent on them. 

If q, r, s are three given lines and p = Aq-j-/xr+vs, then 

Qpp = (Qqq,Qrr>Qss’Qr8>Qsq>Q<ir§*’ 
and since = 0 this reduces to 

Qpp = 2{Qrsl lv +Qaq v *+Qqrty’)' 

Even when the lines g, r, s are all skew there are therefore co 1 
lines p which are linearly dependent on them, and these lines 
generate a ruled surface through g, r, s. But, by the linearity in 
p of the condition Q pl = 0, every line t which meets g, r, s also meets 
any line given by p = Aq-b/xr-f vs. The lines p which generate 
the ruled surface therefore meet all transversals of g, r, s; and this 
gives us the following theorem. 

theorem 2. jfhe lines which are linearly dependent on three given 
skew lines q, r, sj constitute the unique regulus which contains q,r, 8. 
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If A, fiy v are taken as coordinates of a variable point in a plane 7 r, 
the lines of the regulus are represented in n by the points of a conic 

k whose equation is 

Q rs fxv-\-Q S qv\-\-Q tI r^H’ =0. 0) 

Now a line given by Aq+/xr+vS meets a given line t only if 

Cl Ql A+Ort/i+QrfV^O, (2) 

and the two lines of the regulus which meet t are accordingly 
represented in tt by the points of intersection of the conic (1) with 
the line (2). These two lines and the two common transversals ot 
q, r , 5 , t meet t in the same points The transversals coincide, 

therefore, if the line (2).touches k y i.e. if 

(Q*,, n%, £2® r) -ci SQ n Q r, -ci v n rs , = o, 

i.e. if (O rs n a ,) l ±(n sa fir<) l ±(^«>'^s'^ — 

We could now go on to consider the systems of lines linearly 
dependent on four or five general fines; but since such systems 
are more simply defined by means of linear equations (a, P) 
satisfied by the coordinate vector p of a general line of the system, 

we leave them over until later. 

Exercise. Discuss the systems of lines linearly dependent on q , r , a when 
(a) one pair of these lines intersect, and (6) two pairs intersect. 

§ 3. Line Complexes 

If F(p 23 ,...,p 0? ) is a form of degree n in the six line-coordinates, 
and Sl„ fa not a factor of this form, there are co* fines whose co- 
ordinates satisfy the equation 

F(p 23 >** m ^ 03 ) 

Such a system of fines is called a line complex of order n. If K denotes 
the complex, the fines of K which pass through a general point P 
will form a cone—the complex cone C P associated with P, and the 
fines of K which fie in a general plane n will form an envelope 
the complex envelope E„ associated with w. Since the complex is a 
self-dual entity, whose equation can equally well be written 

-^( 7r 01»***» 7r 12) = 

the order of C P must be the same as the class of E n 

Suppose P has coordinates (f 0 , f,. S 3 )- Then the line joining 

P to the general point (a: 0 . * 1 . *») belongs to the complex 1 

F[£ t x 3 —g 3 x 2 . £o x 3— fs x o) — ®- 
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Since the left-hand side of this equation is homogeneous of degree n 
in x 0 , x lf x 2 , x 3 , C F is a cone of order n. Similarly, or by duality, 
E v is an envelope of class n. This gives us the important result: 

theorem 3. If K is a complex of order n , the lines of K which pass 
through a general point generate a cone of order n and the lines of K 
which lie in a general plane generate an envelope of class n. 

If K is of order 1, this theorem implies that the lines of K which 
pass through a point P all lie in a plane tt through P , and the lines 
of K which lie in a plane tt all pass through a point P in tt. Thus a 
complex of this kind, which is known as a linear complex , consists 
of the lines of oo 3 flat pencils, one for every point of space. There 
are only oo 3 lines altogether, since each belongs to an infinity of 
the pencils. 

If K is of order 2 it is called a quadratic complex. The lines of K 
through P generate a quadric cone, and the lines of K in tt envelop 
a conic. If the cone is a plane-pair, P is a singular point of K ; and 
if the conic is a point-pair, tt is a singular plane of K. 

In special cases it may happen that a complex K has total 
points or total planes. A total point is such that every line through 
it belongs to K , and a total plane is such that every line in it is a 
line of K. 


The linear complex 

The equation of a linear complex K may be written in the form 
(a, p) = 0; but it is often better to renumber the coefficients and 
write it as 

^ap — a 01^234“ a 027 5 31 + a 03^12 _ l _a 23i ? 0ld _Cf 3l2 ? 02H _a i2? , 03 = 

If Q aa = 0, so that a 2 3»*"> a 03 are themselves coordinates of a 
line a, then K consists of all the lines of S 3 which meet a. We say 
in this case that the complex is special and that it has a as its axis. 
C P is then the plane joining P to a, and E n is the point in which 
tt is met by a. Every plane through a and every point which lies 
on a is total for K. 

If Q aa =£ 0, K is a general linear complex. The equation of the 
complex plane C P associated with the point P whose coordinates 
are (£ 0 , ( v £ 2 , | 3 ) is then 

«0l(f2*3— £z*i) + f'+ a toi(Q X l —+ — = °’ 

This olane is called the polafr plane of P with respect to the complex, 
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and its coordinates are obtained from the coordinates of P, if we 
now denote these by x 0t x l9 x it x 9t by the linear transformation 



or, say, u = Ax, where A is a skew-symmetric matrix whose 
determinant Q£ a does not vanish. The transformation is therefore a 
non-singular null polarity v. The polar plane of P in y is its polar 
plane with respect to the linear complex, and two points P , Q are 
conjugate for v if and only if PQ is a line of the complex. It follows 
that the pole of any plane tt with respect to K is its pole in v, and 
that K consists of all the lines of space which are self-polar for v. 
This establishes the fundamental connexion between null polarities 

and linear complexes. 


theorem 4. Every linear complex K consists of the totality of lines 
that are self -polar for a null polarity v, and conversely. Ifv is singular, 
K is special and consists of all the lines which meet a fixed line. 

It follows from Theorem 4 that all the lines of K which meet a 
line l also meet the polar line V of l. Conversely, if a line l is not self- 
polar for v (i.e. not a line of K) then every line which meets both l 

and its polar line l' is a Une of K. (See p. 361.) 

Since K and v determine each other uniquely, we may say that 

two lines are polar lines with respect to K when they are polar for v. 


Exercises 

(i) If the reference lines X„X, and X 2 X 3 are polar lines for a linear 
complex K, show that the equation of K reduces to the form p n - hp„. 
Find tho polar line of any given lino q with respect to this complex 

(ii) If four lines Pl ,p t . p„ Pa of a linear complex K have two (and only two) 
distinct transversals, prove that these are polar lines for K. If the lines hove 
a unique transversal, provethat this belongs to K-, and deduce that the range 
cut on it by the lines is homographic with the pencil of planes joining it to 
the lines. If the lines belong to aregulus, prove that this regulus is contamed 
in K, and that the complementary regulus consists of pairs of polar lines 

(iii) Show that there exists a unique linear complex containing five general 
lines. Discuss the special case when the five given lines have a unique trans¬ 
versal line. Show also that if the five lines have two transversals they 

belong to an infinity of linear complexes. 
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Quadratic complexes. The tetrahedral complex 

The geometry of the general quadratic complex is a very large 
subject which we shall not attempt to go into here. We remark 
only that it centres largely round the singular surface of the 
complex—a remarkable quartic surface, called the Kummer surface, 
possessing sixteen nodes—which is at the same time the locus of 
singular points and the envelope of singular planes. Our discussion 
will be limited to two special quadratic complexes which are of 
more immediate geometrical interest. 

The first of these systems is the complex of tangent lines to a 
quadric ip. To find its equation we may make use of the fact that a 
line touches ip if and only if it meets its polar line with respect to <p. 
Let the equation of ip be 

«o ^2+^3 = °> 

and let p be a general line, containing the points (y ( ) and (z f ). 
Then the line-coordinates of p are given by 

Pij = yiZj—yjZf 

The polar line p' of p is the line of intersection of the polar planes 
of the points (y { ) and (z,), i.e. the planes (a t y t ) and (a^Zf), and it 
therefore has dual line-coordinates, 

"v = a i a Ayi z i—yj z i) = a i a jPu- 
We have then Q pp . = J 2 a i a jPij> 

and the condition for p to be a tangent line to ip is 

a 2 a 3Pl3+ a 3 a iPh+ai<*2P 2 i2+ a o a iPli+a 0 a 2 pl 2 +a 0 a 3 pl 3 = 0 . 

This equation is accordingly the equation of tp regarded as a complex 
of tangent lines. The complex cone C P is of course the enveloping 
cone with vertex P, and the complex envelope E n is the section 
of ip by tt. The points and the tangent planes of ip are all singular 
for the quadratic complex. 

The second special quadratic complex that we wish to consider 
is the tetrahedral complex , which may be defined as the totality of 
lines which meet the faces of a given tetrahedron in a range of points 
with given cross ratio. / 

Suppose K is a tetrahedral complex, the defining tetrahedron 
being the tetrahedron of reference Xf 0 X x X 2 X 3 . If p is a line of K, 
determined by two points (y f ), (z/), the coordinates of a general 
point of p may be written as (y i /-Az < ), and the parameters of the 
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points in which p meets the faces of the tetrahedron are then given 
by Af = yJZi (t = 0.3). If the value of the constant cross ratio 

is a, we then have 

_ iyo Vl. V2 ^sl _ Vo Z 2-y2 Z 0 / yO Z 3~y 3 z 0 _ _2 ? 02 2>31 

a ~~ [Zq Zi z 2 ’ zj 2 /1 ^2 2/2 Z \! S/l Z 3 2 / 3 Z 1 Po*Pl 2 

• 7 T 31 T 7 02 

Since the expression on the right may also be written as — — — 

1 12 03 


we see, incidentally, that the cross ratio of the four points in which 
p is met by the faces of the tetrahedron of reference is equal to the 
cross ratio of the four planes joining p to the vertices of the tetra¬ 
hedron of reference—so that the tetrahedral complex is self-dual. 
The equation of the system may be written 

2*02 2^31 + “ 2^03 Pi 2 = 

and since the p i} are connected by the identical relation 

2>0l2>23+P02 2 ? 31+2>03 2>12 = °> 

the same complex may be represented in infinitely many ways by 
an equation of the form 

ap 01 2>23+&2>o 2 2>3i+CP 03 P 12 = °* 

Conversely, any equation of this form, in which a, 6, c are all 

unequal, defines a tetrahedral complex. 

The special peculiarity of the tetrahedral complex K, as a quad¬ 
ratic complex, is that it possesses four total points and four total 
planes, namely the vertices and faces of the basic tetrahedron. 
This is apparent at once from the form of the equation just obtaine . 
The complex cone C P consequently contains the four lines joining 
P to the vertices of the tetrahedron, and the complex envelope 
contains the lines in which n is met by its four faces. The locus o 
singular points of K is the set of four faces of the tetrahedron, and 
the envelope of singular planes is the set of four vertices. 

Tetrahedral complexes are met with in various connexions, and 

the following instances are especially important. 

(i) If m is a general space collineation, with united points , , 

C, D, then all the joins of corresponding points P, P genera e a 
tetrahedral complex based on A BCD, and the lines of intersection 
of corresponding planes w> also generate the same tetrahedral 

C 7)If( S ) is a general pencil of quadrics the axes relative 
to (S), of aU points P of space generate a tetrahedral complex 
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and the vertices of the tetrahedron are the vertices of the four cones 
of the pencil. 

(iii) Dually, if (£) is a general range of quadrics the axes & n , 
relative to (£), of all planes n of space generate a tetrahedral com¬ 
plex ; and the faces of the tetrahedron are the planes of the four disk 
quadrics of the range. 

To prove the statement (i) we need only observe that if P , P 
have coordinates {x 0 ,x ly x 2 ,x 3 ), (ax 0 ,bx 1 ,cx 2 ,dx 3 ) respectively, the 
coordinates of the line PP' satisfy the equation 

{a-\-b){c+d)p 0X p 23 J t{a-\-c){d-{-b)p Q2 p 31 J r{a-\-d){l)-\-c)p G3 p l 2 = °- 

It now follows immediately that the axes & P of a pencil of quadrics 
constitute a tetrahedral complex—for the polar planes 7T, tt of a 
point P with respect to two quadrics S, S' of the pencil are col- 
linearly related; and, by duality, the axes of a range also make up 
a tetrahedral complex. An interesting special case of (iii) arises 
when the range (£) is a confocal system. In this case we can state 
the result in the following terms: 

The normals of all the members of a confocal system of central 
quadrics generate a tetrahedral complex based on the three principal 
planes and the plane at infinity. 

It follows from this general result that all the normals that can 
be drawn to the confocals from a fixed point generate a quadric 
cone, of which one generator passes through the centre of the system . 
and three others are parallel to the axes. It follows further that 
all the normals to the confocals which lie in a plane envelop a 
parabola which touches the three principal planes. 

Exercises 

(i) If 0 is a central quadric, prove that the feet of those normals which 
belong to a given linear complex all lie on a quadric 0' which passes through 
the centre of 0 and through the points at infinity on its axes, and conversely. 
Discuss the special case which arises when the linear complex is special 
and the intersection of 0 with 0' is a pair of conics. 

(ii) Prove that the normals at two points of a quadric 0 intersect if and 
only if the join of the points is a normal to some quadric confocal with 0. 
Deduce from this that if a plane section of 0 contains one triad of points 
at which the normals to 0 are concurrent, then it contains oo 1 such triads, 
and prove that the locus of the points of concurrence of the triads of norma s 

is a line. / 

(iii) Form the equation of the complex of lilies which meet the conic 

whose conations are x* — x,x-, = 0 = x n . f 
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s£SSHS^^£ 

said to describe a line congruence . conipl exes—the complete 

be the totality of lines ^nnnon tot^o^mpl ^ ^ 

intersection of the comp exes, _ a partial intersection 

component of a reduciblei sys “ ° there to be ft finite number 

of two complexes. In any case wee. p noses two further 

of Unes of K which satisfy any restriction which imposes t ^ ^ 

conditions on the two independent f’ eral ; int 

particular, be a finite number m o^choice'of P 

As simple examples of congruences we have. 

(il the star, which is a (1,0) congruence; 

(ii) the ruled plane, which is a (0,1 ) which is a (1,1) 

(iii) the set of lines which meet two skew nne 

(iv) ^"congruence of chords of a twisted cubic. 

a £ <» * ^ 

WnAly m .n, .me. of A 

tains infinitely many lines of K is called a m 

The linear congruence Unear comp i e xes L v L, 

The fines common to two dist tji ^ ^ P ^ linea ia 

evidently form a (1, 1) co " gr ^ he e ’ ati ons of K may be written 
called a linear congruenc ^ Jh^q^ ^ of K clearly belong to 

in the form Cl ap - 0, IV • f Unear complexes given by 

r ry u ”" i«;.«rUw«■»> »»« * •*““ 

lz a+Afe,p f n v = 0. i.e. 

the quadratic equation S2 a+ A&,a+A& 

Q ao -p2Afi a *+A 2 ^66 = 0. 

If this equation these 

complexes contains tw P R . g the sy8 tem of all lines 

may be chosen as L x ana i> 2 * 
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which meet the axes of the two special complexes. This is the 
general type of linear congruence. Conversely, the lines which 
meet two general lines constitute a linear congruence with the two 
lines as axes. 

If the quadratic in A has coincident roots, K has only one axis, 
and it is then said to be special. It consists in this case of all the 
lines which meet a fixed line a and also belong to a linear complex L. 
The axis a is itself a line of L , since otherwise the lines of K would 
all meet the polar line of a with respect to L. The lines of K which 
pass through any point P of a lie in a plane tt through a —namely 
the polar plane of P with respect to L —and the range ( P) and the 
pencil {tt) are homographically related. 

An even more special case arises when the quadratic in A is 
satisfied identically. This happens when L v L 2 are both special 
complexes and when their axes a , b intersect. K consists in this 
case of all the lines through the common point of a and 6, together 
with all the lines coplanar with a and b. 

Recapitulating, we have: 

theorem 5. The general linear congruence consists of all the lines 
uhich meet two fixed non-intersecting lines. A special linear con¬ 
gruence is generated by lines p which meet a fixed line a in such a way 
t t the point ap and the plane ap correspond in a fixed homographic 
relation. A degenerate linear congruence is composed of a star [A] 
and a ruled plane [a], with A in a. 

Other congruences 

Among other types of congruence we may refer briefly to the 
following. 

The quadratic congruence is a (2, 2) congruence which is the 
comp ete intersection of a linear complex S and a quadratic 
complex T. If K is a general congruence of this type, it can be 
shown that K has sixteen singular points, each of which is the vertex 
o a pencil of lines of K; and the planes of the sixteen pencils so 
arising are singular planes of K. When, in particular, T happens 
o e a tetrahedral complex, four of the singular points must lie 
a t e v ertices of the tetrahedron and four more at the poles of its 
aces wit respect to S ; and in each face there lie two other singular 
points, whose polar planes with respect to S are the planes which 

form with that face the degenerate complex cones of T at the 
points in question. 
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The congruence of chords of a twisted cubic c is a (1,3) congruence 
which has every point of c as a singular point. Dually, the con¬ 
gruence of axes of a cubic developable 8 is a (3,1) congruence. 

The congruence of normals to a quadric 0 is a (6, 2) congruence 
whose lines are mapped on the points of 0 at which they are normal. 
The normals of 4- which belong to any general linear complex are 
mapped in this way by the points of the curve in which * is met by 

another quadric *' through the centre of* and the P 01 " ts at ‘ nfi " y 
on its axes (cf. p. 376, Exercise (i)). In this way the totality of 

sections of the congruence by all Unear complexes is associated 

with the totality of sections of * by the co* quadrics * through the 
four specified points. 

§5. Ruled Surfaces 

A ruled surface R is the line system generated by a variable line 
whose position depends effectively on the value of a single para¬ 
meter. The order n of the surface, when this is algebraic, is the num 

ber of its lines which meet a general line of S 3 . 

A particularly simple ruled surface is the intersection of three 

Unear complexes L v L z , W If the equations L t = 0 _(.■- >. M 
represent three general linear complexes, so that A, = 
the lines common to them all belong to every complex of the co 
linear family XL 1+ pL i+ vL 3 = 0. The hnes therefore belong in 
particular, to the co* special complexes of this family, and > 
have the axes of these complexes as common transversals. But 
these axes are given by coordinate vectors of the form 

Aa 1 -b/xa 2 d' l ' a 3'’ 

and since we may take three of the special complexes as the L ( 
it follows from Theorem 2 that the set of co axes is a regulus a 
the set of lines of which they are common transversals is the 
complementary regulus. Thus we have the theorem: 

theorem 6. The intersection of three linear complexes is, m 
general, a regulus, i.e. a ruled surface of order 2. 

Among ruled surfaces we distinguish as a special class those which 
are developable, i.e. those with the property that consecutive gene¬ 
rators always intersect. Suppose that p(0 is the coordi 
vector of a variable generator of a developable ruled surface J, 
t being a parameter, and suppose that p(() is a differentia 
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function of t, with derivative p. Then, since R is developable, 
p(0 must satisfy the differential equation Q pp = 0. 

The lines of a developable ruled surface R are, in general, the 
tangent lines of a curve C , the cuspidal edge of R, and they are 
also the focal lines of an envelope E , the envelope of osculating 
planes of C. 


EXERCISES ON CHAPTER XV 

1. Show that the line whose equations are x x /a = x 2 /b = x 3 /c is the axis 
of the special linear complex given by ap 23 -\-bp 3X + cp X2 = 0 and that the 
line whose equations are x 0 = 0 = ax x -\-f3x 2 -\-yx 3 is the axis of the special 
linear complex whose equation is <xp 0l +f}p 02 -\-yp 03 = 0. 

If a 0 # 0, show that a lino belongs to the star with vertex (a Qt a x ,a 2 ,a 2 ) 
if and only if its coordinates satisfy the conditions 


a oPz^-\-o 2 p 3Q + a 3 p 02 = a 0 p 3l + a 3 p l0 -]-a l p Q3 = a 0 p X2 + a x p 2() + a 2 p ox = 0. 


Find analogous equations for the ruled plane whose ordinary equation is 
a o x o - l -a i ;r i+oc2 ;r 2“h Q: 3 ;r 3 = where a 0 ^ 0. 

2. Show that the equation p 01 = Xp 02 represents the special linear complex 
whoso axis is the line x x — \x 2 = 0 = x 0 . 


3. Show that the lines which satisfy the equations p ol = p 02 = p 03 are 
those which lie in the plane x 0 = 0 and those which pass through the point 
( 0 , 1 , 1 , 1 ). 


Find all the lines which satisfy the equations p 23 = p 3l = p 12 . 

4. Identify all types of line system obtained by taking one or more of the 
six line-coordinates to be zero. 


5. Find the coordinate vectors of the two lines which meet all the lines 
of the linear congruence whose equations are 


7 Poi—5p oa 4-21/j 03 + 2 p 2 3 -f-p 31 -fp ia = 0, 


5Poi 2/> 02 -f-1 3p 03 -f- 2p 23 = 0. 

6. Show that the tetrahedron formed by the polar planes of the vertices 
of a given tetrahedron with respect to a null polarity is both circumscribed 
to and inscribed in the given tetrahedron. 

Show also that any pair of tetrahedra related in this way are reciprocals 
of each other with respect to a null polarity. 

7. Find the equation of the uniquo linear complex which contains the 
following five lines: the edges X 0 X x , X 0 X 2 , X 3 X x , X 3 X 2 of the tetrahedron 
of reference and the line with coordinates (1, 1,2, 1, 1, —1). 

8 . If the coordinate vectors of three skew lines are’ p = ( 1 , 0 , 0 ,0, 0,0), 
q = (0, 0 , 0, 1 , 0 , 0), and r = (1,0,1,1,0, — 1), show that any line of the 
rcgulus containing these three has a coordinate vector of the form 


(1-A)p + (A’-A)q+Ar. 

Show that the quadric surface which contains the regulus is Xo x 3 = x i x * m 


381 


X y EXERCISES ON CHAPTER XV 

9 If „ b c are constants, show that the lines whose coordinates satisfy 
the * equations P Ja = <p 01 -p„>/6 = toJc meet two fixed generators 

° f lo* F^kew lines Tnd a point 0 being given in general position, trims, 
versals are drawn from O to the pairs of transversals of setsof four of the 

'Tl re^ercnc^points to 

the poles of the opposite reference pW with respect to the ^ 

plane-equation is £ A ik UiU k = 0, ana veniy 

‘TefuctTha^ejoins of corresponding vertices of two tetrahedra which 

are ! TZlnL andVl^arnglvem of gVneml'osition in space, and a homo- 
that if the signs of the fourth roots are chosen suitably then 

(n pa n„)‘+(n J ,r«.»)‘+( n ri n «' ) * - °- . 

^ n r a variable line are quadratic polynomials 
14. The six «°° r *nates P* lde “J cally the fundamental relation £!„ = 0, 

in a parameter 0, J f the six polynomials is of rank 3. Show that 

and the matrix of coeffici complementary regulus. 

in general the line generates a ^ d ^ 

™ ‘ h I a^and^hat ofthe complex of lines which meet the twisted 

lines, Which do not lie on a quadric ^ough^s/iow 

EX S-d—.... . .. ” J ' f 

in common. quadrics have four common generators there 

«. - »*-- 
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PROJECTIVE GEOMETRY OF n DIMENSIONS 

In this concluding chapter we propose to give the reader some 
indication, through the medium of specific examples, of the natural 
extension of projective geometry to spaces of higher dimensionality, 
and of the important function of higher space in providing con¬ 
venient and suggestive representations of variable geometrical 
entities in spaces of two and three dimensions. The systematic 
development of many-dimensional geometry, initiated in the second 
half of the nineteenth century by the Italian school of geometers, 
and by Veronese and the great Corrado Segre in particular, was a 
momentous undertaking and one which revealed unsuspected 
potentialities in the subject of projective geometry. Segre showed 
that to stop at three dimensions gives an unnatural and distorted 
picture even of much of three-dimensional projective geometry, 
since configurations in S 3 that appear to be very complicated can 
often be obtained as sections or projections of much simpler ones 
in higher space. Again, the introduction of higher space has proved 
of inestimable value in making possible new developments in 
ordinary projective geometry by allowing the construction of 
simple models of systems of geometrical entities in S 3 . Quite 
apart from all this, the study of the geometry of S n , both for its own 
sake and also with a view to solving purely algebraic problems, 
has opened up a vast and fruitful field of research. 

Four-dimensional geometry 

For the sake of simplicity we begin with four-dimensional space 
^ 4 , in which the points are given, in any allowable representation 
by homogeneous coordinate vectors x = (x 0 ,x v ... f x 4 ). The repre¬ 
sentation may be specified by choosing five reference points 

0 ,...,X 4 , the vertices of a four-dimensional pentahedron of 
reference, and a unit point E. 

The fundamental entities in S A are points, lines, planes, and 
solids. Lines, planes, and solids are linear subspaces of S v and 
they may be defined as totalities of points linearly dependent 
respectively on two, three, or four linearly independent points of S A . 

Alternatively, a solid may be characterized as the totality of 
points whose coordinates satisfy a single Unear equation u r x = 0; 
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and the vector u is then a coordinate vector of the solid. Planes, 
lines, and points are clearly the intersections of pairs, triads, 

and tetrads of linearly independent solids. 

The solids through a plane form a pencil, those through a line 
form a line-star, and those through a point form a point-star. 

The reader will have no difficulty in interpreting and verifying 
the following scheme indicating the normal intersections of linear 


subspaces in S A : 


line 

plane 

solid 


line 

plane 

solid 

— 

— 

point 

— 

point 

line 

point 

line 

plane 


It will be noted, in particular, that a line normally meets a solid in 
a point. This enables us to define an operation of projection from 
a point F on to a solid II, by which any general point P of is 
transformed into the point of intersection of the line VP with M. 
Further, two planes normally meet in a point; and so we can de ne 
projection from a line v on to a plane n, by which a point P goes into 

the point of intersection of the plane vP with v. 

In S A , as in S 2 and S 3 > we have a principle of duality. This is in 1 - 

cated by the scheme 

/point line plane solid \ 

\solid plane line point/ 

Thus, for example, to the proposition that two planes normally 
intersect in a point corresponds the dual proposition that two 
general (non-intersecting) lines have as their join a solid. 


Exercises 

(i) Show that a line and a plane do not meet unless they lie in a solid, and 

that two planes meet in a line if and only if they lie in a solid. 

(ii) Verify that S. contains oo* points and solids and oo lines and planes 
(hi) Show directly, and also by applying the principle of duality, tha 

three general lines of S 4 have a unique transversal line. Explain the circu 
stances in which three lines of 5. may have infinitely many transversals. 


In S. there are three kinds of point-locus: (a) primals, which are 
three-dimensional loci, each given by a single homogeneous equa¬ 
tion in x 0 ,x 1 .z 4 > (*) surfaces, which are loci of oo points, and 

(c) curves, which are loci of oo 1 points. 

The primals of order 1, given by linear equations, are of course 

the soUds of S 4 . Next in simplicity after these come the primals ol 
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order 2, or quadrics. Every quadric is represented by an equation 
of the form 

4 4 

S -2 0 k I a ik x k = 0 (a ki = a ik ); 

and, as was the case in S 3 , the projective character of the locus 

depends only on the rank of the matrix (a r3 ). According as the rank 

is 5, 4, or 3, the quadric is (i) a general quadric, (ii) a point-cone, 

generated by the oo 2 lines which join a fixed point to all the points 

of an ordinary quadric surface lying in a solid, or (iii) a line-cone, 

formed by the oo 1 planes which join a fixed line to the points of a 
conic. 

One of the simplest surfaces which belong properly to S 4 (i.e. 
which do not lie in any solid in S 4 ) is the Segre quartic surface F, 
the surface of intersection of two general quadrics in S 4 . This 
surface is known to have sixteen lines lying on it; it projects from 
anj general point of itself into a general cubic surface in S 3 ; and it 
lies on each of the five cones belonging to the pencil defined by the 
given pair of quadrics. Another simple surface, the cubic ruled 
surface of S 4 , is the residual intersection of two quadrics (necessarily 
cones) which pass through a common plane. 

The simplest curve properly belonging to S 4 is the rational normal 

quartic curve C 4 the analogue of the conic in S 2 and the twisted 

cu ic in $ 3 whose parametric equations, referred to a suitably 
chosen system of reference, are 

= 0 4 : 0 3 : 0 2 : 0 : 1 . 

This cur\ e is met by any solid in four points, whose parameters 
may e regarded as the roots of a quartic equation, and the resulting 
association between solids in S 4 and quartic equations f{9) = 0 
provi es us with a means of inferring algebraic properties of such 
equations from known geometrical properties of C 4 . 

The theorem of the fifth associated plane in S A 

In order to illustrate the working of four-dimensional geometry, 

we propose now to give a direct algebraic proof of an altogether 

remar a e and yet simple theorem which is the basis of much 
interesting geometry in S A . 

theorem 1 . The lines which meet four given general planes of S 4 
alt meet a fifth plane, which, together with the four original planes, 
makes up a symmetrical set of five associated planes. 
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Proof. Let n lt tt 2 , tt 3 , tt 4 be the four given planes. If A if = 7r { w ft 
we can choose coordinate vectors a tJ - for the six points in such 

a way that a 12 -fai 3 + a i 4 - t~ a 23 + a 24+ a 34 = o. (1) 

Now let p be a line which meets tt 1 and 7 r 2 , say in the points 
represented by the vectors a 12 -j-a;a 13 -|-ya 14 and a 12 -|-za 23 -|-/a 24 
respectively. Then a general point of 2 ? is given by 

(l+A)a 12 +a;a 13 -f2/a 14 -f Aza 23 -f A<a 24 , (2) 

and p meets 7 r 3 provided that, for some value of A, this vector is 
of the form Za 13 + ma^+na^, and hence, by (1), of the form 

—na 12 -b (l— w)a 13 —wa 14 -|- (m— w)a 23 —na 24 . 

This requires that, for some A, 

l-j-A = y =: A/, 


and so yields the condition 

t = yl(y-l). < 3 ) 

In the same way, the condition for p to meet 7 t 4 is 

Z = x/{x— 1). ( 4 ) 

Suppose, now, that conditions (3), (4) are satisfied, so that p 
meets all four planes; and consider the point of p for which 

A = — (ar— 1)(S/— !)• 

Substituting this value for A in (2), we obtain, as the coordinate 
vector of the point, 

(x+y— xy)a 12 +xa 13 +ya li —x(y— l)a 23 — y(x— l)a 24 , 

i.e. (x+^-sy)(a 12 +a 23 +a 24 )+x(a 13 -a 24 )-i/(a 23 -a 14 ). 

But this is the coordinate vector of a point lying in the plane w* 

of the points given by a 12 +a 23 +a 24 , a 13 —a 21 , and a 23 — a i 4 - e 
same plane is also determined by the second and third of these 

points together with the point represented by 

2 (a 12 + a 23 +a 21 )+(a, 3 —a 21 ) — (a 23 —a 14 ) = a 12 -a 34 . 

We have proved, therefore, that any line which meets r t„ tt 2 , tt,, tt 4 
also meets the plane 77 5 which is determined by the three points 
whose coordinate vectors are a 23 —a, 4 , a 13 —a 24 , a 12 a 34 , and is 

plane may be said to be associated with tt 2 , 713 , tt 4 . 

In order to show that the five planes tt, are symmetrically related, 

we find coordinate vectors for the pomts 77,773 (* - l.Ai, )• 

c c 


6304 
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These may be taken as 

a i5 = ~( a i2+ a i3"l _a i4)> 
a 25 — ( a i2 I a 23 I a 24)> 
a 35 = ( a i3“l _a 23 + a 34)» 
a 45 = ( a i4 + a 24 + a 34)' 

It now follows that the plane associated with n 5 , 7 r 2 , 7 r 3 , 7 t 4 is deter¬ 
mined by the three points whose coordinate vectors are 

a 45~ a 23 = a i2 + a i3> a 35~ a 24 = a i2 + a i4> 

aild a 25 a 34 = a !3 + a i4 

i.e. it is the plane tt x \ and this completes the proof of the theorem, 
since 7 r x , 7 r 2 , 7 r 3 , 7 r 4 enter symmetrically into the problem. 

The lines which meet the five associated planes 7 r i are subject 
to only four simple conditions, and they therefore form a doubly 
infinite system. This means that they generate a threefold locus, 
and this locus is called the Segre primal. In order to elucidate the 
nature of this primal we need to represent it algebraically, and this 
may be done in the following manner. 

If ^i 2 » -^ 13 * ^i 4 > 23 > ^24 are taken as vertices of a new penta¬ 

hedron of reference, the coordinates of a general point of p are given, 
in accordance with ( 2 ), by 

*0 _ ^1 __ X 2 x 3 x 4 

* y A z~\t~ p ' S * y ' 


Then p = ^ r i3 = S> and hence 2 = -*3 * 
But, by (4), * = _* and hence - x *~ x i 

X 1 *3—*0 

Similarly, by eliminating t instead of 2 , we obtain 





, we have finally 
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The locus generated by p is therefore the cubic primal whose 
equation is * 

#l(#0—*^3)( a '2 ^ 4 ) iC 4)( a 'l *^ 3 ) = 

This equation may be written in the form 

XYZ = X'Y'Z', 

where X, Y, Z, X', Y\ Z' are six linear forms in the five point- 
coordinates which are connected by the identical relation 

X+Y + Z = X'+Y'+Z'. 

Exercises 

(i) Show that the Segre cubic primal defined above contains fifteen planes 
in all, including the five original associated planes; also that it has ten nodes, 
of which four lie in each plane. 

(ii) Verify that the equations 

X = y{t — z), Y = z(t-x), Z = x(t-y), 

X' = z(t-y), ' Y' = x(t-z), Z' = y(t-x), 

give a (1,1) parametric representation of the Segre primal on the points 
(x,y,z,t) of a three-dimensional space; and find the surfaces in this space 
which correspond to the sections of the primal by solids of S A . 

(iii) Enunciate the dual of Theorem 1, i.e. the theorem of the fifth asso¬ 
ciated line. 

Five-dimensional geometry 

The points of S s are given, in any allowable representation @, 
by means of vectors x = {x 0 ,x ly ...,x 6 )\ and any particular repre- * 
sentation can be specified by means of the six vertices Xq,..., X$ 
of the simplex of reference and the unit point E. 

The fundamental entities in S b are points, lines, planes, solids, 
and primes (four-dimensional linear subspaces). Five linearly 
independent points are joined by a unique prime, and five linearly 
independent primes intersect in a unique point. 

The scheme of normal intersections of linear subspaces in S b 

is as follows: 



line 

plane 

solid 

prime 

line 

— 

— 

— 

point 

plane 

— 

— 

point 

line 

solid 

— 

point 

line 

plane 

prime 

point 

line 

plane 

solid 


It will be noted, in particular, that two planes of S b do not ordinarily 
intersect. 
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The principle of duality in S 5 is indicated by the scheme 

/ point line plane solid prime\ 

\prime solid plane line point / 

The plane features here as a self-dual entity, and the oo 2 points in a 
plane are dual to the co 2 primes passing through a plane. 

In S 5 we have to consider loci V k (k = 4, 3, 2 , 1 ) of four different 
dimensionalities: primals V 4 (each given by a single equation), 
threefolds V 3 , surfaces V 2 , and curves V x . 

A quadric primal V\ is said to be general or non-singular if it is 
given by the vanishing of a quadratic form whose matrix is of 
rank 6 . If the rank is 5, 4, or 3, the primal is said to be a point- 
cone, a line-cone, or a plane-cone. These three manifolds are 
obtained respectively by joining the points of a quadric threefold 
^ 3 by lines to a point, the points of a quadric surface V\ by planes to 
a line, or the points of a conic V\ by solids to a plane. 

Exercises 

r\ I f. tW ° planes have a P° infc ^ common, show that they lie in a prime, 
(n) ow t at through any general point there passes a unique transversal 
line of two given non-intersecting planes. State the dual result. 

(m) Prove that in there are co 5 points and primes, oo 9 lines and solids, 
and oo 9 planes. 

(iv) Discuss projection from a point, line, or plane in S 6 . 

Representation of conics in S 2 by points in S s 

We have already referred in an earlier chapter (see p. 106) to the 
fact that when considering systems of conic loci & in a plane tt- it is 
natural to represent all such loci by points of S 5 , taking as co¬ 
ordinates of the representative point in S s the six coefficients 

which appear in the equation _£ Jx**,** = 0. When this is 

f ° 9 ° ? Ur ^ bnear system of conics, those of freedom 

, A 3, and 4 respectively, are represented by the four different 
ypes o ear subspace of S 6 . Thus, in particular, the conics of a 

pe w T mapped ° n the P ointa of a line in S s . 

e s all now give a few properties of this useful representation 
in order to exhibit some of its more typical features. The first 

• ° SGrve ^ t'bat while a general conic in 7 t is represented 

Simp y y a general point of S 6 , various special kinds of conic are 

represented by points belonging to certain loci in S 5 . Thus we have 
the following results. 
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The points of S b which represent repeated lines of the plane form a 
surface <f >, called the Veronese surface; and those which represent line- 
pairs form a cubic primal called the cubic symmetroid. M\ is the 
locus generated by all chords of <f>. 


To prove this we observe first that if k is the repeated line given 
by (hx 0 -\-px l +vx 2 ) 2 = °> the coordinates x\ of the image point K 
are given by 

S 9 9 9 _ 9 9 

( 1 ) 


Xq 

A 2 


x 


X. 


X . 


/XV 


*4 

vA 


^_ 6 . 

V 


and these equations constitute a parametric representation of the 
surface <f >—defining a mapping of the points of the surface on the 
points (A, /x, v) of a plane a. *If T is any general solid of S b , defined as 
the intersection of the two primes whose equations are 

= 0 , = 

t =0 1=0 

then the points of intersection of <f> with T are represented in a by 
the four points (A, /x, v) that are common to the two conics whose 

equations are u 0 \*+u 1 p*+...+u b \p = 0 


and v 0 X 2 +v 1 p 2 +..-+v b Xp = 0. 

Thus <j> is met by a general solid in four points, and we accordingly 
describe it as a quartic surface. 

The points of S b which represent line-pairs of tt are evidently 
those whose coordinates satisfy the equation 


x' 0 x b x\ = 0, 

9 9 9 

X b X3 

x 3 x 2 

and this is the equation of the cubic symmetroid Mi. 

2 2 

Finally, since a quadratic form 2 x i x k is a product of linear 

factors if and only if it can be expressed as a linear combination 
A L 2 -\-pM 2 of the squares of two linear forms in x 0 , x v x 2 , it follows 
that a point of S 5 lies on M\ if and only if it lies on a chord of <£; 

i.e. M\ is the locus of chords of <\>. 

We can now establish the following additional property of the 

manifolds <f> and M\: 

The surface <f> contains a doubly infinite system of conics , one conic 
passing through any two given points of the surface. M\ is the locus 
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of planes of these conics, and it has the tangent planes of <f> as a second 
system of generating planes. 

To prove this, we consider the curve coruf> whose points represent 
repeated lines through a fixed point V in tt. This curve is represented 
by a straight line in the plane a of the parameters A, p, v. Its 
parametric equations are obtained therefore by replacing A, p, v 
in (1) by linear functions of a parameter 9 , and this procedure clearly 
leads to equations of a curve of the second order, i.e. a conic. Also 
the points of the plane of c represent all line-pairs with V as vertex, 
and this plane therefore lies on M\. Since, furthermore, any two 
lines of tt meet in a unique point V, any two points of <j> are joined 
by a unique conic c on the surface. Any two conics c, c' on </> meet 
in a unique point. 

Finally, it is easy to verify that all the line-pairs of n with a fixed 
line d as component are mapped by points of the tangent plane to (f> 
at the point which represents the repeated line d ; and this shows that 
the tangent planes to (j> form a second doubly infinite system of 
generating planes of M\. 

Exercises 

(i) Show that the three line-pairs of a pencil of conics in tt are represented 
in S s by the three points of intersection with M\ of the image line of the 
pencil. Deduce that all the conics which touch a fixed conic k in -tt are 
represented by points of the tangent cone to M\ from the image point of k. 

(ii) Prove that a double-contact pencil of conics is represented by a line 
which meets <f>; also that any trisecant plane of <f> represents the net of 
conics for which a fixed triangle is self-polar. 

(iii) Show that all the conics of tt which touch a fixed line are represented 
in N 6 by the points of a quadric primal through tf>. 

Representation of the lines of S 3 by the points of a quadric 

primal Q of S 5 

Our last illustration of the use of geometry of higher dimension- 
ality is one of a kind that has proved to be extraordinarily useful 
and suggestive, as well as being capable of very wide application. 

It concerns a representation in which a system of geometrical 
entities in this case the lines of S 3 —is mapped not on a whole 
space S n but on a certain algebraic manifold in such a space. 

\\ e have already discussed the elements of line-geometry in 
Chapter XV, and the reader must have been struck by the fact that 
the geometry of line systems of one, two, and three dimensions 
is much harder to visualize than the more familiar geometry of 
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point-loci. A further awkward feature of line-geometry, to which 
we drew specific attention, is the fact that a linear combination of 
coordinate vectors of lines is not in general itself the coordinate 
vector of a line—so that the coordinate vectors of the lines of S 3 
do not constitute a vector space. What we now propose to do is to 
show briefly how these and other similar difficulties may be avoided 
by transforming the whole theory of line systems in S 3 into the 
theory of ordinary point-loci on a four-dimensional manifold £2 
in S 5 , whose points map unexceptionally the lines of $3. 

In terms of any fixed allowable representation of S 3 , every line p 
has a set of six line-coordinates which make up the coordinate 

vector p __ (p 23 t p 3 lt p 12 t p 0 i,Po2’Pod)> 

and this vector satisfies the identical relation 

Cl pp = PoiP 2 Z+Po 2 P 3 l+Po 3 Pl 2 = 0 * 

If, now, we interpret p as the coordinate vector (x 0 ,..., x s ) of a 
point in’ S 5 , it is obvious that a one-one correspondence is set up 
between the lines of S 3 and the points of S s which lie on the quadric 

primal £2 whose equation is 

£2 == x 0 x 3 +x 1 x A -\-x 2 x s = 0. 

This is the representation to which we have already alluded. 
Complexes, congruences, and ruled surfaces of S 3 are represented 
respectively by threefold loci, surfaces, and curves cut on £2 by 
algebraic manifolds in £ 5 ; and the condition Q pq = 0 for two lines 
p y q in S 3 to intersect clearly expresses the conjugacy of their repre¬ 
sentative points in S 5 with respect to the quadric £ 2 . 

Plainly, in order to profit from this representation, we need to be 
familiar with the properties of Cl. Our knowledge of such properties 
comes in the first instance partly from such algebraic results as 
we already know concerning quadratic forms and symmetrical 
polarities and partly from the results that we have already obtamed 

by direct study of the line-geometry of S 3 . 

To begin with, Cl is a non-singular quadric of £ 5 ; for a simple non¬ 
singular transformation of coordinates reduces x 0 x 3 +x 1 xi+x 2 x 5 
to a sum of the six squares of the new coordinates. 

Then again, by obvious generalization of the polar properties 
of conics and quadric surfaces, we may infer the following pro¬ 
perties of 12. 
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(i) Q defines a symmetrical (non-singular) point-prime polarity 
of S 5 , in which the uniquely associated pairs of polar spaces are 
(a) point and prime, (6) line and solid, (c) plane and plane. Any 
point of either space of a polar pair is conjugate to all points of the 
other, and any prime through either space of a pair is conjugate 
to every prime through the other. (The definitions of conjugacy 
are, of course, immediate generalizations of the definitions of 
conjugacy of points and of planes with respect to a quadric in S 3 .) 

(ii) The points of £2 are those points of S 5 which lie on their polar 
primes, and the tangent pfimes of 12 are those primes which contain 
their poles. 

(iii) Through any solid T there pass two tangent primes to £ 2 , 
and the polar line of T is the line which joins their points of contact. 
Through any general plane tt there pass co l tangent primes of 12 , 
and these touch 12 at points of the conic in which 12 is met by the 
polar plane of tt. 

Analogy with the quadric in S 3 leads us to expect that £2 will 
contain certain systems of generating linear spaces which lie 
wholly on it, and such spaces do in fact exist. In order to find them 
we can use the representation of lines; for any generating space of 
£2 must be the image on £2 of a linear line space in S 3 (see Chapter 
XV, § 2). Now we know exactly what special line systems of this 
kind exist in S 3 , and we accordingly infer that 12 contains the follow¬ 
ing generating spaces: 

(i) co 5 lines, representing pencils of lines in S 3 ; 

(ii) co 3 planes of one system, a-planes say, representing point- 
stars of S 3 , 

(iii) oo 3 planes of another system, ^-planes say, representing 
ruled planes of S 3 . 

E\ ery line on £2 is clearly the intersection of a unique a-plane with 
a unique £-pIane. 

Since two point-stars of S 3 have a unique ray in common, it follows 
that two a-planes meet always in a single point; and similarly two 
^-planes meet in a single point. A point-star and a ruled plane, on 
the other hand, have either no line in common or else contain a 
common pencil of lines (when the vertex of the star lies in the plane); 
and therefore an a-plane and a )S-plane in general do not intersect, 
but if they have an intersection this must be a line. 

V e are now in a position to discuss the representation on 12 of 
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various types of line system in S 2 which we have already met in 

Chapter XV. . , , 

In the first place, any linear complex—obtained by imposing 

a fixed linear condition on the p (i -is represented by the threefold 

locus F| in which is met by a prime n. If n touches £2 at a point 

P then the section FI is a point-cone with P as vertex, and the 

corresponding linear complex is then the special complex whose 

axis is the line corresponding to P. 

A quadratic complex K is represented by the quartic threefold 

F* in which Cl is met by a second quadric £2'; and the geometry o 

K is accordingly related to that of the pencil of quadrics defined 

by Cl and Cl'. The singular points and planes of A correspond to 

a planes and /3-planes of Cl which touch Cl', i.e. which meet it 

Ull A hAear congruence is represented by the quadric surface F in 
which £2 is met by a solid T, and its two directrices are represented 

by the points of intersection of £2 with the polar line of T. 

A quadratic congruence is represented by the Segre quartic 

surface common to two quadrics Cl, Cl' and a pnmen. 

A regulus is represented by the conic in which £2 is met by a 
plane „• and the complementary regulus is represented by the conic 

““lurth., details and application. -1 th= reputation j«l 
eoasideted, in addition to there few given in the earns ^ 

we refer the reader particularly to the excellent account given in 

Baker, Principles of Geometry (Cambridge 1925) vo 

also to the accounts given in Edge, Ruled Surfac^J Cambndge 

1931), chapter i, and Semple and Roth, IntroducHon to Algebmc 

Geometry (Oxford, 1949), chapter x. 

C °OuI U m S r concern in the preceding chapters has been with some 
of the simplest manifolds in two and three dunension . espec aUy 

the conic, quadric, and 

&r g ^wTn-"no C tions such as that of homographic 
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correspondence. We have also touched lightly upon certain power¬ 
ful methods of proving geometrical theorems, of which the methods 
of transformation and representation are typical. We have met 
various examples of birational transformation, including Cremona 
transformations of a plane into itself and projection of a quadric 
on to a plane; and we have seen how conics in S 2 and lines in S 3 
may be represented by points in higher space. 

In order to illustrate Segre’s discovery that figures in S 2 or S 3 can 
sometimes be derived by projection or section from simpler figures 
in higher space, we should have to study a number of other special 
manifolds in addition to those already mentioned, and to do this 
we should need to go more fully into the theory of birational corre¬ 
spondences. This would take us beyond the confines of elementary 
projective geometry into the realm known as algebraic geometry. 

References to a number of books on this subject have already been 
given. 

A yet more ambitious project may just be discerned upon the 
horizon to discuss, in full generality, the properties of algebraic 
manifolds as such in projective space S n . This is the ultimate objec¬ 
tive in algebraic geometry, and one towards which some progress 
has been made from various directions. Thus the geometers of 
the Italian school rely largely upon correspondence methods, while 
other algebraic geometers are bringing the full resources of modem 
algebra to bear upon their problems. The reader who wishes to 
learn more of this side of geometry should turn, say, to Methods 
of Algebraic Geometry by Hodge and Pedoe. 

Our task has been a much more elementary one; but it has its 

justification in the intrinsic interest of the particular manifolds 

we have discussed in detail, and also in the fact that one has to be 

thoroughly acquainted with the properties of a variety of special 

manifolds in order to be in a position to tackle more general geo¬ 
metrical problems. 

EXERCISES ON CHAPTER XVI 

1. Show that any quadric of S 4 that contains a plane is necessarily a 
cone (or a pair of solids). 

2. If two quadric cones of S t have a plane tt in common, show that in 
g ener al they meet residually in a cubic ruled surface, and that the generators 
of this surface meet 7 r in the points of a conic. 

Show also that the equations of such a cubic ruled surface can be written 

in the form m/m = v/v' = iv/w', where u, v, tv, u', v' t w' are linear forms in 
the point-coordinates. 
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3. Deduce from Exercise 2 that the cubic ruled surface lies on a quadric 
line-cone whose vertex meets all the generating lines of the surface. 

Show also that the surface is generated by the lines which join corre¬ 
sponding points of homographic ranges on a line and on a conic respective y, 
and that any general surface so generated is a cubic ruled surface. 

[Hint. Write 

u/u' = v/v' = w/w' = (Xu-\-ixv+vw)l[Xu' +fiv' -\-vw') 

= (A'u -f p'v + v'w)/{X'u' -f /x V + v'w'), 

and choose X, /z, v t A', /x', v' so that Au+/u)-t-vw = Au +/zt> meet a 

4. Show that all the planes of S t which meet three general 1™ ™ 
fixed solid in the lines of a tetrahedral complex, and that any te*rahed«d 

complex can be generated in this way. [Hint. If the ™ 

line of the given lines meets them in A , B, Candmeets the sohd m D and 

if 7 T is any one of the planes, then the pencil of solids tt(A, B, C, D) meets 

fixed solid in a pencil of planes of fixed cross ratio.] -ionsare 

5. If C is the rational normal quartic curve whose parametric equations are 

x . x :x :x . x A = 0 4 : 0 3 : 0 2 : 0 : 1 , 

show that the solid which /obis’ the four points of the curve whose para- 
meters are 0* (i = 1,2, 3,4) has the equation 

X Q — 8^X x -\-8 i X t — S i X z -\-8 A X i = 0 , 

where a,, s„ ». are the elementary symmetric functions of 0,, B, 0, < 
Deduce from this the equations of a trisecant plane and of a chord of 

‘ h ™w that the chords of the curve C in the previous exercise generate 

the cubic primal whose equation is 

I X n x t X 2 I = 0. 


Show that three chords of O taught general point of 5,. 

Show that four osculating solids of C pass tnroug B ‘ f th 

If P is this point and II is the solid containing the 

four osculating solids, show that D is the polar solid of P w.th respect 
to a fixed non-singular quadric containing all the Wn f which 

7. Show that the trisecant planes of a rational nor ™ a q x at the point . 

pass through a general point generate a quadra cone = 0 is repre- 

8. The quartic equation of points of 5. 

eented by the point ( a 0 ..... a 4 ) of S 4 . S rational normal quartic 

which represent equations with four equa roo with three equal 

with a given root is an osculating solid of • . nf eaual 

Findthe locus of points which represent equations with two pairs of equal 

roots. 
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9. Prove, by the methods of Exercise 8, that a necessary (and in general 
sufficient) condition for the quartic polynomial (a 0 ,..., a 4 \x, l) 4 to be expres¬ 
sible as a sum of two fourth powers is 

Qq flj flj — 0. 

a l a 2 °3 

a 2 a 3 a 4 

In what special circumstances is this condition insufficient ? 

10. A rational quartic curve in the plane or in space being defined as a 
quartic curve given by parametric equations in which the coordinates are 
proportional to linearly independent quartic polynomials in a parameter 6 
with no common factor, show that every such quartic curve is a projection 
of the rational normal quartic curve in S A from a line or from a point. 

Show that the general rational plane quartic has three double points. 

Show also how to choose the line-vertex of projection so that the rational 
normal quartic shall project into a tricuspidal plane quartic; and interpret 
in this way the fact that the three cuspidal tangents of such a curve are 
concurrent. 

11. Prove that the general rational quintic curve in S 3 has one quadri- 
secant line, and that the general rational quintic curve in S 4 has one trisecant 
line. 

12. Prove that the general quintic polynomial in one variable x is expres¬ 

sible in one and only one way as a linear combination of three fifth powers 
(x—a) 6 , (x-£) 5 , (x-y) 6 . - 

13. Show that in S 6 & unique transversal plane of three given lines (o 
general position) can be drawn through any general point P. 

If P describes a fourth line, show that the transversal plane cuts homo- 
graphic ranges on all four lines. 

14. Establish the following results for the representation of the conics 

of S z by points of S 3 (p. 388). . 

(i) The surface <f> is double on M \, i.e. any general line through a point 
of <f> has two of its three intersections with M\ coincident at P. 

(ii) Any inflexional tangent line to M\ represents a pencil of conics wit 
three-point contact. 

(iii) Any plane which does not meet <f> but meets M\ in the sides of a 
triangle represents a net of conics which pass through three fixed points. 

(iv) A solid which contains a conic of <f> meets <f> in general in one furt er 
point not on the conic, and it represents the system of conics which have a 
given point and a given line as pole and polar. 

(v) The cone which projects <f> from any general point of S s represen 
the system of all conics which have double contact with a fixed conic. 

(vi) Any prime of S 3 represents the system of conics which are outpolar to 
a fixed conic envelope, and this envelope is a proper conic, a point-pair, or 
repeated point according as the prime meets ^ in an irreducible quartic 
curve, a pair of conics, or a single conic counted twice. 

16.. Establish the following properties of the representation of the m 
of S 3 by the points of a quadric 12 in S s . 

(i) The section of 12 by the tangent prime at any point I 3 is a quadric con 
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VI, generated by the oo 1 a-planes and the oo 1 ftplanes through P, and it 

represents the lines of S 3 which meet a fixed line. 

(ii) A twisted cubic curve C on Q represents a cubic ruled surface R in 
S 3 , and in general the lines of R 3 meet two fixed lines, two of them passing 
through any general point of one of the lines and one of them through any 

point of the other. . 

(iii) The chords ofa twisted cubic c in 5, are represented on n by the points 

of a Veronese surface which meets any general a-plane in one point and any 
general S-plane in three points, and the axes (lines which he in two osculating 
planes) of e are represented by another Veronese surface which meets any 
general a-plane in three points and any general /3-plane in one point. 

16 Show that the vertices and faces of a tetrahedron in S, regarded as 
point-stars and ruled planes respectively, are represented on £1 by a double- 

four a a a 3 a 4 


ft P2 P^ P 4 

of a-planes and /3-planes such that a* meets ft in 

except when i = j. _/ 

' Show also that the section of Q by a quadric 12 

four of planes represents a tetrahedral complex in 


a line (t, j = 1,2, 3, 4) 
through such a double- 

5 ,. 



APPENDIX 


TWO BASIC ALGEBRAIC THEOREMS 


Much of the argument of the preceding chapters rests upon two 
theorems in pure algebra, one on linear transformations and the 
other on quadratic forms, and we shall conclude our account of 
algebraic projective geometry with a formal statement of these 
basic theorems. 

The application of linear algebra to projective geometry is com¬ 
plicated by the fact that the coordinates used are homogeneous 
and, in consequence, the correspondence between points and co¬ 
ordinate vectors is not one-one. For this reason we have usually to 
take scalar factors of proportionality into account, as in the lemma 
which follows. 

lemma. If x 0 ,...,x n+1 are n- j-2 vectors in V n+l (K), no n-f-1 of 
which are linearly dependent , and if e 0 ,..., e„, e n+1 are respectively 
the vectors ( 1 , 0 ,..., 0 ),..., ( 0 , 0 ,..., 1 ), ( 1 , 1 ,..., 1 ), there exists a non¬ 
singular linear transformation x-> Ax ofV n+l into itself such that 
Ae t = A ; x t - (i = 0,..., 7i+l), where the A f are non-zero scalars; and the 
matrices of any two transformations with this property differ at most 
by a scalar factor. 

Proof. Let x f have components (x i0 ,x n ,...,x in ). The matrix A 
satisfies the w+1 conditions 


Ae t - = AfX,- (i = 0,..., n) 

if and only if the elements of its (i+l)th column are the com¬ 
ponents of the vector A* x t -, i.e. if A = (o rs ) = (A s x„). We have to 
show, therefore, that the values of A 0 ,...,A„, and A n+1 , can be so 
chosen that the remaining condition 


+1 X n+1 


A e n+i — A„ 

is also satisfied. For this to be the case, 

^1*^10 • • • ^n^noX /l 

Ai^n ^7i X rtl 111 


^0 *^00 
^0 X 0l 


^0 X 0n 


\x 


In 


x nn 



^n+1 X n+ 1,0 
^n+1 x n +1,1 
• • • 

\i+l X n+l.n 


The A t must accordingly be chosen to satisfy the equations 

2 X ki^k X n +l,t +1 == ^ (i = 0,...,7l); 
k = 0 
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and since, by the hypothesis concerning the linear independence 

TLTnUol .» the (« +1 )-rowed d.Kn—. 

the matrix of coefficients are non-zero, the ratios of the X t 
uniquely determined. Furthermore, none of the A, is zero_ 1 
matrix A is thus uniquely determined apart from a scalar factor, 

and it is clearly non-singular. 

theorem 1. If x 0 .X n+1 and y^n^e ^nearly dZL 

vectors in V n+1 (K), no n+ 1 vectors in either setbeing linearly depx 

dent , there exists a non-singular linear transfor:nation* - P* of 

V IK) into itself such that Px, = Pi y ,• (» = 0,...,n + l), uhere 

p { ale Liars; and the matrix P is uniquely determined apart from 

scalar factor. 

Proof. By the lemma, we can choose a non-singular matrix A 
and a set of non-zero scalars A 0 ,..-, A n+ i so that 

Ae, = AjXj (i = 0.n+1). 

and in the same way we can choose B and Mc-Mn+i 80 that 

Be 4 = /x,y< (» = °. 7l + 1) - 


Then 


BA-'x, = y< (i = 0,...,«+!), 

A i 


and we need only put BA -1 = B, — Pi- 

If, further, Px, = Pi y< and Qx, = V <' tQ A ^ e! 

and QAe, = c^y,; and hence, by the lemma, PA O , 

P = rO f° r some scalar r . 

Theorem-1 supplies the foundation for our r ^° a teSector of a 
system. Interpreting x as a homogeneous representa- 

pointin-S„(K)wecaninferatonce(i)that ana ^ W+1 of 

tion of S n is determined uniquely when + points and 

which are linearly^dependent are ch self . collineatio n of S n is 

unit point respectively, and (u) provided that 

determined uniquely by n+2 corresponding pans, pro^d 

the usual restrictions as to linear in epen e required in 

The second fundamental theorem alluded to above is jeq 

the theory of conics and quadrics, and it may be stated 
following terms. 
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theorem 2. If Q(x, x) = x T Ax is a quadratic form in z 0 ,...,x n , 
and A is of rank r, a non-singular linear transformation x = Py and 
non-zero constants d 0 ,...,d r _ 1 can be found such that 

Q = ^o2/o + -*-+^r-l 2/r-l* 

If the elements of A belong to a field K, the elements of P and the 
coefficients d t may all be chosen in K. 

The proof of this theorem is well known, and we do not need 
to give it here. The reduction of Q to diagonal form may be carried 
out in any given case by Lagrange’s method. 



INDEX 


(Most of the numbers refer to the pages on which the topics are first mentl ° ned ' ^ t 
some additional page references have been given where it seemed that they might be useful.) 

A < • _ 1-1 ___ 


Absolute conic: in non-euclidean geo¬ 
metry, 97; in euclidean geometry, 

255. 

Absolute invariant, 194. 

Absolute points, 34, 93; in trilinears, 

128 (Ex. 21). 

Absolute quadric, 350. 

Affine geometry : 1 -dimensional, 64; 2- 
dimensional, 91; 3-dimensional, 254. 
Algebraic correspondences, 176. 

Algebraic curves and envelopes, 102. 
Allowable coordinate representations. 

Angle: modulus and Laguerre defini¬ 
tion; 93. 

Apolarity, 184. 

Associated points: in the plane, 321; in 
space, 339. 

Asymptotes, 119, 313. 

Auxiliary circle, 127 (Ex. 20). 

Axes: of a conic, 121, 169 ; of a quadric, 
284; of points for a pencil of quad¬ 
rics, 330; of planes for a range of 
quadrics, 335. 

Biaxial collineation, 350. 

Bifocal plane-pair, 269, 278. 

Birational transformation, 230. 
Bitangents of a plane quartic, 344. 
Brianchon’s Theorem, 143. 

Cayley’s notation, 104. 

Centre, of a conic, 119. 

Centre locus of a pencil or range of 
conics, 164. 

Characteristic roots and vectors, 211, 

286, 365 (Exx. 15, 16). 

Chasles's Theorem, 20, 133. 

Circular points, 32. 

Class of an envelope, 102. 

Clifford parallels, 357. 

Coaxal circles, 158, 165. 

Collinear fields and stars, 254; reduced 
equations, 259 (Ex. 12). 

Collineationa (plane), 205; cyclic, 218- 
21; a geometrical characterization, 
238 (Ex. 6); involutory, 218; per- 
mutable, 239 (Ex. 12); real, 216; 
which leave a conic invariant, 221, 
240 (Ex. 18). 


Collineations (space), 348; involutory, 
353; which leave a quadric invari¬ 
ant, 354, 364 (Ex. 6); which leave a 
twisted cubic invariant, 364 (Ex. 5). 

Complex points, 12. 

Complexes (of lines), 367, 371. 

Concomitants, 200. 

Confocal conics, 166, 174 (Ex. 20). 

Confocal quadrics, 336; complex of 
normals, 376. 

Congruence transformations, 358. 

Congruences (of lines), 367, 377. 

Conic, 19, 27, 103 ; as a one-dimensional 
projective domain, 132; axes, 121; 
canonical parametric representation, 
131; centre, 119; conjugate di¬ 
ameters, 120; degenerate forms, 112, 
117; director circle, 123; discrimin¬ 
ant, 112; foci, 123, 294 (Ex. 22); 
freedom, 105; normals, 150; proper, 
116; projective generation, 136; self¬ 
duality. 115; space dual of a quadric 
cone, 269; special forms of equation, 

129. 

Conics: apolar, 188; harmonically cir¬ 
cumscribed or inscribed, 148; in¬ 
variants of a pair, 194; nets of 
conics, 170; pencils and ranges. 150; 
reciprocation of one conic into an¬ 
other, 148; representation by points 
of S„ 106, 388; triangularly circum¬ 
scribed or inscribed, 147. 

Conjugate lines for a quadric, 271. 
Conjugate points: for a conic, 108; for 
a correlation, 225. 

Coordinates: allowable systems, 41; 
areal, 25; dual (tangential), 79, 244; 
homogeneous and non-homogeneous, 
40, 41 ; homogeneous cartesian, 14, 
22 ; projective, 23 ; Plucker (or Grass- 
mann), 246; trilinear, 25; tetra¬ 
hedral, 260 (Ex. 22). 

Correlations (plane), 224; generating 
(2,2) correspondences on a conic, 
240 (Ex. 19). 

Correlations (space), 359, 304 (Ex. 11). 
Co variants and contra variants, 199. 
Cremona transformations, 230. 

Critical points of a correspondence, 177. 
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Cross axis: of related ranges on lines, 
89 ; of related ranges on a conic, 141. 

Cross ratio, 17, 26, 45; of pairs of 
points on a conic, 133; six cross 
ratios of four numbers, 47 ; symmetric 
function of six cross ratios, 69 (Ex. 
18). 

Cubic curves (plane): nodal, 240 (Exx. 
25, 26); projections of twisted cubic, 
299, 325 (Ex. 13); property of non- 
singular cubic, 346 (Ex. 10). 

Cubic developable, 310. 

Cubic surfaces, 317; 4-nodal surface and 
cubic scroll, 322, 326 (Exx. 21, 22); 
cubic ruled surface in S 4 , 384, 394 
(Exx. 2, 3), 397 (Ex. 15). 

Cubic symrnetroid, 389. 

Curves in higher space: rational normal 
C 4 , 384, 395 (Exx. 5-10); rational 
normal C s and projections, 396 (Exx. 
11 - 12 ). 

Cylinder, 283. 

Dandelin’s Theorem, 39 (Ex. 18). 

Desargues: Theorem for triangles in 
perspective, 80, 251, and failure in 
limiting case, 99 (Ex. 14); involution 
theorem for a pencil of conics, 161 ; 
theorem for tetrahedra in perspec¬ 
tive, 250. 

Descartes, 7. 

Developable, 268; cubic, 310. 

Developable surface, 379. 

Diameters, of conics, 119; of quadrics, 
283. 

Direct and opposite transformations, 
354. 

Director circle, 123, 127 (Ex. 14), 165. 

Directrix of parabola, 140. 

Disk quadric, 265. 

Distance, 96; non-euclidean, 97, 357. 

Duality, 21 ; principle, 79, 248. 

Elation, 64. 

Ellipse, 119. 

Ellipsoid, 282. 

Elliptic paraboloid, 283. 

Equianharmonic tetrads, 48. 

Euclidean geometry: 1-dimensional, 
66 ; 2-dimensional, 93 ; 3-dimensional, 
255. 

Euclidean transformations, 256—7. 

False position, method of, 182. 

Fifth associated plane, 384. 

Focal conics, 337. 


Foci and directrices of a conic, 38, 123. 

Fregier point, 153 (Ex. 16); extension 
for a quadric, 293 (Ex. 20). 

Fundamental points (of a transforma¬ 
tion), 232. 

Generators, 273. 

Gordan’s Theorem, 198. 

Group, 4, 9, 10; projective, 41. 

Grassmann coordinates, 246. 

Harmonic construction, 82. 

Harmonic locus and envelope, 181. 

Harmonic pole and polar: for a triangle, 
78; for a tetrahedron, 249. 

Harmonic relation, 18, 48. 

Hesse: Theorem for a conic, 150; quad¬ 
rilateral, 185. 

Homaloidal net, 232. 

Homographic correspondences, 28, 50; 
canonical forms, 55-57; cyclic, 58; 
elliptic, hyperbolic, or parabolic, 67; 
generation of elliptic type, 101 (Ex. 
25); on a conic, 137; of period 3 or 4, 
68 (Ex. 9); representation as product 
of involutions, 61; representation in 
Argand plane, 69 (Ex. 19). 

Homographic ranges and pencils, 82, 

86 . 

Homographies, permutable, 62. 

Homologies (plane), 214; general equa¬ 
tions, 238 (Ex. 3); transforming one 
conic into another, 223. 

Homologies (space), 351. 

Hyperbola, 119; of Apollonius, 151. 

Hyperboloid, hyperbolic paraboloid, 
282. 

Ideal elements, 12, 92. 

Incidence constructions with a conic, 
142. 

Inpolar relation, 188, 306. 

Invariants, 191. 

Inversion, 39 (Ex. 20), 236, 291. 

Involution, 56; on a conic, 138; on a 
twisted cubic, 301; ternary, 304; 
quaternary, 305. 

Isotropic lines, 93; planes, 255. 

Jacobian curve: of a net of conics, 171; 
of a net of quadrics, 342. 

Joachimsthal’s equation, 107, 265. 

Klein, Erlangen Programme, 6. 

Daguerre’s formula, 95. 

Length, 97. 
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Line at infinity, 13, 92. 

Line-coordinates, 22, 75, 244, 366. 

Line systems, 367. 

Linear dependence of points, 73, 242. 
Linear transformations, basic theorem, 

398. 

Mobius net, 207. 

Net: of conics, 170; of quadrics, 339. 

Non-euclidean geometry: 1-dimensional 

70 (Ex. 21); 2-dimensional, 97, 223; 
3-dimensional, 356. 

Normals: to a conic, 150; to a quadric, 
293 (Exx. 16, 18), 338, 376. 

Null polarity, 311, 361, 364 (Exx. 12- 

14). 

Order: of a plane curve, 102; of a 
twisted cubic, 296; of a Cremona 
transformation, 232. 

Orthocentre, 99 (Ex. 15), 172 (Exx. 1-2). 
Orthogonality, see Perpendicularity. 
Outpolar relation, 188, 306. 


Pappus’s Theorem, 81. 

Parabola, 119. 

Parabolic cylinder, 283. 

Parallels, 13, 92, 254; right and left, 

357. 

Pascal’s Theorem, 143. 

Pencil: of lines, 83; of conics, 156; of 
quadrics, 327. 

Perpendicularity, 34, 93, 255; non- 
euclidean, 97, 357. 

Perspective (relation): perspective 

ranges and pencils, 86; triangles, 81; 
conics, 333. 

Perspectives (transformations), see Ho¬ 
mologies; perspectivity, 86; 6kew 
perspective, 350. 

Points at infinity, 13, 92. 

Polar lines for a quadric, 271. 

Polar fc-points and fc-sides, 184. 

Polarity : for a conic, 108 ; for a quadric, 
266; for a twisted cubic, 311. 
Polarization, 198. 

Poncelet, 5; Porism, 147, 181. 

Position ratio, 10, 44. 

Primal, 383, 388. 

Prime, 387. 

Principal axes, transformation to, 285. 
Projection, 15; of a quadric, 278; of a 
twisted cubic, 299; in S A , 383; in S 6 , 
388. 


Projective equivalence, 15. 

Projective geometry, 10 ; general defini 
tion, 40; 1 -dimensional, 42; 2-dimen 
sional, 72; 3 -dimensional, 241; sub 
ordinate, 76, 134, 247. 

Projective hierarchy, 6, 9. 

Projective parameter, 25, 43. 

Projective transformation, 29. 

Pseudo-invariant, 194. 


Quadrangle, 18, 88. 

Quadratic complex, 372. 

Quadratic forms, reduction to sum of 

squares, 400. 

Quadratic transformation, 233; by in¬ 
cidence construction, 259 (Ex. 13). 
Quadric, 263; centre, diameter, axes, 
283 ; circular sections, 284 ; cone and 
disk quadric, 264, 277 ; curves on the 
surface, 281; focal conics, 337; foci, 
338, 347 (Ex. 17); generators, 273; 
projection, 278; reduction to prin¬ 
cipal axes, 285; surface of revolution, 
285, 293 (Ex. 17), 346 (Ex.^12). 
Quadric systems: pencil, 327; range, 
335; net, 339; centre locus of a net, 
346 (Ex. 11). 

Quadrilateral, complete, 19; ttesse. 
185; metrical properties, 203 (Ex. 

14). 


Radial expansion, 217; product of two 

expansions, 239 (Ex. 10). 

Range: of conics, 156; of quadrics, 335. 

Rational curve, 132. 

Reciprocal transformation, 231. 
Reciprocation, 230; of one conic into 

another, 148. 

Rectangular hyperbola, 122; ortho- 
centric property, 172 (Exx. 1, 2). 
Reflection: 2-dimensional, 217; 3- i- 
mensional, 351-2; non-euclidean, 

356. 

Regulus, 274, 370. 

Representations: of quadric on a plane, 
278 ; of cubic surface, 318 ; of quartic 
equations by points of S v 395 (Exx. 
8, 9); of quintic equations, 390 1 (Exx. 
11 12); of conics by points of o 5 , luo, 
388, 396 (Ex. 14); of lines by points 
of a quadric in S„ 390, 396 (Ex. 15). 
Ruled surfaces, 379. 


Segre: quartic surface, 
primal, 386. 

Serret’s Theorem, 190. 


384; cubic 
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Similarity euclidean geometry, 32, 96. 

Singular points and planes of a com¬ 
plex, 372; of a congruence, 377. 

Skew involution, 351. 

Skew perspective, 350. 

Skew polarity; see Null polarity. 

Sphere, 284; envelope equation, 346 
(Ex. 12). 

Star of planes and lines, 249. 

Steiner's Theorem, 27, 136. 

Stereographic projection, 289. 

Subordinate projective geometries, 76, 
134, 247. 

Symmetrical correspondences, 178; 
(2, 2) on a conic, 179; (2, 2) and (3,3) 
on a twisted cubic, 303-4. 

Tensor, 197. 

Tetrahedra: euclidean properties, 260 
(Exx. 19, 20); in perspective, 251; 
inscribed in and circumscribed to a 
tetrahedron, 258 (Ex. 6); reciprocal 
for a quadric, 381 (Ex. 11); self-polar, 
272 ; three, with each pair quadruply 
in perspective, 259 (Ex. 11). 

Tetrahedral complex, 374, 395 (Ex. 4), 
397 (Ex. 16). 

Total points or planes of a complex, 
372. 

Translations, 216, 352; non-euclidean, 
355. 

Triangles: in perspective, 81; inscribed 
in one conic, and either circumscribed 


to another, 146, or self-polar for an¬ 
other, 148, or circumscribed to a tri¬ 
angle, 152 (Ex. 9); inscribed in one 
triangle, and either circumscribed to 
another, 100 (Exx. 18, 19), or self- 
polar for a conic, 126 (Ex. 9); polar 
(reciprocal) for a conic, 149; self- 
polar, 109. 

Tricuspidal quartie, 240 (Ex. 24). 

Twisted cubic, 295; affine properties, 
313; associated null polarity, 311; 
correspondence of harmonic points, 
defined by the curve, 313 ; generation 
by related pencils, 306; as residual 
intersection, 307; by related stars, 
309; self-collineations, 303, 364 (Ex. 
5); triangles cut on the curve by a 
system of parallel planes, 314, 325 
(Exx. 14, 15); the rectangular curve, 
314, 326 (Exx. 17, 18). 

Twisted cubics: numbers which satisfy 
certain conditions, 314; with a com¬ 
mon associated null polarity, 324 
(Ex. 6). 

Umbilics, 285. 

United points: of a homography, 54; 
of an algebraic correspondence, 177; 
of collineations, 210, 349. 

Vectors, 10, 41. 

Veronese surface, 389, 397 (Ex. 15). 

Vertex of an involution on a conic, 139. 
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